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Resume 
Plasticity effects at the crack tip had been recognized as “motor” of crack 
propagation, the growth of cracks is related to the existence of a crack tip plastic 
zone, whose formation and intensification is accompanied by energy dissipation. 
In the actual state of knowledge fatigue crack propagation is modeled using 
crack closure concept. The fatigue crack growth behavior under constant 
amplitude and variable amplitude loading of the aluminum alloy 2024 T351 are 
analyzed using in terms energy parameters. In the case of VAL (variable 
amplitude loading) tests, the evolution of the hysteretic energy dissipated per 
block is shown similar with that observed under constant amplitude loading. 
A linear relationship between the crack growth rate and the hysteretic energy 
dissipated per block is obtained at high growth rates. For lower growth rates 
values, the relationship between crack growth rate and hysteretic energy 
dissipated per block can be represented by a power law. In this paper, an analysis 
of fatigue crack propagation under variable amplitude loading based on energetic 
approach is proposed. 
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1. Introduction 

Fatigue crack growth resistance of 

a material depends upon a number of factors, 

such as its composition mechanical properties 

and heat treatment conditions, external loading 

and the ambient environment. The 

understanding of the mechanisms governing 

fatigue crack growth has made significant 

advances since the Paris law proposed about 40 

years ago [1]. The effects of mechanical 

parameters are not put into evidence in Paris` 

relation. Elber [2] had shown that a crack stays 

closed during a certain period of a cycle (even if 

it is in tension) due to the existence of residual 

stresses in the plastic core at the crack tip he 

expressed by Keff the period of a cycle where 

the crack is totally open. Elber proposes the 

following relation: 

 neffKC
dN

da


           (1) 

opeff KKK  max            (2) 

Where: N: a number of cycles; da/dN: 

Crack growth rate; ∆Keff: Amplitude of the 

effective stress intensity factor; Kmax: Maximum 

stress intensity factor; Kop: Stress intensity 

factor to the opening. 

Besides this mechanically based concept 

other approaches based on energy consideration 

[3] or on micro-mechanisms acting at the crack 

tip had been developed. 

This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 Unported License. 
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In these approaches certain authors 

attempted to express the crack growth rate by 

explaining the effects of different parameters by 

means of theoretical models based on the crack 

tip opening theory and cyclic hardening. 

The initial models on materials behavior 

are based on the determination of strain 

amplitude and damage accumulation in the 

crack tip plastic zone. 

A new approach was proposed by 

Weertman [3] who considers that the crack 

advances when the accumulated plastic energy 

at the crack tip reaches a critical value. 

Weertman [3] proposed to relate the 

crack growth rate to this energy by a law a type: 

U

KA

dN

da






2

4


              (3) 

With: da/dN: Crack growth rate; ∆K: 

Stress intensity factor range; µ: Shear modulus; 

σc: Cyclic elastic limit; U: Surface energy 

creation; A: non - dimensional constant. 

This model has gained a high interest; 

many authors have attempted to verify its 

validity and many experimental techniques had 

been developed to measure the energy of 

surface creation U which represents the 

dissipated energy in the plastic zone by unit 

created surface. 

For ductile material the energy of 

plasticization is much higher than the theoretical 

surface energy creation γ. Ikeda and al. [4] had 

measured the quantity for steel of low carbon 

content and for high resistance aluminum alloy 

from hysteresis loops in the plastic zone using 

strain micro gages. 

Davidson and al. [5] elaborated a method 

of evaluation of energy from measures of sub 

grain size. In addition to these methods, other 

techniques have been developed, such as 

microcalorimetry and infrared thermography. 

Recently Ranganathan and al. [6] have 

measured the hysteric work U, using the 

differential method of Kikukawa and al. [7]. 

On the basis of these results the authors 

show that over a certain value of ∆K called ∆Kcr 

(amplitude of the critical stress intensity factor) 

the value of U is constant and independent on 

both the ratio R and environment. 

Klingbeil [8] had modified Weertman’s 

relation [3] by introducing the total plastic 

energy dissipated per cycle dW/dN and had 

expressed the crack growth rate by: 

dN

dW

GE

KA

dN

da

c







2

4


             (4) 

In this relation the crack growth rate is 

expressed in term of energy restitution ratio, 

the modulus of elasticity and the material 

resistance. 

