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Abstract —Local fractional derivative and integrals are revedled as one of useful tools to deal with everywhere
continuous but nowhere differentiable functions in fractal areas ranging from fundamental science to engineering. In this
paper, a generalized Newton iteration method derived from the generalized local fractional Taylor series with the local fractional
derivatives is reviewed. Operators on real line numbers on afractal space are induced from Cantor set to fractional set. Existence for
ageneralized fixed point on generalized metric spaces may take place.
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1. Introduction

Over the past ten years, local fractional calculus [1-8]
played an important part in fractal mathematics and
engineering, especially in nonlinear phenomena. More
recently, Newton iteration method based on local
fractional calculus was presented in [6]. A procedure for
the Newton iteration method is not easy enough for an
engineer to master it. In order to express the generalized
Newton iteration method, this paper proposes operators
on rea line numbers on a fractal space. Taking the
definitions of local fractional derivatives and local
fractional integrals into account and using generalized
local fractional Taylor series [11, 15, 16], it is easy to
understand the generalized Newton iteration method.

This paper is organized as follows. In section 2,
operators on rea line numbers on a fractal space are
investigated. Generalized local fractional Taylor series
are derived from local fractiona calculus in section 3.
Generalized Newton iteration method is discussed in
section 4. The conclusions are in section 5.

2. Operators on real line numbers on a
fractal space

At first, we start with operator on real line numbersin
fractal space.

Definition 1 Let R be rea number. There exist
responding real line numbers on a fractal set E with
fractional dimensiona , noted by R .

Definition 2 A metric for a fractal set E with fractional
dimensona ,0<a <1,isamap

p, : ExE — R{suchthat forall X*,y*,z* € E.
@ p, (Xa'ya)ZOWithequalityif X =y

@p, (X ¥ ) =P, (¥ x):
3 p, (x“,z“)gpa (x“,y“)+pa(y“,z“).
The pair (E, p, ) isageneralized metric space.

Remark.1 R ={numberson afractal set E withax =1}.
Remark. 2 Let E =R .

pa,z(X",y“){

isametricon R{ , where

X* =(x1“,x2“,...,xn“)e]Rﬁ

2

S x-w)” |

and
v = (B Yy ) < RS
Similarly, if E =R, =R7 xR} , wehave

”“vz(zflzz"){il(zu -2, )zaj

2

isametric on complex space‘R} , where
2" = (2, 2," 2" ) € Ry and
2" = (2,2, 5" ) € R

Thereisasimple examplethat for Z* = X* +1“y”*
= X2+ %2 isreferred [9].

Remark.3 In special case of o = 1it follows that
n

ZO{

/—/%
bothR? =R xR x...x RandR are classical complex
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spaces and that both R} = R x R and

n
f—/%
R =R R R assi spaces.
» = H X R X ... xR are classical complex .

If a*,b“,c” belong totheset R of real line numbers,
then

(1)a” +b” anda“b” belong to the set R ;
(@a“ +b* =b* +a“ =(a+b)* =(b+a)";
(3)a* +(b°‘ +c“):(a“ +b°‘)+c“ ;

(4 a’b” =b*a“ =(ab)” =(ba)";

(5a” (b“c”)=(a"b*)c*;

(6)a” (b° +c“):a“b“ +a%“c’;
Mma“+0*=0"+a” =a”

anda” -1" =1" -a” =a”.

The above is operators on real line numbers on a
fractional space.

3. Generalized local fractional Taylor series

3.1 Review for local fractional derivatives and
local fractional integrals

Definition 3 A non-differentiable function
f:R>R, x> f(x)
is called to be local fractional continuous, when

[ (X)— (%)<
with|X—X,| < & , fore,5 > 0ande,5 € R . If

@

f (X) islocal fractional continuous on the

interval (a, b) , we denote f (X) eC, (a, b).
Definition 4 The local fractional derivative of
f (X) of order & at X = X, is defined [6-9]

1:(0,)(X0):o|“f(x) ) :”mA“(f(x)—f(xo))' @
oon (x=x)

ax*
where A”( f(X)— (%)) =T (L+a) A f ()= ().
For any X € (a, b) , there exists
£ (x)=D"f (x),
denoted by
f(x)e D" (a,b).

