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Abstract. This paper illustrates how to implement
effective solvers for elasto-plastic problems. We consider
the time step problems formulated by nonlinear
variational equations in terms of displacements. To treat
nonlinearity and nonsmoothness we use semismooth
Newton method. In each Newton iteration we have to
solve linear system of algebraic equations and for its
numerical solution we use TFETI algorithm. In our
benchmark we demonstrate our approach on von Mises
plasticity with isotropic hardening and use return
mapping concept.
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1. Introduction

The paper is organized as follows. We briefly review the
TFETI methodology that transforms the large primal
problem of elastostatics in terms of displacements into
the smaller and better conditioned dual one in terms of
the Lagrange multipliers (pressures) whose conditioning
is further improved by using the projectors defined by the
natural coarse grid. Further we briefly review the elasto-
plasticity methodology for von Mises plasticity with
isotropic hardening. We illustrate the efficiency of our
algorithm on the solution of 3D elasto-plastic model
benchmark and give encouraging results of numerical
experiments.

2. Problem of Elastostatics

Let us consider an isotropic elastic body represented in a
reference configuration by a domain Q in R?,d =2,3,
with the sufficiently smooth boundary I' as in Fig. 1.
Suppose that T' consists of two disjoint parts I', and

r,, I'=sT,ul,, and that the
U:T, >R’ and forces F:I', >R’ are given. The

mechanical properties of Q are defined by the Young
modulus E, the Poisson ratio v, and the density p.

displacements
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Fig. 1: Model problem.

Let C:Q— R>¥%?2

sym

<Cr, G> = <T,CU>VT, o€ Ri,i ,
Ci = Cyy = Cuy» Where ¢, :Q—>R and g:Q—R’
denote the component of the elasticity tensor C and a
vector of body forces, respectively. For any sufficiently
smooth displacement u:Q — R?, the total potential
energy is defined by

J(u):%a(u,u)—J.QgTu dQ—LF Fludl, D

where
a(u,v) = J-Cijk,gﬁ (u)e, (v)dQ, (2)
Q
and
1(ou, Ou
#a(u) = z(a—a—j -
1 k

We suppose that the elasticity tensor satisfies natural
physical restrictions so that

a(u,v) =a(v,u) and a(u,u)>0. 3)
introduce

Now let us the Sobolev space
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vV =H"(Q)‘ and let
K={veV:v=Uon T, }.

be its non-empty, if there exists a function

u, € [Hl(Q)T such that u, |r(, =U, closed, and convex

subset. The displacement u e K of body in equilibrium
satisfies

J(u)<J(v) forany veK . (4)

Conditions that guarantee existence and
unigueness may be expressed in terms of coercivity of J .
More general boundary conditions, such as prescribed
normal displacements and periodicity, may be considered
without any conceptual difficulties.

3. TFETI Domain Decomposition

To apply the TFETI domain decomposition, we tear the
body from the part of the boundary with the Dirichlet
boundary condition, decompose the body into
subdomains, assign each subdomain a unique number,
and introduce new “gluing” conditions on the artificial
intersubdomain boundaries and on the boundaries with
imposed Dirichlet data.

More specifically, the original body Q is
decomposed into a system of s homogeneous isotropic
elastic bodies, each of which occupies, in a reference
configuration, a subdomain Q” in RY,d=23,
p=1...,s. After decomposition each boundary I'’ of
re,and I'Z,
corresponding

Q7 consists of three disjoint parts I},
7 =T, uT?ul?,  with  the
displacements U” and forces F” inherited from the

originally imposed boundary conditions on I'. For the
artificial ~intersubdomain boundaries, we use the

following notation: I'Z? denotes the part of T'” that is
glued to Q7 and I'Z denotes the part of I'* that is glued

to the other subdomains. Obviously I'Z'=T%. An

auxiliary decomposition of the problem with renumbered
subdomains and artificial intersubdomain boundaries is in
Fig. 2.

4 444 o O
Q
ke FyYyYs
> -M‘ yvyy
o} Q!
la
> vl HE
- | 2 > -
H h

Fig.2: TFETI domain decomposition with subdomain renumbering
and traces of discretization.

The gluing conditions require continuity of the
displacements and of their normal derivatives across the
intersubdomain boundaries. The mechanical properties of

Q" are defined by the Young modulus E?, the Poisson
ratio v, and the density p” .

Let C?: Q7 — RZ®>2

sym

<C”z’, O'> = <T,C”O'>Vr,a e R??

sym !