The constant A of equation (4) had been 

determined on the basis of experimental results 

of specific energy U and that Klingbeil [8] in 

this model assumed it to be equal to the 

restitution energy ratio G and by neglecting the 

surface energy creation γ (for the case of ductile 

materials). Following this assumption Klingbeil 

found A to be equal to 2.23x10-3 a closer value 

to that found elsewhere. 

Recently Mazari and al. [9] proposed an 

energetic model for constant amplitude loading 

where the crack growth rate da/dN can be 

formulated in term of the total dissipated plastic 

energy per cycle QP. In this paper the model is 

applied in variable amplitude loading. 

 

2. Experimental details 

This study was conducted on the high 

strength aluminum alloy 2024 T351. The tests 

are conducted on compact tension specimens 

12 mm thick and 75 mm wide with the crack 

growth in the LT orientation. The constant 

amplitude tests at five R ratios (0.01; 0.10; 0.33; 

0.54 and 0.70) were carried out initially to 

characterize the material behavior. The variable 

amplitude loading are considered as 

representative of different aspects of the 

statistical spectrum (Fig. 1 and Table 1). 
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Table 1 

Condition of loading for the spectrum. 

Type of 

spectrum 

 

Step 1 Step 2 Step 3 Step 4 

Pmin=80 daN 

Pmax=150 daN 

R=0.53 

n1 

Pmin=160 daN 

Pmax=392 daN 

R=0.41 

n2 

Pmin=323 daN 

Pmax=600 daN 

R=0.54 

n3 

Pmin=138 daN 

Pmax=323 daN 

R=0.43 

n4 

A 

B 

C 

D 

1 

10 

10 

10 

1 

10 

10 

10 

1 

10 

50 

100 

1 

2 

2 

2 

 

 

 

 

 

 

 

 
 

 

Fig.1. Configuration of the spectrum. 

 

 Spectrum A consists of several load 

excursions which have a probability of one 

cycle per flight. This spectrum represents 

the most probable GAG cycle (Ground Air 

Ground) and consists of four mean levels. 

 Spectrum B consists of 10 cycles in the 

first three load and two cycles in the fourth 

level. 

 Spectrum C and D are similar to Spectrum 

B. with 50 and 100 cycles in the high load 

level. 

All the tests were carried out under 

computer control at 20 Hz in ambient air and at 

selected crack length. The evolution of the crack 

mouth opening displacement δ (measured by 

a clip gage) and the differential displacement 

δ’ with respect to the load P were recorded on 

a XY plotter at a frequency of 0.2 Hz. δ’ is 

defined by:  

 

δ’ = δ – αP             (5) 

Where α is the specimen compliance 

at a particular crack length. The measurements 

were carried out during one cycle for constant 

amplitude tests and during one block for 

a reduced spectrum loading. 

Typical δ vs P and δ’ vs P diagrams for 

constant amplitude loading and reduced 

spectrum loading conditions are given 

in Fig. 2a - c. 

The following parameters were measured 

from the diagrams. 

The crack opening load Pop at the 

beginning of the horizontal portion of the δ’vs P 

diagram [7]. 

The energy dissipated per cycle Q which 

is the area enclosed by the δ’ vs P diagrams 

after suitable corrections. 

P

N

 

t

n4

n1

n2

n3
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Fig. 2.a Diagram for CAL condition. 

 

Fig. 2.b Diagram for VAL condition spectrum A. 

 

Fig. 2.c Diagram for VAL condition spectrum C. 
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The specific energy US is defined as: 

 

dN

da
B

Q
US





2

             (6) 

Where: B is the thickness of specimen 

and da/dN the crack growth rate. 

 

For the VAL we consider two cases: 

 Case 1: The crack advance is negligible 

during a block (Fig. 2b). Then we regard total 

energy as the energy of the envelope plus the 

elementary energies associated with each 

individual cycle as: 

 

 iTotal QQ                        (7) 

 Case 2: There are appreciable advance 

of the crack during each block (Fig. 2c). In this 

case we consider that the energies dissipated in 

each individual cycle as: 

 

 ienvTotal QQQ .                      (8) 

The analysis considers that in the first 

case the crack is almost stationary during the 

block of the charge; all hysteretic energy is 

dissipated in the same plastic zone, where as in 

the second case the energy of plastification is 

integrated at advanced crack with each cycle. 
 

