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ON THE SET OF COACTIONS OF AN HOPF ALGEBRA
ON K-ALGEBRAS

GAETANA RESTUCCIA*

ABSTRACT. For a K-Hopf algebra H, for a K-algebra A, K a field, we study when the
set of coactions of H on A is closed with respect to the product of two coactions.

Introduction

Let A be a commutative K -algebra and H be a K-Hopf algebra, K a field. A coaction
D of H on A is amorphism of K-algebras such that (1®¢)D =1, (1 A)D = (A®1)D
where ¢ and A are the counity and the comultiplication maps of H. We can extend
D to an endomorfism D of A ® H putting D: A® H — H ® A and such that
D(a®1) = D(a),Va € A. In this way we can consider the product D2D" of D! and D?
coming from two coaction D' and D? of H on A. We ask, if we consider the restriction of
D2D1 to A, when we obtain a coaction D of H on A, in other words, if the product of two
coactions is again a coaction. The answer is positive if D' and D? satisfy a permutability
condition that we are going to define in the paper. Classically, the result was established
by H. Matsumura [1], if H is the I-adic completion of a finitely generated Hopf algebra
with augumentation ideal I, described by a formal group. In this case coactions are differ-
entiations of the K -algebra A (see Refs. [2], [3], and [4] for the n-dimensional case). As
a consequence, if H is a finite dimensional (co)commutative Hopf algebra on a separably
closed field K, by the structure of finite and connected group schemes (see Ref. [5], Sec.
14.4) and thanks to Oort and Munford [6], our result is true since any coaction of H on A
is an action of abelian formal groups.

1. Coactions

Let H be a Hopf algebra over a field K, with comultiplication A : H — H ®x H,
antipode s : H — H and counity € : H — K. We recall:

Definition 1.1. Let H be a K-Hopf algebra and A be a K-algebra. A (right) coaction of
H on Ais a K-algebras morphism D : A — A ® H such that:

D(1l®e)D=1

2)(D®1)D=(1®A)D
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Notations for coactions.
Given a coaction of H on a K-algebra A and a € A, we can write

D(a) =Y a1, ®@hy; ani € A, hy; € H.

=1
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Rewriting formally as D(a) = Z(a) a(1y ® hz), by the diagram (1), we have:

(A®1g)D(a) = (1® A)D(a)
(D® 1H)(Z(a) any ®@he) =010 A)(Z(a) a1y ® ()
2 Plaq) @ hey = 32y aq) @ Alhg)

We call this element of A ® H by Z(a) agy ® hy ® hs).
In general, we define:
Dy =D,Dy=(D®1)D; = (1® A)D,
Dy=D®@1p®@ - @1g)Dp1=(1® - @1OA)Dy,_4
n—1 n—1

and we write: Ay (a) = 32,y a(1) ® h2) @ -+ @ h(n1)

Proposition 1.1. (Equalities for coactions).
D) Foralla € A a =73, ame(he)).

2) Forall a € A, D(CL) = Z(a) D(a(l)) ® €(h(2)) = Z(a) D(a(l))s(h(g)) (by ])

3) D(a) = 32,y D(a@)) @ e(h))he) = 2o Dlag)) ® hye(h)).
4 Foralla € A, a =37, D(aq)) ®e(hez))e(hs)).

Proof:
1) By diagram (2)

a

>_ag) ® h)

\% l
T~

Yo a) ®@e(he)) = aq)e(he))

2) Write now D(a) = > ,) D(aq)) ® e(h{y)).
3) By the diagram

A—L2 Ao 240 H0H

1 1
m l/@ wee

ARH®K
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4) By the diagram
A—2 Ao H

o~

= Jre-

A

Proposition 1.2. 1) For any coaction D, for any a € A

D( )—a®1H+Za(1) ®h(2), h ) EKer( )
(a)
2) The coaction D : A — A ® H is a an injective map.
3) Any coaction D : A — A® H can be uniquely extended to an endomorphism of AQ H.

Proof:
1) From the K-modules isomorphism, H = K1y @& Ker(c),

D(a) = Z(a) a) ® h(2) = Z(a) a) ® (k(z)lH + hl(g)), hl(Z) € Ker(e), k(g) eK
D(a) = 34 a() ® kayLu + X (q) @) @ hiy) (D).
By the counity diagram, we obtain:

D(a) = Z(a) ay @ keyly + Z(a) agy ® h’(z)

-

> @) ®ke)le =a

From (1), we have:

—R—e

D(a)=a®1lg+ Y aq) ® hy)
(a)

2) Leta # a' and D(a) = D(a’). Then:
2(a) W) @ h) = 2wy 4y @ Pig)
(1®e) X an) ®he) = (1 ® €) 2 (a) %1y © (o)
> (a) U1y ®E(h(2)) = D20y a(1) ® (h(y))
Thena = d'. B B
3) Namely, we define D : AQ H - AQH,D = (1g @ ug)(D ® 1)

Ao H- 22V Ao meH
\ \LlA@HH
D
AR H

We consider the restriction D /4 of D.We prove that D A= D.
D(a®1) =(1a®pn)(D@1y)(®1) = (14 ® pr)(Da® 1g)(®1) =
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(La®@ pr)(X(ay a) © hz) @ 1u) = 32 ) a(1) ® hyz)

Remark 1.1. In general D is not an automorphism of A @ H.

