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Abstract — In the present paper we derive four new finite integrals involving the products of the H -function, Appell
series in reduction form and Srivastava Polynomials with essentially arbitrary coefficients. The values of integral are

obtained in terms of \u(z) (The logarithmic derivative of I'(z) ). By assigning suitably special values to these
coefficients, the main results can be reduced to the corresponding integral formulas involving the classical orthogonal

polynomials including, for example, Hermite, Jacobi, Legendre and Laguerre polynomials. Furthermore, the H -
function occurring in each of our main results can be reduced, under various special cases, to such simpler functions as
the generalized Wright hypergeometric function and generalized Wright- Bessal function. A specimen of some of these
interesting applications of our main integral formulas is presented briefly. For the sake of illustration we record here
some special cases of our main results which are also new. The integrals establish here are basic in nature and are likely
to find useful applications in the field of science and engineering.

Keywords “H -function, Appell series, Srivastava Polynomials.

AMS subject classification: 33C45, 33C60.

1. Introduction (1.2)

It may be noted that the (I_)(a) contains fractional powers

Inayat-Hussain (1987a) introduced generalization form of 5t some of the gamma function and m,n,p,q are integers

the Fox H-function, which is popularly known asH - ¢ 1 that l<m<gl<n<p, (O‘J)lp’(p’i)lq are positive

function. Now H -function stands on fairly firm footing )
through the research contributions of various authors [1-  real numbers and (Aj )l,n :(B,-) L, may take non-integer

m+1,q
3;5’ 7-12]. values, which we assume to be positive for

H -function is defined and representEd in the fOIIOWing standardization purpose. (aj) and (b]) are Comp|ex
manner [9]: Lp La
numbers.
(aj’aj;Aj) ’(aj’aj) The nature of contour L , sufficient conditions of
ﬁgjdn 2] :ﬁg"an Ln n+Lp convergence of defining integral (1.1) and other details
(b.,B.) ,(b.,B.; B.) about the H -function can be seen in the papers [9, 10].
PP Am V1) g
1 _ . T ~ .
== z%(g)d&, (z#0) The behawpr of the H funcFlon for smaI_I values of | Z |
2mi follows easily from a result given by Rathie [11]:
(1.1) —m,n a
Hpq [2]=0(z[*) (1:3)
where where
[l (b {ra g b;
B ]1;[1 ( J_Bja)};[l{ ( —aj+(ij_,)} a:]SnJ]anRe a_J |z|>0
0(8)= = j

q Bi p
_ J _ —
j:lr;[le{l"(l bj * BjE“)} j:E[+1l“(aj OLj&) The following series representation for the H -function

given by Saxena et al. [12] will be required later on:
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—m,n (aj’aj;Aj)l,n’(aj’aj)nﬂ,p ©mo o c
Hp,g |z =3 ¥ f(g)z
(b.,ﬁ.) ,(b.,p.;B.) t=0h=1
PP am UV ) medg
(1.4)
where
Hrw—mqpﬂﬂ.a+a@1
1 =1
; t
F(C_,): j;th (—l)
o tBy,
H {F(l b; +B;0)} H 1"(a —ajo)
j=m+1
(1.5)
bh+t
¢= (L.6)
Br
|arg(2)| <%nQ (1.7)
Q= zm|+ 2|bBr—|aA| S 1Aj1>0,
j=m+1 =il j=n+1 ]
0<z |< o. (1.8)

The following function which follows as special cases of
the H -function will be required in the sequel [7]:

— (aj'aj;AJ')l,p. —1,p (17aj'aj'AJ')1,p

P b.,p.:B ’ :Hp’q+1 N 0,1),[1-b B
“ﬁ*ﬂq ('W‘r%jh
(1.9)

The Srivastava polynomials S'[x] will be defined and
represented as follows [13, p.1, Eq. (1)]:

[n/ m] (=)
Sh'[x]=

k:O k! An-k
where n=0,1,2,...,m is an arbitrary positive integer, the
coefficients A, (n,k>0) are arbitrary constants, real

X" (1.10)

or complex. S\'[x]yields number of known polynomials

as its special cases. These include, among other, the
Jacobi Polynomials, the Bessel Polynomials, the Lagurre
Polynomials, the Brafman Polynomials and several others
[15].