3. Experimental results 

3.1 Constant amplitude loading 

The evolution of da/dN with respect to 

Kmax for five different R ratios is given in Fig. 3. 

The stress intensity factors Kmax are determined 

according to ASTM standards. 

The results are analyzed in terms of the 

energy parameters. The evolution of the crack 

growth rate with respect to the energy dissipated 

per cycle Q for different R ratios is presented in 

Fig. 4 In this figure we show the existence of 

two distinct stages. 

At high growth rates values the 

relationship between da/dN and Q is linear and 

can be expressed as follows: 

 

QA
dN

da
             (9) 

With A above 1.8x10-4. 

For lower growth rates values the 

relationship between da/dN and Q can be 

represent by a power law of the type: 

 

nQB
dN

da
              (10) 

With B = 2.22x10-5 and n = 3.80 

The relationship between the specific 

energy US and Kmax is shown in Fig. 5.  

As has been shown previously by [8, 

10], the same behavior was shown before by 

Ranganathan and col [10] for the same material 

and was attributed a crack advances step by 

step mechanism for lower growth rates and at 

high growth rates, the crack growth mechanism 

was characterized by striation formation during 

each cycle where the specific energy was 

constant. 

 

3.2 Variable amplitude loading 

3.2.1 Relation between the growth of crack 

da/block and Kmax 

The Fig. 6 shows the relationship 

between the crack advance per block and the 

maximum stress intensity factor Kmax in the 

block for the different block load tests 

corresponding respectively to the load spectra 

A, B, C and D as defined in Fig. 1, compared to 

constant amplitude tests at R = 0.01 and 

R = 0.54.
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Fig. 3.Evolution of the crack growth rate da/dN with respect Kmax. 

(full colour version available online) 
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Fig. 4. Evolution of da/dN with respect to the energy dissipated by cycle Q. 

(full colour version available online) 
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Fig. 5. Evolution of the specific energy US with respect to the stress intensity factor Kmax. 

(full colour version available online) 

 

 

A detailed analysis of these experimental 

data has been previously made [11]. The 

following remarks can be made: 

 The curve obtained for the spectrum A 

almost coincides with that for the test 

at R = 0.01. 

 The crack growth rate for spectra A, B, C 

and D increases as and when spectrum 

severity (characterized by the number of 

high load cycles) increases. 

The results presented above are now 

analyzed in terms of energy parameters. 

 

3.2.2 Relation between da/block and energy 

hysteretic dissipated ΣQi 

Fig. 7 shows the evolution the growth of 

crack da/block according to energy hysteretic 

dissipated per cycle ΣQi.  

According to the results obtained, it is 

observed that crack growth da/block with respect 

to the dissipated energy per cycle Q changes 

according to a law of power of the type: 

n

p

p

QB
block

da









          (11) 

Where: Qp: the exponential part of Q; 

n: exponent. 

It is noticed that quad the growth rate of 

crack exceeds certain valuable energy dissipated 

per cycle becomes linear. 

l

l

QA
block

da









         (12) 

where: Ql: the linear part of Q. 

It was also observed that for lower crack 

growth rates different factors contribute to the 

increase of crack closing, such as roughness or 

oxidation [2]. Thus the energy dissipated per 

cycle Q is not useful for the creation of 

surfaces; part of this energy will be lost. From 

these conditions; we can establish an energetic 

model based on the correction of the evolution 

of the rates da/block of propagation of the crack 

in function Q. 
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Fig. 6. Evolution of the crack growth rate da/block with respect to the stress intensity factor Kmax. 
(full colour version available online) 
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Fig. 7. Evolution of the crack growth rate da/block with respect to energy dissipated per cycle ΣQi. 

(full colour version available online) 
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Considering that there is a continuity of 

the growth rate of the crack to the transitions. 

This continuity lets equalize relations (10) and 

(11) which give: 

 

n

pl QBQA            (13) 

Thus: 

 

n

pl Q
A

B
Q               (14) 

The equivalent energy dissipated by Qeq 

cycle has the form:  

 

n

peq QKQ  *
          (15) 

With:   

A

B
K *

 

The procedure for the spectrum A is 

following: 

For the growth rate higher than 1.6x10-6  m/block the 

energy dissipated per cycle is linear (Fig. 8). 

