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Summary In this paper we recall orderings based on t-norms, which could help to select the best suited decision procedure in
many practical situations. We discuss several refinements of t-norm based orderings which break some of possible ties.

1. INTRODUCTION

In multi-criteria decision making we need to
select the procedure of finding an optimal
alternative. Alternatives are described by some
vector from S ", n € N, where S is a given scale. We
identify the alternatives with their score vectors and
fix the number of criteria n >1. Moreover, we fix S
=[0.1].

A widely applied method of comparing
alternatives is based on aggregation operators.
A mapping A: Y[01]" — [0,1] is called an

neN
aggregation operator [1,9] on [0,1] if
(i) Vne N: A(0,...,00=0, A(l,..,1)=1
(i) V neN, ¥(ay,..., a,), (by,..., by) € [0,1]":

;< bl,..., a, < bn = A(al,....,an) < A(bl,...., bn)
(i) Vse [01] : AGs)=s.

An aggregation operator A summarizes the profile
(ap....,a,) of a in a single numerical value A(a). This
operator A induces a weak order relation /; on

Y[0.1]" by a/ b < Aa) > A(b) [2,5] (i.e../ isa
ne N
complete preorder ).

/4 is a preference relation which characterizes the
decision maker and may be split into strict (a > b),
and indifferent (a ~ b) preference relation.

Triangular norms, known as t-norms, are
important classes of aggregation operators.
Triangular norm T is an associative symmetric
aggregation operator with neutral element 1[10].

In the next we use t-norm T to compare two
alternatives a and b. If T(a) > T(b) we say that a is
strictly preferred to b. An important issue that arises
in this application is the adjudication of ties. That
means if T(a) = T(b) we need a way to select
between the alternatives a and b.

2. MIN ORDERING

The Min-procedure /;;;, compares alternatives on
the basis of their worst performance
a/pin b < min a; > min b,

1 1

The Min is well suited for aggregating ordinal
evaluations when meaningful recording into cardinal
scales seem to be out of reach. Note that all
aggregation-based procedures fitting to the ordinal
evaluation (i.e., not depended on score
transformations) were recently described in [ 6, 7,
8]. Recall that an ordinal scale we deal with is a
finite totally ordered set S = {xy,..., X, }(for example,
S ={weak, medium, good}), which will be
isomorphically represented by a fixed scale I = {1,

., n}. On the other hand, cardinal scales are
usually real intervals expressing the possible
measurement outputs.

Concerning the Min-procedure, many couples (a,
b) of alternatives remain indifferent. In what
follows, we recall two refined comparison
procedures not based directly on aggregation but
invariant under common increasing transformation.

3. DISCRIMIN ORDERING

The Discrimin ordering compares alternatives on
the basis of their worst performance, like the Min,
but taking into account only the points of view
(criteria) on which they differ.

For a fixed neN, denote I ={1,...,n }.

For a, be [0,1]", let D(a, b) = {i € I, a;# b; } be the
difference set, i.e. the set of the attributes on which
the evaluations of alternatives a and b differ.
Then a/jscimn D < mina; 2 min b;

ieD(a,b) ieD(a,b)

The Discrimin procedure may take into account
their values on several coordinates, contrary to the
Min procedure which bases the comparison on the
sole smallest value.

The Discrimin ordering refines the Min ordering in
the sense that:

a0 i b =2 O iscrimin Pand @ O giscrimin b = a/nin
b.

Moreover, a ~giscrimn P = @ ~un b. Observe that
Discrimin is also a complete preorder. Similarly, for
any t-norm T, DiscriT ordering can be used.
Example 1:  The alternatives a = (0.4, 0.5, 0.2)
and

b = (0.4, 0.4, 0.2) are compared with Min ordering
procedure:
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min{0.4, 0.5, 0.2 } = 0.2 and min{0.4, 0.4, 0.2 }=
0.2 . That means a ~;, b. If Discrimin procedure is
applied, D(a, b)= {2 } and min{0.5} > min {0.4}
hence:

a d) discrimin b .

Note that similarly we can introduce Discrimin weak
order for score vectors with different dimensions.

4. LEXIMIN ORDERING

In [2] Leximin procedure is applied by putting
the components of the vectors a and b in increasing
order using < and then use a lexicographic
comparison (or, equivalently, Discrimin ordering ).
The standard notation for this set of ordered n-tuples
is [0,1]™.