2. On the product of two coactions
Let D2D' : A® H — A ® H, where D' and D? are two coactions of H on A.

Definition 2.1. (Permutability condition).
We say that D' and D?commute if

i) (D?®1y)D!' = (D'®15)D? orVa € A
) (2.D)(@) , (1,4
i) 3 () s, () Dy (D (@) @ gy P hig =

(1,D{1y(@)), (2,q)
= Xy X2, (a) D11y (Dfyy (@) © o) Ry

Theorem 2.1. Let D' and D? be two coactions. Suppose that they satisfy i) or ii) of the
definition 2.1. Then their product is a coaction.

Proof:
l)Agzzznity: o
(D2D?')/A is a coaction. We have to verify that (1 ® €)(D?2D1)(a® 1) = a,Va € A. It
results:

(1@ e)(D2DY)(a® 1) = (18 €)D2(1a ® pr) (D' (a) @ 1) =

= (1) D2(1a @ prr)(X () Diyy(0) ® hi)" ©11) =

= (1©6)D2( ) Dly)(a) @ hiy”) =

= (1©)(1a @ )0y L2, () Dy (Dl (@) © Ryl

(2,D(1y(a)), (1,q)
=(1® s)(z(a) ZDln(a) D(l)(D(l)(a)) ® h(Z) ) h(2)a ) =

Layy_p (2Dl (@)
= Y0 Lop, (0 Dl (Dl (@))elhiy ey ™)

But D2 is a coaction, hence:
(2,D{1)(a))
> DEy(Diy(@)e(hy V) = Dia)
Dy (a)

Then we have:

> D(ll)(a))s(hg;@) —a
(a)

2) Coassociativity:

By the diagram (1), we have to prove that (1®A)5251(a®1) = (521,51 ®1H)52ﬁ(a).
D(1®A)D2D Y (a®1) = (10 A)D*(14 ® ug)(D'(a) © 1) =

= (18 A)D2(14 ® pr)(Y (o) Dy (@)hz)"” © 1) =

= (1® A)D2(X ) Dy (@)h(y") =
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DY, (a a
= (19 A)(1La @ u)(Cpp, azam (Dhy(@) @ hiy M @ nke) =
(a) Z()V(1)
(2D (a)) 1l,a
= (19 8) Ty, (o) Xw) Doy (Pl (@) @ ) Vi =
(2D (a)) .a
= Y1, (0 2 >D%1><Da>< a)) @ Al VARG,

2)(D2D! ® 1;)D2D(a)=

e (2,D8)(@)) , (1,a)

=(D*D' @ 1) (Xpy, () () D) (Diyy (@) @ hgy 7 hp)™) =
7 (2,D{1y(a)), (1,q)

= D2D' (X i, (@) 2wy Py (P (@) ® hig) i)™

Since D! and D? commute:

(1,D%(a)) a
D2D1(ZD2 (@ Z(a) )( ))@h(2) &) hg) )) =

(1)
(1,D%)(a))
=D2<1A®MH><Dl<zD(zU<a > (0 Dhy (D) (@) @ by hi)) =

~ (1D}, D%, (a))
= D2(La ® ur)(Xpy, (02, (@) 2202, (@) 2o(a) D,y (Diy DYy (@) @ hygy 7 @

(1)
(1,D3y(a)), (2,a)
ha) hi) ")

But D! is a coaction, then:

~5 (1,D%1y(a)) ,; (2,a)
D214 ® pn) (2, () z(a> DY (D) (a)) @ Ahy O (" @1) =

(1,D2,(a)) _  (1,D}4, D2, (a))
= (1a®uy)[D? ZD2 iy (Do (@) @y P @by OO (G @1)] =

(1.D%)(a), (2,a (1,Dy) D{y)(a)
= (la® pu)[D (ZDZ H(@) D(l (D(Ql)(a))) ® h(z) v hg2) )®h(2) e =

=(1a®pm)

(2,D(1y(a)); (1,a (2,D},Dyy(a)),, (2,D}, D}y (a))
[DQ(ZDI (1)( (1)( )))@h@) w hEQ))®h(2) m=m )h @) W7 =
2 (P! (2 D(l)(a)) (Q’D(21)D(11)(a)) (1,a)
—ZD?UD(H) ) Dy D2 (D (@) @ iy ha) (hiz)” ®1)

Since D? is a coaction, we have

(2.0} La) (2Dl (@)

Yopy, (@ Py (Diy(a D@ ang" O i @ ni )=
2D 1,a)

Yopy, (@ Py (Diy(a DEFNISSERINIFL
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