Definition 5 Local fractional integral of f(X) of
order ¢ in the interval [a, b] is defined [6-9, 12-16]

90
1o (%)
e rr RO

1 .
r(1+a) fim 2 f (t)(at,)

where At =t —t; , At=max{At, At,,At,..} ad [t t .7,

j=0,.,N-1,t;=a,t,=b, is a partition of the
interval [a, b].
Here, it follows that
Lt (x)=0ita=b
and

JLE (X) ==, (x) ifa<b.

Forany X € (a,b), there exists, | Lt (X), denoted
by f (x)e 1,1 (a,b).

Remark 4. If f (X) € Dx(a) (a, b), Xﬁlx(a) (a,b) , We
have f (X) eC, (a, b).
Remark 5. Above definition is deferent from Jumarie

[10] and Kolwankar [1,4]. Meanwhile, ¢ isfracta
dimension and there exist the following relations

a” +b* =(a+b)”

and

a” -b* =(a-b)".
In order to take the above into account, we have the
equality

which provides

(Z_ 1 _ o _ (Z.
e eV e © Y

In this case we have the following relation

(y=x)"=(y-c) +(c—x)".
Furthermore,

(y+x)" =(y-c) +(c+x)".
Whenc = 0, we can find that

(y+x)" =y*+x°, (4)
It follows from (4) that

(y+x) =y =x"=(y+x-y)",

Hence

(xty) =x*ty". (5)

3.2 Generalized local fractional Taylor series

Lemma 1 (Generalized local fractional Taylor theorem)
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Suppose that f((kﬂ)a)(x) eC, (a, b) ,fork=0,1....,n
,0<a <1, then we have[11]
f((mﬂai(é)

00 e
%= ZF(1+|<11 () I(1+(n+]) )( %

witha< X, <& < x<b,Vxe(a,b), where

)(MJ“ (6)

k+1 times

———
f9) () =D ..D [ £ (x).

X X

Theorem 2 (Generalized local fractional Taylor series)
Suppose that f( (et )(x) eC, (a,b),fork =01,...,n

,0<a <1, then we have

f(x)—glf(lJr(k)Z))(x %)< 0<a<l ™

witha< X, <& <x<b,vxe(a,b),

k+1 times

k
where f (/% )(X) -D,“..D " f (x).
Proof. From(6), taking the limitn — oo we have the

result.
As adirect result, we have the local fractional M C-
Laurin’s series, which isread as

. 100,
=S\ yka . 8
f(X) ZF(1+ak)X O<a<l (8)

4. Generalized Newton iteration method

In this section, an iteration method via the local
fractional derivative for a non-differential function is
called generalized local fractional iteration method. This
method is to solve the local fractional equation.

Suppose that @R >R , X* > ¢, (X) , is a

ath continuously non-differentiable  function,
forO<a <1. Thereexistsé e [X* , Xk_l] such that

*

a a

X %
. (9

= (oa(X )_(pa(xk—l)‘

_ (D(a)(f) * a ‘o0

“rmaX %) [ %

We have the inequality
J<llx g | <X

(p(a) (x)
I'(l+a)

=L

<L<1foranyxe [a, b] . Therefore

Where

X —> X ask —> 0.
For any positive integer P we can find that

91
X<+pa _)S(a < X«-pa _X«-p—la
H x«p—la _)&+p—2a T H X<+la _)&a (10)
< Lp_l )S<+1a X +Lp_2 )§<+la X
...... )s@l :( |_'H+L’*2+......+_']_) )&ﬂ“ _)&”‘
It follows from (10) that
‘x*a - X L <‘xk+1“ -x% as p—o o,
Hence, there exists alocal fractional iteration process
X =4 (%), (12)

which converges the root of ¢, (X) = 0.

Notice: Both ¢, (X) and @, (X) are local fractional

continuous functions. Hence, from (12) we may obtain a
new fixed point.

5 Remarking conclusions

In the present paper, a new iteration method via the local
fractional Taylor series with local fractional derivatives, a
generalized local fractional iteration method, is studied.
The method is to solve the equations of non-differential
functions defined on fractal sets. Real line numbers on
fractal sets are investigated, and it may be a new subject
on fractal geometrics. As classical iteration method, there
may be a new fixed point method in a fractal space. It is
to say, the existence for a generalized fixed point on
generalized metric spaces [15-16] may take place.
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