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Abstract: In recent years Karkac et al. [6] have described that a great variety of engineering problems involve the transient
heat transfer which can be divide into two groups, non-periodic and periodic. Recently several authors [1, 7, 8] have
discussed indetaie the method of solving many important problems in transient heat conduction. This paper deals to
determining the temperature distribution in a cylindrical shell with heat source inside the cylinder is of radius a, b height h
and symmetrical along z-axis, having a heat source inside which leads axially symmetrical temperature distribution. The
problem of determining the temperature distribution in a cylindrical shell with heat source inside the cylinder.
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1. INTRODUCTION

If a solid body is suddenly subjected to a change in environment, some time will take before an equilibrium temperature
condition will Prevail in the body. In the transient heating or cooling Process of a solid body which takes place in the
interim period before equilibrium is established, the analysis must be modified to take into account the change in internal
energy the body with time and the boundary conditions must be adjusted to match the physical situation which is apparent
in the unsteady-state heat transfer problems.

Transient conduction takes place in the heating or cooling of various blanks and articles, glass manufacture, brick burning,
vulcanization of rubber and during and starting and stopping of various-heat exchangers, power installation etc.

Karkac, s. and Yener [6] have described that a great variety of engineering problems involve the transient heat transfer
which can be divide into two groups, non-periodic and periodic. Luknon, A.V. [7], Balachandra, V.K. and Desmuchd, R.M.
[1], D.Ramamurthy and J. Sairam [8] have discussed indetaie the method of solving many important problems in transient
heat conduction.

11 MAIN PROBLEM:
Temperature distribution in a cylindrical shell with heat source inside the cylinder

The problem of determining the temperature distribution in a cylindrical shell with heat source inside the cylinder. Let us
consider a cylinder of radii a, b height h and symmetrical along z-axis, having a heat source inside which leads axially
symmetrical temperature distribution. Let (r,0,z) be the cylindrical coordinate system and the heat is conducted
symmetrically with respect to z-axis. The temperature function 8 is the function of space and time.

The heat conduction equation is given as

pc g_§= kV?0 + &(r,z,t,0) (1.1.1)

where

&(r, z,t,0) is a source function.

The use of substitutions

E(r,z,t,0) =0(r,z,t) + e(t)0(r, z,t) (1.1.2)

u(r,z,t) = 6(r,z,t)exp {— J-ts(y) dy} (1.1.3)
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t
Y(r,z,t) =0(r,z,t)exp {—f () dy} (1.1.4)
o
The heat conduction equation (1.1.1) reduces to
LRI AL 1.15
Fri u Y (1.1.5)

Where k = %, k is the diffusivity

K the thermal conductivity, p the density and c is the specific heat.
Here we take the composite cylinder of variable density and suppose
p = p,e 1% (1.1.6)
Where p, and C; are constant.
The equation (1.1.5) reduces to
0%u(r,z,t) 10u(r,z,t) 0%u(r,zt)] &@r,zt) ou(r,zt)

or? r or 0z2 poe 1z ot 0 @17
u((r,zt) ly=q = filz.t) (1.1.8)
u((r,zt) ly=p = folz.t) (1.1.9)
u(r,Z, t)|Z=0 =f3(t) (1110)
u (T, Z, t)|Z=h = f4-(t) (1111)
ur, z,tli=, =¢y (1.1.12)

Where c, is constant
SOLUTION OF PROBLEM

Using finite Hankel transform between the limit a to b with respect to r, given by

b
F80 = [ 7 £ 0 Uy Brdve@Bd = 9Bl @) dr (11.13)
with inve(rlsion series.
£r) = 7T_2 Zf(ﬁi)]f(bﬁi)ﬁiz Uy (Bim)yw(aBs) — v, (Bim)]y (af)]
2 L J5ap) —J5(bB:)

(1.1.14)

93

Where summlation over i extend over all the positive roots of the equation J, (aB;)y,(bB;) — v,(aB;)], (bB;) = 0 and thr

operation property is

b 02 10 2
[+ (—f 1 ) U By (Bia) = yo(Biry (Bia))dr

or?2 r ar r?