P _ P AP
Cha = Cly = Cciyy » Where
cfy'Q—>Rand g’ denote again the entries of the

elasticity tensor and a vector of body forces, respectively.
For any sufficiently smooth displacement

u:Q'x..xQ" > RY, the total potential energy is
defined by

J(u) = 2{%a”(u”,up) -[ @) wrde

p=1
~[, (F")"urdr, (5)

where

a’ (u”,v”) = _[C[;,klg[f (u”)sg (v”)dQ : 6)

Q

and
aw-i)
Let us introduce the product Sobolev space
V = HH(QY) x...x H-(Q)?, (7)
and let
K= {V = (Vl,...,vs)e Vv’ -U’onT?/,v" =vion ng}

be its non-empty, closed, and convex subset. The
displacement wex of the system of subdomains in
equilibrium satisfies

J(u)<J(v) foranyvex. (8)

The finite element discretization of
Q=0'vu...uQ' with a suitable numbering of nodes
results in the quadratic programming (QP) problem

minu%uTKu—fTu subjectto Bu=c, 9)

where K =diag(K,,...,K,) denotes a symmetric

positive semidefinite block-diagonal stiffness matrix of
order n, B denotes an mxn full rank constraint matrix,

f e R" isaload vector, and ¢ € R” is a constraint vector.

The algorithm for solving the minimization
problem (9) can found in [4].

The diagonal blocks K, that correspond to the

subdomains QF are positive semidefinite sparse matrices
with known kernels, the rigid body modes. This is a great

© 2012 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 58



MATHEMATICAL ANALYSIS AND NUMERICAL MATHEMATICS

VOLUME: 10 | NUMBER: 1 | 2012 | MARCH

advantage because all blocks can be effectively
regularized and then decomposed using any standard
sparse Cholesky type factorization method for
nonsingular matrices [2], [4].

The matrix B with the rows b, and the vector ¢
with the entries ¢, enforce the prescribed displacements
on the part of the boundary with imposed Dirichlet

condition and the continuity of the displacements across
the auxiliary interfaces.

A parallel and numerically scalable algorithm for
the numerical solution of (9) is introduced in [4] with
scalability demonstrated up to 315 millions of unknowns
and 4800 cores.

4. Elasto-Plasticity

Elasto-plastic problems are the so-called quasi-static
problems where the history of loading is taken into
account. We consider the von Mises elasto-plasticity with
the strain isotropic hardening and incremental finite
element method with the return mapping concept [1].

The elasto-plastic deformation of a body Q after
loading is described by the Cauchy stress tensor o, the
small strain tensor &, the displacement u, and the
nonnegative hardening parameter k. Symmetric tensor is
represented by the vector and its deviatoric part is
denoted by the symbol dev.

Let us denote the space of continuous and
piecewise linear functions constructed over a regular

triangulation of Q with the discretization norm 4 by
V,cV where V ={ve H'(Q)': v=0onT,}|. Let

*

O=tf, <t <...f, <...<t, =t (10)

be a partition of the time interval [0,']. Then the

solution algorithm after time and space discretizations
has the form:

Algorithm 1:
1. Initial step: u’ =0, o) =0, x. =0.
2. for £=0,...,N-1 do (load step).

3. From previous step we know: u;, o}, x; and
compute Au,, Ao, Ak,

Ag, =&(Au,), Au, eV, (11)
Ao, =T, (G,’I,K,f,AE,,), (12)
Ak, =T, (o-,f,rc,’f,Agh). (13)

4. Solution Ao, (o}, xy,£(Au,)) is substituted into
equation of equilibrium:

£<AU(O';/,c ) K,'f,s(Auh )),g(vh )>dx _

(A ,v,), Vv, €,

(14)

This leads to a nonlinear system of equations with
unknown Au, which is solved using the Newton
method. The linearized problem arising in each
Newton step is solved by the TFETI algorithmic
scheme [4], [8]. It is possible because the stiffness
matrix of linearized system is symmetric and
positive semidefinite.

