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Summary The article presents a mathematical model of thyristor inverter including a series-parallel resonant circuit with the
aid of state variable method. Maple procedures are used to compute current and voltage waveforms in the inverter.

1. INTRODUCTION

Resonant thyristor inverters are applied in
induction heating, welding, dielectric heating, and
other areas where heating processes are utilised which
occur effectively in broad frequency ranges. Design of
the inverters includes a resonant circuit that overloads
at the inverter’s switching frequency [1, 2]. Voltage at
load of resonant inverters is sinusoidal in nature where
the inverter’s operating frequency ranges from several
hundred to a dozen thousand Hertz.

This article will present a mathematical model of
the inverter’s resonant circuit with the aid of operator
state variable method by means of Maple software
procedures.

2. DESIGN OF THE INVERTER

The main circuit of the inverter is show in Figure 1
[3, 4]. Inductance L and resistance R represent loads of
the inverter. Capacitance C is a parallel capacitor to
compensate reactive power. Capacitance C constitutes
a series capacitor that participates in oscillations of
supply current ig. The presence of L, affects the
current nature of source supplying non-continuous
current i;. The choke L, also helps to restrict di,/dt of
supply current conducted by thyristors and to reduce
dynamic loses across thyristors.
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Fig.1. The main circuit of the resonant inverter

The authors assume that the inverter operates in the
range of natural commutation [2]. Thyristors 71, 72
and 73, T4 are alternately switched on at frequency f
in time intervals 7/2. The conductance angle of a
thyristor pairis 4 (4 <m). (Fig.2).

3. MATHEMATICAL ANALYSIS OF THE
INVERTER'S OPERATION

Mathematical analysis of electromagnetic phenomena
in the inverter involves 4 magnitudes which are
functions of time f: currents i, =i, (¢), i, =i,(t) and
voltages u. =u.(t), u, =u.(t) (Fig.l). Parameters
of elements used in the converter's analysis conform

with parameters of simulation model’s elements as
stated in Table 1.

Table 1. Parameters of the inverter’s elements

Parameter | L R C E
Unit [mH] | [Q] [WF] | [V]
0.139 | 0.25 | 218 | 540
Parameter | Cg L, f
Unit [uF] | [mH] | [Hz]
153 0.209 | 1000

Four time intervals are distinguished in the
inverter’s operation cycle [4]. The mathematical
analysis of currents and voltages of the inverter’s
resonant circuit is presented on the basis of the
operator method [5]. The method implies that end
conditions of each interval become initial conditions
of the subsequent interval. Mathematical description
of the inverter’s operation in each of the intervals
under analysis comprises systems of linear 1-st
degree differential equations including the four
magnitudes specified before, designated as state

variables x,(¢) at i=1+4.

i, (1) =x(1), i,(t)=x,(1), u.(t) = x,(1),
Ues (1) = x,(1), (1)
The system of four differential equations that describe

operation of the inverter in the k™ time interval can be
presented as a matrix:

%Xk(t)= Ak-Xk())+B-U(t) (2

where:
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xk, (1) iY@

xk, (1) i (1)
Xk(t) = = 3
2 xk, (1) ul (1) ©

xk, (1) ul) (1)

- state vector of the system in k™ time interval
(k=1,....4),
where: xk, (t) - state variables in the system,
Ak - system matrix for k™ time interval,
B - control matrix,
U(t) = 1(¢) — input function.
After Laplace transformation of (2), the transform
Xk(s) = L[Xk(1)] of the (3) results:

Xk(s)= k™ -{Xk(O) +B -l} 4)
S

where: @k = [sI —Ak] - matrix inverse to @k ,
Xk(0) — initial conditions vector for k™ time interval
(values of variables xk;(0) at the start of k™ interval).
Determinant of @k is a characteristic polynomial
Mk(s)=det®k of the transform (4). Roots of Mk(s)
have essential impact on the circuit’s dynamics. The
solution of (2) — the state vector Xk(r)= L'[Xk(s)] is
the original transform (4).

Table 2 summarises factors in the differential
equations that describe the inverter’s dynamics in four
consecutive time intervals. They depend on

parameters of the circuit under analysis, presented in
Table 1.