_E]v(aﬁi) _E _p2Ecn.
= gy @ f@ = BB (1.1.15)
Now by equation (1.1.7), we get

b (9%u 1 0du 0%u(B;, z,t)
k[ (G 5) Uo (Bir)yoBia) = 3o Bl (Bua))dr + K =222

E_(ﬁi' z, t) 12 aﬁ(ﬁi,z, t) _

+ e = 0 (1.1.16)
or
K [% 52 EZ gg u(b,z,t) —% u(a, z,t) — BB, z, t)] + K%
+ é(ﬁ; %t) ec? — au(/;-;z, 2 0 (1.1.17)
Now usoing boundary conditions (1.1.8) and (1.1.9), we get

2 ]0 (a ﬁl) 2 2— azﬁ(ﬂi,z, t)
K [E ]o (b ;31,) fZ(Zl t) - ; fl(Zl t) - ﬁi u(ﬁi'zl t)] + KT
Bz o, uBzD (1.1.18)

Po at
The finite Fourier Sine transform of f(z),0 < z < h is defined as

_ h mnz
fs(m) =f f(@)sin—— dz (1.1.19)
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Where m is an integer.
Then the inverse finite Fourier Sine transform of f(m) is given by

f(z) = 7 z f(m) sm— (1.1.20)
And operatlonal property is glven by
holu mnz _—
N sm( A ) dz = T (D)™ u(B;, h, t) + u(B;, 0,t) ]
m T[
u (B;,m, t) (1.1.21)

Now using finite Fourier Sine transform between the limit o to h with respect to z given by the equation (1.1.19) in
equation (1.1.18) be obtain

h 2
gzsmmnz f f(ﬁu z, 2417 sin mnzdz_(;_?+K
2], (aB) - .
[nj Eb'[;;fz( ,t)——fl(m,t)—,l?i u(ﬁi,m,t)]zo (1.1.22)

On using boundary conditions (1.1. 10) (1.1.11) and operational property (1.1.21) in equation (1.1.22), we get
2

ou
K 55 Com @ + f3<t)] m ) +G (Bymt) - —

at
Jo (@ Bi) _ ~
+K[ NG mfz( ,t)_Efl(m,t)_ﬁi u(ﬁi,m,t)] =0 (1.1.23)
Where
h 3 .
& (Bm.5) =f FARD e sin =~ dz (1.1.24)

Now using Laplace transform between the limit 0 to = with respect to t in equation (1.1.23), we get

K [— O™ @) + H®)] - KA Gump) + G Gomp) - [ e

2, (a ﬁl)fz( ’p)__}?l(m’p)_ﬁizﬁ (ﬁi.m,p)] =0 (1.1.25)

2 2

3 K |
K [—( D™ f () + fo@)] -
2, @) -

[pu(ﬁl.mp)+u(ﬁumo)]+1< By 2™ m)—;ﬁ(m.p)

Now using boundary conditions (1.1.12), we get

Kmm _ _ _
u(ﬂump)[ K+p+ﬁl ] =T f4-(p)(_1)m+1+f3(p)+G(ﬁum!p)

Ku(.Bum p) +G (ﬁum p) -

2K Jo (@B = 2K -
]o (b ﬁl) fZ( :p) - ?fl(mlp) + C2 (1127)
then
- Kmmn A f:(p)
u (.Bilm'p) =0 (_1)m+1 2.2 +K 272
' (e e) wen| () ke
2K fi(m, p) C

(1.1.28)

-— +
22 272

() k] (%) ko)

Now using inverse Laplace transform and convolution theorem in equation (1.1.28), we get

K t m b3 <
& gm0y = KT oy [ (RO g

t _mznz 2 ~ t_ 2
+Kff3(5)€ (FRaws) 2 ds + f G,ms) € (" +B‘>K(t ) ds
]
2K ], (a Bi)

T ]o (b ﬁl)

mn

e gy 2 ffl(m )

ftf_z (m,s)e (
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m2m?

mZTL'
e ( 2 +BL>K(t s) ds+cze K( w2 +,81) (1.129)
Now using inverse Fourier Sine transform given by the equation (1.1.20), we get
_ 2 - _ . mnz
upzt) = Z u (Bim, t) sin—— (1.1.30)

m=1
Where & (;, m, t) is given by equation (1.1.29), substituting the value of & (;, m, t) from equation (1.1.29) in equation
(1.1.30), we obtain