For spectrum A, the relations (10) and (11) can 

be written as: 

5279.141013 p

p

Q
block

da








 
        (16) 

026.1410 l

l

Q
block

da








 
        (17) 

Equalizing (16) and (17), the equivalent 

energy dissipated per cycle Qeq has the form: 

 

5279.113 peq QQ        (18) 

After correction the evolution between 

da/block and Qeq is linear with coefficient 

K = 0.9x10-4 (Fig. 9) and can be written as: 

  

1.04364109.0 eqQ
block

da
 

        (19) 

The same procedure is applied for the 

other spectrum (B; C and D).We obtained the 

following relation: 

 

Spectrum B:  

1.06074103 eqQ
block

da
 

       (20) 

Spectrum C:  

0.84434101 eqQ
block

da
 

        (21) 

Spectrum D:  

0.95884102 eqQ
block

da
 

         (22) 

 

The evolution of da/block with respect to 

the equivalent energy Qeq is given in Fig. 10. 

 

3.3 Estimation of equivalent load cycles and 

crack growth lives 

The equivalent VAL for the studied 

spectra using the three methods presented here 

is given in Table 2 for all spectrums. For this 

studies each spectra there is a relation between 

the growth of crack da/block and energy 

hysteretic dissipated per block Qeq. The crack 

length varied from 24 to 52 mm. 
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Fig. 8. Evolution of da/block with respect to Q for spectrum A. 
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Fig. 9. Evolution of da/block with respect to Qeq for spectrum A after correction 
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Fig. 10. Evolution of da/block with respect to Qeq for spectrums A. B. C and D after correction 

(full colour version available online) 

 
 

 

The present study enabled us to evaluate 

the growth of crack with respect to the 

hysteretic equivalent energy dissipated by block 

for each spectrum with VAL through this 

evaluation we found the relations (19, 20, 21 

and 22). 

By examining these relations the 

following observations can be made with 

respect to the different methods. 

 

Model 

Based on these equations to create 

a program to estimate the life using MATLAB 

of each spectrum studied, the results give a life 

acceptable for spectrum A with respect to the 

value measured with an error of -9.04% from 

the spectrum against B has a negative error of 

53.15% that is to say life almost half of the 

measured value. For spectrum C, this program 

provides a number of blocks a little larger than 

the number of block measured with 16.17% 

relative error; this is the method with respect to 

other method which gives a value closest to the 

measured value. In the case of spectrum D was 

found that the estimated useful life is less than 

the life measured. 

 

Tracey method 

This technique gives values of life much 

less than the lifetimes measured for all spectra 

with an average of -78.42% of the relative error. 

 

Klingbeil method 

This is the method that leads to generally 

good estimates of all spectra studied. The 

relative error is between -26.7% and -24% in 

comparison with experimental results and 

exception to the spectrum of A is -54.7% 

compared to the real values. 
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Table2 

Comparison between numbers of blocks measured 

and obtained by other authors. 

Block number of blocks Error % 

A 

Measured 

Model 

Tracey 

Klingbeil 

75120 

68323 

10880 

34058 

-9.04 

-85.5 

-54.7 

B 

Measured 

Model 

Tracey 

Klingbeil 

23900 

11196 

5599 

17524 

-53.15 

-76.6 

-26.7 

C 

Measured 

Model 

Tracey 

Klingbeil 

9600 

11153 

2315 

7242 

16.17 

-75.9 

-24.6 

D 

Measured 

Model 

Tracey 

Klingbeil 

5500 

3670 

1336 

4179 

-33.27 

-75.7 

-24.0 

 

4. Conclusions 

The study of fatigue crack propagation 

examines how a fatigue crack grows under 

cyclic load. This topic is the subject of 

considerable research, mainly dealing with the 

development of various models to better explain 

the crack propagation phenomenon. For 

the modern high performance structures 

designed for finite service life, fatigue crack 

growth occurs over a significant portion of the 

useful life of the structures. 

It should be recognized that the effect of 

the stress ratio on fatigue crack growth 

behaviour is strongly material dependent. 

The developed model allows linearising 

the relation between the crack growth rate and 

the hysteretic energy per cycle Q in all the 

spectra studied to describe the evolution of the 

growth rate of the crack in terms of 

consideration of energy. The obtained results 

are compared with those obtained numerically 

by Tracy and Klingbeil models. 
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