If S is any linearly ordered set, then lexicographic
order /A onS" ={(a a..., a,) € SXS X...X S }
is:
e Fora,be S" a/ bifand only if either
a= b, or for the least index i for which
they differ, a; > b;.
e The Leximin ordering /exmn 1S induced
by the lexicographic ordering /4  on
[0,1]["], where [0,1]["] = {(ay, az,..., an)
€ [0,1]", a<ap<...<a,}
Observe that a ~; b if and only if (aj,..., a,) is
a permutation of (by,...., b,). The orderings described
above have been presented in increasing order of
refinement, alternatives being indifferent for an
order could be distinguished by the next one.
a /lexmin b = a /discrimjn b = a/min b

Example 2: Let a = (0.3, 0.7, 0.5), b = (0.4, 0.3,
0.5).

Thena” =(0.3,0.5,0.7), b" = (0.3, 0.4, 0.5) and
a’/ib = a/exmn b

Recall that in [3] we have proposed two extending of

Leximin to Y[O,l]n based on occurrence (normed
neN

occurrence) function.

5. LEXIT ORDERING

In [4] the Leximin ordering is generalized to a
LexiT ordering for any t-norm T.

Let [0,1][“] = {(ay, ay,..., a,) € [0,1]“, a,<a,< ... <
a,} . Leta=(a}, a..., a,) € [0,1][“] and T be any t-
norm. Let P, be the power set of {a, a,,..., a,}. This

set contains 2" elements. For any F € P, let T(F)
denotes the value of t-norm T applied to the all

elements of F. Let a= (&1,...,&2”) be the 2" — tuple of

the family {T(F), F € P, } put into ascending order,
where T({a;}) = a; and T(J) = 1. Thus we have

On [O,l][zn] we have the

lexicographic ordering/., which is a linear ordering.
On [01]™ we define: a /egr b if and only if

A

az; b.

Gy Sy S Sy

Example 3: Take the product t-norm, T(x, y) = x-y.
Leta = (0.1, 0.4, 0.6) and b= (0.2, 0.2, 0.6). In this
case P, and P, each have 8 elements.

P, = {{0.1, 0.4, 0.6}, {0.1, 0.4}, {0.1, 0.6}, {0.4,

0.6}, {0.1}, {0.4}, {0.6}, @},
P, = {{0.2, 0.2, 0.6}, {0.2, 0.2}, {0.2, 0.6}, {0.2,

0.6}, {0.2}, {0.2}, {0.6}, T}.
From this, a=(0.024, 0.04, 0.06, 0.1, 0.24, 0.4, 0.6,

1) and b = (0.024, 0.04, 0.12, 0.12, 0.2, 0.2, 0.6, 1).
Comparing 4 and Elexicographically, we see that
a; =l;l- fori=1,2 and a, 75133. Thus d<, b and
therefore a <j.qr b.

6. LEXIT ORDERING FOR STRICT T

The above LexiT comparison of alternatives
requires 2" steps, where one step means computing

the two products 4;, l;i and comparing them.

Let [0,1]™ = {(a}, ap,..., a) € [01]", a; 22, > ... >
a,}. Leta =(ay, ay,..., a,) € [0,1][“] and T be a strict
t-norm. We compute n values T(a;, a..., a,),
T(ay,..., a,) , T(as, ag..., ay), ..., T(a,) and T(b,
by,..., bp), T(b,,..., by) , T(bs, by,..., by), ..., T(b,).
Then a /eqr b if and only if (T(ay, ay,..., a),
T(ay,..., a,) , T(as, ag..., a,), ..., T(ay)) 4 (T(by,
by,..., bp), T(by,..., by), ..., T(by)).

Example 4: Take the product t-norm, T(x, y) = x-y.
Let a = (0.6, 0.4, 0.1) and b = (0.6, 0.2, 0.2). We
compute (0.024, 0.04, 0.1) <. (0.024, 0.04,0.2) = a
<Lexit b

Note that the above method can be applied for
any weakly cancellative t-norm T ( i.e., T(x, x) =
T(y, y) = x =y ) and that while by Yager et al.
approach we should compute (and compare) 2"
values, here the computational complexity reduces
to compute (and compare) n values only.
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