Reduction formulae for Appell series defined as follow
[4, p.42, Eq. (4.2)]:

F4 [a,ﬁ;ﬁ,a; X -y

(LX) (1-y) T-x)(-y)
- (t-xy) " a-x)* (1-y)f

(1.11)
The following interesting formula is required in our
investigation [6, p.145]:

m-1 m n-1
}}(1_)() Y (1—1y) dxdy = B(m,n)
00 (1_Xy)m+n—

(1.12)
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2. Main Results

Let y(z) denote the logarithmic derivative of gamma
r'(z)
r'(z)

function I'(z) i.e. y(z)=

First Integral:

Tty

Y FloBBo— P
()P F“[ PPeEgay) <1—x><1—y>}

SR

A n
—MN| _((1-x)y 1-y (1-x)y
HP,Q z[ T xy J (1—xy] Iog{—l_xy dxdy

I[[{n /zm ](_n|)m|ki A ki § g ]?( ) c
— R Z
i1 k=0 k! ni K G Zon

B(a+oc+z_1 Ik +kg,b+B+Z| 1 |k|+ug)
[\y(a+a+zl 1 Ik +kg)

e a3l o]

(2.1)
Second Integral :
11 (1—x}y 2 1-y b !1—xy!2
éé{ 1-xy {1—xy} (1-x)(1-y)
D = X -y
wwaJBBamaw<>mA

r
L=,

c_[(l—x)yJ i[uﬂ

i| 1-xy 1-xy

M,N

HP,Q z

1-xy 1-xy 1-xy

[ (3 sy

n./m.'[*ﬂ-]

r{l i\ mk, koom—
I Ak Gl 2y zf(g)zg
i=1 ki:O i i i t=0
B[a+o¢+z!’ s.k.+xg,b+B+zir:1tiki+pgj

[ (b+[3+z| Ltk +p.g) [a+b+a+[3+zir:1[si+ti)ki+(k+p)gj]

(2.2)
Third Integral:
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a 2
el

o,B;Bo;

¢ F
(1_ Xy)OHB 4

L y }
(L=x)(L-y) (1-x){1-y)
fem ol

i=1 1-xy 1-xy

(e

r {ni/mi}(_ni)m.k. ke m: .
:il:ll kZ_O ALK G E Y (o)
1 k= i =

—M,N
Hpo

<1—x>y<1—y>]dxdy
(1— xy)2

B[a+a+zir:lsiki +hgb+B+Ei_ tike +pg]x
[\y(a+a+zirzlsiki +7‘gj+w(b+5+zir:1tiki +pg)

_zw{a+b+a+ﬁ+zir:1(si +t; jki +(X+u)qﬂ

(2.3)
Fourth Integral:

ii{(i?yyﬁa{fixyy}

JL 4 o, BiB, ot -y }
(1—xy)OhLB (- X)(l y) (1-x)(2-y)

ci[ﬁl__’(ﬂ]i[ﬂ]i}

b (1- xy)2

(1=-x)(1-y)

il;ll n; 1-xy | (1-xy

2]l

r {”i/mi}(_ni)m.k.

I X A
k=0 Kbk

—M,N
HP,Q z

1-xy

[(l—x)y

K2 B
I t=oh=1

B[a+a+zirzlsiki +hgb+B+ Y Lk, +pg)><

{w(a+a+zirzlsiki +xg)_w[b+ﬁ+zir:1tiki+“gﬂ
(2.4)
The above integrals are convergent under the conditions
(1.3), (1.7) and
i) ab, s, t, o, B, A pare all positive.

D Re{a+7{%ﬂ>0,lsj£M
b.
K) Re{b+u{B H>01<J<M

The following important and interesting result will be
required to establish the above integrals:

117

ii{(iiiiyf = xyy}b{a(—l;)x(?—zy)]
4{“’& '°”<1—x_>?1—y>’<1—x3<yl—y>}

s

r {nllml](_m)mlki K. — M. N+2 T
:il;ll klzzlo ki! Ani,kI i P+2,Q+1[Z TJ
(2.5)
r {ni/md(_nl)mlki
:igl k.z:o k! Ani,klclI

o W o_ ;
t§0h§0f( c)z* B(a+a+2| 15i I+kg,b+B+zi:1tiki+pg)

(2.6)
where
T, = (1 a—a-3l_ sk, m)

(L-b-B-xf tikj 1), (aj'aj;Aj)l,N'(aj'aj)N+1,P

T =(bj"3j)1,M ’(bj’Bj;Bj)Mﬂ,Q
,(1_a_b_a_ﬁ_z{:1(si +ti)ki,k+u;l)

Proof: To evaluate the above the integral, first we
express S;" [x]in its series form with the help of Eq.

(1.10), H -function in Mellin-Barnes contour integral
form from Eq. (1.1) and using the relation from Eq.
(1.11), then changing the order of integration and
summation we have the RHS as follows (let say I):

a+a+zizlsi ki +ic-1

=N Hlx

ato+y ! sk +Ag
y =1 ( _
(1- Xy)a+b+oc+[3+zi:1(si +; ]ki +HAtp)g-1

)b+[3+z| 1t K. +pc-1

dxdy |dg

Now apply the formulae given by Eq. (1.12), we have:
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i/mi}(_ni)miki k|
k.zzo k;! A” k

1 —
z—niqu)( )z B(a+oc+2I _15iK; +2s, b+[3+2| 1tk +pg)dg

After little simplification, we get the right hand side of
Eq. (2.5). (Eqg. (2.6) can be obtained by changing the ,

H -function into series form given in Eq. (1.4)).