Table 2. Factors in the differential equations that describe
the inverter’s operation in four time intervals

R

a=— b=l c=i
L R L,

g=£ h:i k:i
L, C C,

In the analysis of the inverter’s operation, values
of components of the initial condition vector X 1(0)

for the first time interval are determined on the basis
of waveforms obtained in simulation testing of the
inverter with the aid of Simplorer software [4]. Final
conditions of each interval become initial conditions
of the subsequent interval.
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Fig.2. Current and voltage waveforms in the inverter
obtained from simulation; operating frequency f=1000Hz,
output power PO=112kW

Values of { A®, B, C", D¥, E"} in the state
variable expressions xk,(f) of the state vector Xk(t)

for k™ time interval were determined with the help of
Maple software.

Interval 1

In the first time interval: ¢ e <t0,tl> (Fig.2) T1 and T2

conduct. The resonant circuit for the first interval is
shown in figure 3.

T,

Fig. 3. Resonant circuitin the first time interval t € <l0,tl>

The circuit in Figure3 is described in the differential
equation (2) at k=1,
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where: t,=3.431-10"s). The initial time 7, =0, duration of
x1, @) —a 0 b 0 0 the first time interval ¢, =1, —t,=0.364-10"s are
X1() = xiz(t) ,Al= Oh 2 _OC _OC Bl=|8 assumed. Waveforms of xl,(f)+x1,(t) in the first
x1,(0) B 0 time interval t e <t0,tl> are presented in Figures 4, 5,
x1,(t) 0O £ 0 O 0 6.7
() =i ()= (Al“) cos(nt)+B® sin(nr))+
(=p1) ([~ M o (10)
% +e” (CI cos(qt)—i—DI sm(qt))

Transform of the solution to X1(¢) becomes (4) for
k=1.

In the event, the characteristic polynomial M1(s)
becomes:

M1(s)=s*+as’ +(hc+ ke + hb)s® + ac(h + k)s + hkbc
(6)

Taking into account values of {a, b, ¢, h, k} in
Table 2, M1(s) (6) becomes:
Ml(s)= ((s +m)2 +n2X(s+ p)2 +q2) (7
where: m=616.260, n=3762.815, p=283.020,

q =8420.534 . Values of (10) roots were calculated

using relevant procedures of Maple 10.
The vector of initial conditions X 1(0) at k=1 is:

x1,0)] [-883

X10) = ALO)| | 0 ®
x,(0) | |-267
x1,(0)| |-320

Taking into account the initial conditions (8), the
transform of X1(s) in the first time interval is:

2. (5) L1(s)
X1(s) = x1,(s) _ 1 L1,(s) o)
X(s) | M ()| LLG)
L1,(s)
x1,(s) E—
S
where:

L1, (s)=—883s" — 267bs" —883(hc + kc)s +
+320bhc + bhg — 267bkc

Ll,(s)= (587c + g)s2 + (— 883hc+587ca+ag )s +
+hbg +320hch

L1,(s)=—267s" + (883h—267a)s* +

+(hg — 267kc +320hc)s + 883khc

++ahg —267akc +320hca

L1,(s)=-320s* —320as’ +

+(kg —320hc —320hb +267ke)s* +

+(—883khe + kag + 26Tkca—320ahc)s + khbg

By determining originals of xI,(s) in the vector (9),
system state variables

for the time interval re(r,.,), (f,=3.067-107s,

x1,(t)+x1,(t) are expressed
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Fig. 4. Interval 1 — the waveform of variable x1,(t) - current
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Fig. 5. Interval 1 — the waveform of variable x1,(t) -

current i (t) at te <t0,tl>

xL,(6)=u (1) = e(’m')(A:f” cognt)+ B sin(nt))+
+e(CY cos(gr)+ DY sin(q1))