7 (Bz,t) = hz B ot [0 ) sk [

(e s ‘ min 2K J, (@ B)
e \nZ +BL)K(t )ds+fG . m,s) e ( 2 +31>K(t S)ds-l-— ) i
o (ﬁ ) T ]o(bﬁi)

mhf +B1>K(t s) ds

memn

L +82) Kk (t-s 2K [t
fomm.s)e(hz AR g Ffofl(m.sn(

2 g2 mnz
7+ >t]sin—h (1.1.31)

On using Inversion theorem of finite Hankel transform given by the equation (1.1.14), we get

22 [K (i i
u(r,z.t>=”7z[ﬁ ﬂ( 1)’"“ff(s>e L) K@) 4o g

mn

= +B1>K(t s) ds+2—K
A

m
_K(
+cye h

fth(S) e_(mh_gw‘?)“t_s) ds + f G(B;,m,s)e (

Jo@pB) [t. (e
7 (0 B ffz (m,s)e

e—(mhf +B7 ) K (t-s)

mTL’

2K [t
A 9 4o 2K ffl(m.s)
n'- 0]

_K(mh;r +Bl) ] . mnz

ds+c,e sin—
2 h

J3BBIBEUs (Bir)yo(aB) = yo(Bir)]o (aBy)]
J3(ap:) = J5(bB;)

This gives temperature distribution in cylindrical shell.

(1.1.32)

1.2 PARTICULAR CASE

Case | :- Letus consider that the density p of the cylinder is constant l.e p = p, then the equation (1.1.32) reduces to

wrnh =3 Z[ Z [— = Dmﬂftﬁt(s)e_(mh—g”iz)“t—” ds + K
J-f3(s)€ hz +BL>K(t D ds + ft(fhw eC1zsinm}7lTZdZ>

(R p2) ke (e-9) 2K J, (a B;) = 2 1B2) K (t-5)
e(h ) ds + — ]O(b)BL ffz(ms)e( ) ds

B 271( tf1 (m,s) e (m W +B‘)K(t_s) ds +c, e_K(mh2 Bi) ]Sin$]
]o (bﬁl)ﬁl []o (ﬁlr)YO(alBi) - YO(.Bir)jo (a.BL)]
Jé(ap) —J3(bB;)

Case |1:- when source function is taken as
& (r,z,t) = e % then by equation (1.1.24) we obtain
h

-zt

(1.2.1)

G (B,mt) = f 17 sin 102 4z
Y ' 0 pO h
or
h
G 0= 1 elc1-)z c—0s mnz mmw  mnz
Bi,m,t) = ol P —2 | (c sin— . Cos—

h? o
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Finally it becomes

_ 1 |mn 1
G (Bym, ) =—|— —z (1+ (—1mriela=nh) (1.2.2)
Pol ™ (e =002 + T3
Then on substituting the value of G (ﬁl,m t) from equation (1.2.2) in equation (1.1.29), we obtain
t
7 Bm =" (- l)m“ff(s)e AL ds+K [ £,
o
mZTL'
e ( h2 +31>K(t s) dS+f lm 1 o (1+(_1)m+1e(c1—s)h)
R LR
—(r 2K ], (a ) (m"+ﬁ)1<(t s
><e(h2 +B‘>K(ts)d+ ° - f m,s)e \ h* "1 ds
o wp ) e
2K (. _(mPn?, b - —x(™r
- ffl(m,s)e ( h? +B‘)K(t & ds+ce K( h? +B‘> (1.2.3)
o

Now using inverse Fourier Sine transform given by the equation (1.1.20), we get

T (B2 t) = hz [@ (- 1)m+1ftf4(s)e‘(1'lfl—g+ﬁiz)K(f‘s) ds + K ftfg(s)

mn’ t

o +Bl)x(t 9 ds+f L% 1 o (14 (Do)
(c1 =5 +—3
mr 2K ], (a B;) = (m”+/3)1((t s)
X e ( h2 +B‘>K(t $) ds+——o : f m,s) e h2 i ds
7 1o G B J, 12

2K [t m?n? oo _ _g (Mim mmnz

- fl(m s)e ( h? +B‘>K(t ) ds+c,e K( h? +B‘> sinT (1.2.4)