Method of Proof: To prove First Integral , by taking the
partial derivative of both sides of (2.6) with respect to a.
Second Integral is similarly established by taking the
partial derivative of both sides of (2.6) with respect to b.
To establish Third & Forth Integrals, we use the First &
Second Integrals , first adding the First & Second
Integrals , than we get the Third Integral. Forth Integral is
similarly established by subtracting Second Integral from
First Integral.

3. Special Cases

(i) By applying the our results given in Egn. (2.5) to the
case of Hermite Polynomials [15] by setting

Sh (X) > x™?H { L in which

2% }
r=1m, =2A, , =(-1)“ , we have the following
interesting results which is believe to be new :

R
:

S Ay i s S —
()P F‘{ PPy <1—x>(1—y>}
n1/2

S E] s )|
(2 (5 oo

my/2] (0
kzo k.kl klclem,Qﬂ[sz
Where

T, =(1-a—a-sk; 1), (1-b-B-t k1)

Jda., o A. Ja., o
(al % J)l,N (aJ “J)N+1,p

Tz :(bj’Bj)l,M '(bj’Bj;Bj)Mﬂ,Q
,(1—a—b—a—B—(sl+t1)k1,k+p;1)

The conditions of convergence of Eq. (3.1) can be easily
follow from those of Eq. (2.5).

(i) By applying our result given in Eq. (2.5) to the case
of Lagurre Polynomials [15] by setting S} (x) — L'[x]
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n, +ao'
inwhich r=1,m, =LA, , =| ' “ Il
A n, J)(a'+1)

K
have the following interesting result:

Ll—_xyy}b[a(—l;)x(i)—zw]

y—F |:0”B;ﬁ,a;(

X y }
1)(-y) E(-)

~ ”21 (_nl)kl e 1 keMNe2 [T

_k1:O k1| nl (O('+l)k1 1 P+2,Q+1 Tzll
(3.2)

where

T;’:(1—a—a—slk1,x;1),(1—b—ﬁ—tlkl,u;l)

, a.,q.;A.) ,(a.,a.)

(J FoOaN VT NP

Te= (b B)11\/| ( J"BJ';BJ')M+1,Q’

(1—a—b—a—ﬁ—(slﬂl)kl,mu;l)
The conditions of convergence of Eq. (3.2) can be easily
followed from those of Eqg. (2.5).

(iii) If we put A; =B, =1, H -function reduces to Fox

H-function [7, p. 10, Egn. (2.1.1)], then the Eqgn. (2.5)
take the following form:

Il {(i_iz,yr Ll—_ xny {(1(—1;))((1)_23’)]

I [QBM X - }
PRSI ) TR0
l£[5 | c. (1-x) G
i=1 1- Xy 1- xy

MN|_[(1-x)
HP,Q (1 Xy 1 xy ]dxdy

r{”i/mi](_ni)m.k. K sz [T
LR ki!I IAn kC HP+25+1{Z }

i
(3.3)

where
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T'= (1 a-o- Z:| —15iKp» 7”1)
(1 b—p-%i4t, |“;1)’(aj'aj;l)1,N'(aj’aj)N+1,P

w b ) ,(b-, ,l)
(b8, v PPt v
r .
,(1—a—b—a—[3—zi:1(si +ti)ki,k+p,1)
The conditions of convergence of Eq. (3.3) can be easily

obtained from those of Eq. (2.5).

(iv) If  we put n=p, m=1l q=q+1

b,=0,8,=1 a;=1-a;, b, =1-b;, then the H -function

reduces to generalized wright hypergeometric function
[16] i. the Eq. (2.5) take the following form after little

simplification:

ii{‘iiiiy}a Ll—_xny (1(—1;)X<?—2y>

— Y ElaBBo X -
(1—xy)OhLB 4{ hP (1-x)(1-y) (- )( y):l
(1-x)

t
rm. 1 y
Sp.!| C.
'1;[1 N (1 xyj (1 xyj

o Eaj’“j;AJ)l,P;Z[(l-x)ij(l‘yju dxdy

1-xy

Sy LA Clpiowost ¥
= k=0 k! Mk T,
(3.4)
where
T;:(l—a—a Sl sk, m)

(1-b-p-xLtk;. 1), (a-,(x-;l)llp

i
T =[085
(t-a-boo-pxiy (s +4)k 2w
4. Conclusions

The results obtained in this article are useful in deriving
certain unified integrals involving the hypergeoemtric
and generalized hypergeometric functions. Due to
presence of Apple series in our main integrals, the
integrals are very useful from the applications point of
view. On specializing the parameters, we can easily
obtain the known and new integrals.
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