3

(12)
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Fig. 6. Interval 1 — the waveform of variable x1,(t) -
voltage u.’(t) at t € <t0,tl>

xl, ()= ul (@) = (AL coslnr)+ B sin(nr)) +

Ccs

13
+e(,,,,)(ci1) COS(qt)+D4(]) sin(ql))+Ej” (13)
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Fig. 7. Interval 1 — the waveform of variable x1,(t) -

voltage u;‘;(t) at t € <t0,tl>

End values x1 (¢, =0.364-10") of XI1(¢) variables for

the first interval become initial values of these
variables in the second time interval:

x1,(¢)] [595
X1(t)= L) _| 05 =X 2(0) (14)
S| | 755
x1,(z) | |389
Interval 2

The second time interval t e <t1 ,t2> (Fig.2) starts when

T1, T2 are off and continues until 73, 74 are on. The
resonant circuit switched off the supply voltage is
illustrated in Figure 8. In the second time interval,

supply current i,(z,) =0 (Fig. 2).

L R
P T0—WW—
I
Cs
Co———— ——d
uCS C
Il
+ 11
Ue

Fig.8. Resonant circuitin the second time interval
tet.t,)

The circuit in Fig.8 is described in the system of
differential equations (2) at k=2, where:

(e}

0

x2,(1) —a b 0

2.t 0 00 0
x200 =" A2 2|

X2,(1) ~h 0 0 0 0

2,(1) 0 00 0 0
(15)

Transform of the solution to (16) has the form of (4) at
k=2.
Characteristic polynomial M 2(s):

M2(s)=s>(s* +as+hb) (16)

Taking into account roots of (16), the characteristic
polynomial M2(s) can be presented:

M2s)=s*((s+g) +r°) (17)

where: g =899.280, r =5673.836.

Taking into account the values of initial conditions
vector (14) for k=2, transform of X2(s) in the second
time interval results:

595s +755b
(s+g)f+r
x2,(s) 05
x2,(s) s
X290 =1 1 (5| 7| 7555 +595h+755a | ¥
x2,(s) (s+g)+r
38
L s i
By determining the originals of transforms

x2,() = L'[x2,(s)] (i=1+4) of (18), the system’s
state variables x2 (¢)+x2,(t) are expressed for the

re(t,r,)  (1,=3431-107s,
The

time interval

t, =3.559-107s). waveforms of variables

x2,(t)+x2,(t) in the second time interval f € <t1,t2>
are presented in Figures 9, 10, 11, 12.

x2,(1)=i? (1) =" (A® cort)+ B® sin(rt))  (19)
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Fig. 9. Interval 2 — the waveform of variable x2 (t) -

current i, (t) at t € <tl,t2>
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Fig. 10. Interval 2 — the waveform of variable x2,(t) -

current i (t) at te <tl,t2>
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Fig. 11. Interval 2 — the waveform of variable x2 (t) -

voltage u_’(t) at t € <tl,t2>
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Fig. 12. Interval 2 — the waveform of variable x2,(t) -

voltage u' (t) at t € <t1 ,t2>

Like in the previous time interval, the end values
x2,(t,=0.128 -107) of X2(¢) variables for the second

interval become the initial values of the same
variables in the third time interval.

In the third time interval 7 e <t2,t3> (Fig.2), T3 and

T4 are on. The resonant circuit for the third interval is
shown in Figure 13. In this case, time waveforms are
presented like in the first interval, with the initial
conditions of the third interval assume end values of
variables in the second operating interval of the
inverter.
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Fig.13. Resonant circuitin the third time interval of the
inverter

The fourth operating interval te<t3,t4> (Fig.2)

begins when 73, 74 are off and continues until 71, 72
are on. The resonant circuit, switched off the supply
voltage, functions like in the second interval and is
illustrated in Figure 8.

4. CONCLUSION

The article has presented a mathematical model of
electromagnetic phenomena that occur during stable
operation of thyristor inverter including a series-
parallel resonant circuit. Phenomena of current
commutation among the circuit elements are excluded
from this analytical method. Calculation results have
the form of current and voltage waveforms in the
circuit which are continuous at boundaries of time
interval in the inverter’s operation cycle. Analytical
results show conformity with results of the system’s
simulation testing. The presented mathematical
dependencies enable to analyse the system’s
sensitivity to variations of its parameters. However,
they are highly complex.
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