Now usmg inversion theorem of finite Hankel transform given by (1.1.14) in equation (1.2.4), we get

u(r,z,t):%Z[% @( 1)m+1ff(5)€ ( 2 +ﬁl)K(t s)d n

K f tf (s)e‘(ﬁtﬁf)"“‘@ ds + f lﬂ !
3 m nZ
o (C — )2
_(mEm L 02 (oo 2K ] (a,B

1+ (—1)mttel@=9D) x e (Tt =9 ds + Xy J-
(1 ) SRR
. (mhg +ﬁl>K(t s) _ <k J-fl(ms)e (mhf +51)K(t S)ds+cz
k(e +ﬁl)] inmnz] R8s Bir)yoa) ~ yoBir o @) (125)

h J3(aB) —J5(bB:) -
Case Il
when
E(r,z,t) =cs (1.2.6)
than by equation (t.1.24), we get
_ G ecl mm 1 mm
G(ﬁi,m,t)—g T (O—Tcosmn) i (O - 1)
[\ €1 T2 1 h2

Finally it becomes ]
c _Cs ech MLy, M 1

Bomt) == | —— (-5 CDm) + = —

[\ €1 T2 Gtz

96
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mm

G (Bum,t) == [ (CD e ] (1.2.7)
Po p (cl +—mh2 )
and
1
2 t) = e—C7t 1 .
fs(t) = e et (1.2.10)
fa(t) = e (1.2.11)

Where cg,C7,Cg,Cg are constant now using equation (1.2.7) to (1.2.11) in equation (1.1.29) we get
‘rrI.ZTI.'2

_ Kmn t t
u(B,mt) =—— (—l)mﬂf e CSe () =) ds+ K f e~ CsS
o o

m?n? teg mm 1
e ( h2 +BL>K(C $) ds+ | 2—— — (1+ (=1D)™+ecahy x
pPo h m2m?
o o (c12+ 72 )

)i es) 2K Jo (@B) fte—cvs (B k), 2K
T ]o (b .81) o n
) m 2 o (M2
f —CGS h2 +Bl ) K (t-s) dS + c, e K( h2 + )t (1212)
o

Kmn - 1)m+1< eyt _e—(m;;’2+ .Z)Kt)
RN C O
[e_cgt —e ( ﬁz) ] + E - @ (1 + (=1)™*1ecrh)
(1_6 ( ;Zz+ﬁl>m>+ 2K J, (aB) (e_w_e i) >
K ag) T OR) ( (T ) )

(e By
__K 2.2 +C23_K( Bl)
(ke () - <o)

Now using inverse Fourier Sine transform given by the equation (1.1.20), we get
2.2

o Kmn( 1)m+1< ot _e_(mhf +31>Kt)

> +

m=1l ( ( + ﬁl ) - Cg)

1 [e—C3f ( )

(1 (5= + 52) - o)

(1+ (D)™t h) x (

=

X

(1.2.13)

u (IBil Z, t) =

SN

mn 1
Kt]+ 5 o —
(G +EE

)

e

l—e ( zzzwl)m

>+2_K]o(a:3i)
K(m T[2+Bl.) T ]o(bﬁi)

2.2 2.2
<€_C7t —e (mh;'r +ﬁlz> Kt> (e—Csf —e (mh;[ +ﬁzz> Kt)
2K

2
L -2>t

m
_K(
+ce h?

(k (e pt)=c) ™ (k (esr)-a) |
sin m;ltz (1.2.14)

On using inverse Hankel transform given by the equation (1.1.14), we get
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2.2
[Kmn (_1)m+1 (e—69t —e (mh_;r"'ﬁlz) K t)

72 2 > | h
u(T,Z,t)ZTZ[EZ| 22 +

i m=1 (K (Tnh_;T_i_ ﬁlz) - C9)
2.2
1 [e—Cst _ e—(mhf +Bi2> ’“] Gs mn —1 1+
(x (= 82) - ar) SRCES-S
13
2.2 2
1 = (B e-Crt — o (B HE) e
2K ], (a By)

(EEem) 7RO (B ) o)

—Cet _ (ﬂgz’fﬁf) Kt |
—%<e mzez ' >+cz e_K( nz ")tlsin -
T I )
(ke (P +82) <o) [
J1BIBT, (Bir)yo(aBy) — yo(Bir)], (aBi)]
Jé(ap;) —J5(bp;)
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