5. Then we compute values for the next step:

k+1 k+1

_nk k+1
u, =u, +Au,, 0,

_ k
=0, +Ao, K,

h

=K} +AxK, .
6. enddo.
For return mapping concept we define operators
7™ and T®. Their form are T* =7 =Aoc, and
T* =T_=Ax, Now we can go from tensor notation

c,.€,.k, to the algebraic notation ¢,,¢,,x, for stress,

strain and hardening variables. Above we consider the
following notation. Let C denote the Hook’s matrix, E
represent linear operator dev, u,A be the Lame

coefficients, af; be the increment of the right hand side,
and ¢!, =6 +Cag,. Lets

Cag if P(s',x")<0,
so, = (Co8 T Plo) (15)
Cag, —y,n if P(c),x})>0,
0 if P(c),x;)<0,
AK, = L. - (16)
yz=y,l Cpl =z if P(o},x;)>0,
where
3/" \/E t k
= —_——— —P , K y 17
Vr 3u+H \3 (0),.%;) (17)

~  d t
o ev(o))

3
= , I Cpll=2 \/:, z=1, 18
I dev(a’) PI= 23 (18)

and plasticity function
3
P(c!,x}) = EII dev(e)l —(Y+H,x}), (19)

where Y,H, >0. The function ;/Rﬁ is semismooth and

potential, that’s why we can solve this linearized system
by algorithm T-FETI. We want to achieve quadratic
convergence, and therefore we compute the derivative of.

™ The form of T is

k
() (ug) = C—2p— W | 2 ot Hory
Bu+H, 3l dev(s" +Cag)l
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dev(o) +Cag)(dev(o) + Cae)) o (20)
I dev(c) +Cag)l .

If we represent a function v, €V, by the vector

v e R" and omit index & then (14) can be rewritten as the
system of nonlinear equations

F(au) =af, (21)
where

(F(v),w) = .[Q(TGRM E,)),e(w,dx, Vv,weR"
(af, W) =af,(v,), YweR". (22)

Similarly we build the tangent stiffness matrix

(Kv,w) = !J;<(TURM )'(Ag(ukfl)g(v),5(w))>dx, Yv,weR"

where u,_, is displacement from previous Newton step.

5. Numerical Experiments

Described algorithms were implemented in MatSol
library [5] developed in Matlab environment and tested
on the solution of 3D problems.

Let us consider a 3D plate with a hole in the center
(due to symmetry only a quarter of the whole structure is
used). The geometry of the body with traces of
decomposition and discretization is depicted in Fig. 3. In
Fig. 4 we see a zoom of Fig. 3 near the hole. Symmetry
conditions are prescribed on the left and lower sides of
Q. The surface load g(¢) =450sin(2zt) [MPa],

t €[0,1/ 4] [sec], is applied to the upper side of Q. The

elasto-plastic material parameters are £ = 206900 [MPa],
v =029, Y =450[MPa], H, =100[MPa] and the time

interval [0,1/4][sec] is divided into 50 steps. We

consider a mesh with 4450 nodes and 19008 tetrahedrons.
A similar numerical example was also investigated in [3].

In the n-th Newton iteration we compute an
approximation au" by solving the constrained linear
problem of the form

minBAu”:O %(Au" )T K" au" —(Au" )T Af",
using the scalable TFETI algorithmic scheme proposed in
[4]. We stop the Newton method in every time step if

| au" —au’ll /{1 au"l -+l su’ll) is less than 107,

Notice that the maximum number of the Newton
iterations is small for all time steps, therefore the method
is suitable for the problem. In the following figures, we
depict plastic and elastic elements and von Mises stress in
the xy plane with the z coordinate O [mm]. In Fig. 5, 6, 7
and 8, we can see which elements are plastic (gray color)

and which are elastic (white color) in chosen time steps.
Particularly, in time steps 1-12 we observe only elastic
behavior, and in time steps 13-50 plastic behavior of
some elements. The maximum value of hardening at each
time step is depicted in Fig.9. The von Mises stress
distribution on deformed mesh is showed in Fig. 10.

Fig.3: Geometry in [mm] with traces of decomposition and
discretization.
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Fig. 5: Plastic and elastic elements after 1 time step.
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Fig. 10: Von Mises stress distribution on the deformed mesh (scaled
10x).
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We have presented an efficient algorithm for the
numerical solution of elasto-plastic problems. These
problems lead to the quasi-static problems, where each
nonlinear and nonsmooth time step problem is solved by
the semismooth Newton method. In each Newton
iteration we have to solve an auxiliary (possibly of large
size) linear system of algebraic equations. We proposed a
new approach how to solve such system efficiently using
in a sense optimal algorithm based on our Total-FETI
variant of FETI domain decomposition method. We
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Fig. 7: Plastic and elastic elements after 35 time steps.

10 illustrated the efficiency of our algorithm on the solution
9 of 3D elasto-plastic model benchmark and gave results of
8 numerical experiments. The results indicate that the

algorithm may be efficient.

Nowadays we adapt this approach to the solution
of contact problems.
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