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ABSTRACT. The paper investigates vanishing conditions on the intermediate cohomology
of a normalized rank vector bundleF on P4 which force F to split or, at least, to be

a non-stable bundle (with few possible exceptions). The results are applied to see when
subcanonical surfaces A* are forced to be complete intersections of two hypersurfaces,
since subcanonical surfaces are zero loci of non-zero sections of radtor bundles.

1. Introduction

In [8], Theorem 15, it is proved that a normalized rankector bundleF on P* splits
whenever one of the following conditions holds:
a. h'F(-1) = 0andh?F(-2) < h2F(-1),
b. h'F = 0andh?F(—1) < h®F,
c. hMF(1) =0, h?F < h2F(1) andc; = —1.
In the present paper we go into further investigation and examine new vanishing conditions
on the intermediate cohomology of a normalized rankctor bundleF onP* which force
F to split or, at least, to be a non-stable bundle (with few possible exceptions).
In particular we consider the following three cases:

d. h2F(—2) = 0 (here we can proof thaf is forced to be non-stable),
e. h'F(0) = h?F(0) = 0 (F is forced to split with two exceptions),
f. h1F(—1) = h2F(-1) = 0 (F is forced to split with two exceptions).

These cases are new with respect to [8] and exteiltf tesults of [2], [1] and [7] . The
proofs can be obtained using three main tools: the properties of the Euler characteristic
function of a vector bundle, the technique of passing to the general hyperplane restriction,
the good properties of the spectrum of a ranlector bundle oP3.

We observe that, if a surfac€ in P* is a-subcanonical, i.e. it is the zero locus of a
non-zero section of a rark vector bundle, then the above results can be appliel;to
therefore we can see that the vanishing of some strategic intermediate cohomology forces
a surface to be a complete intersection. We want to emphasize that techniques concerning
only vector bundles are useful to obtain results on surfaces.
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2. Notations and definitions

Unless otherwise explicitly stated:

1) k is an algebraically closed field of characterigtiandP™ is then-dimensional pro-
jective space ovek. For every coherent shegfon P", h'G(t) is the dimension of the
k-vector spacéi‘ (G @ Opn (t)).

2) Fis a rank2 vector bundle orP™ and Fy is its restriction to a general hyperplane
H = P™!: the two sheaves are linked by the standard exact sequence:
(1) 0—-F(-1)»F—->Fg—0

3) ¢1 andc, are the first and second Chern classFofwhich we always suppose normal-
ized so that; is either0 or —1 ( Chern classes will always be treated as whole numbers);
for every integert the Euler characteristic function ¢f(¢) is given by the following
formula:

@) x(F(1)) :2(t+4> —C1<t+3> _C2<t+3> _ac(t+2) +cQ(c2+1—c1)

4 3 2 2 12

where () = ™M=tk for everyk > 1 and everyn € Z; F¥ denotes the dual
of F and FV = F(—c;) for any normalized rank bundle onP* so thath!F(t) =
h47if(—t —C1 — 5),

4) a = a(F) andg = B(F) (o < ) are the smallest degrees of two independent
generators off’F = @, HF(n); F is stable ifa > 1, semistable itx > —¢y, strictly
semistable it; = o = 0 and non-stable ift < —c¢; — 1 (see [3] Lemma 3.1);

5) r = r(F) is the integera — ¢; if F is non-stable and if F is semistable; the number
§ = co + c17 + r? is strictly positive for every non-split bundle;

6) the spectrum of a normalized rank 2 bundlen P? is the unique set of integers
{k;}i=1,....s with the following property (see [3] Theorem 7.1 and [9] Theorem 3.1):

hHEW) = @ h%(Opr (ki + 1+ 1)
foreveryl <r —1;
7) X is a locally Cohen-Macaulay (possibly reducible or non-reduced) codimegsion
subvariety ofP*; we will use the standard exact sequence:
3) 0—->Zx - Ops —0Ox —0

8) X isa-subcanonical if the dualizing sheaf is isomorphic taD x (a) for some integer
a. For ana-subcanonical surfac¥ in P4, we denote by andv the only integers such
that eithefa = 2t — 5 0ora = 2t — 6 and eithels = 2v + 1 0ra = 2v + 2;

9) s = min{n/h°Zx(n) # 0} is the least degree of a hypersurface contairing

We will use the following well-known facts:

10) the spectrum of a rartk normalized vector bundi& on P? is symmetric with respect
to —5-; if £ is stable or semistable, then itis connected, except possibly for a gajpéat
is strictly semistable ; i€ is non-stable and non-split, then — 1 belongs to the spectrum
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and the subseftk; < —r — 1} is connected. (see [3], Theorem 7.1 and Proposition 7.2
and [9], Theorem 3.1 and Proposition 3.5).

11) If X is ana-subcanonical surface iR* andt is the integer above defined, then there
are a normalized rartkvector bundleF and a global section of (t) whose zero locus is
X and the following sequence is exact:

4) 0— Ops — F(t) = Ix(2t+c¢1) — 0.

12) If X is the zero locus of a global section #7t), then either = a or¢t > 8 (no
codimensior? subvariety corresponds to sectionsft) if eithert < aora <t < f3)
(see [6], Lemma 1 and Remark 2); moreovet, i o < 0, thenX is non-reduced; the
minimal degree of a hypersurface containikigs:

s=a+fB+qift=«
s=t+a+tc ift>p.

13) If X is an integral degreé surface inP*, andY is its general hyperplane section,

thenY is an integral curve (by the second theorem of Bertini) of dedrieeP? and the
following sequence is exact:

(5) 0—-Zx(-1)—>Zx =TIy — 0;
if, moreover,X is a-subcanonical, thel is (a + 1)-subcanonical.

14) If h'F(tg) = 0, for somety < 0, thenh!F(t) = 0, for everyt < tq (this fact
can be seen using the cohomology sequence of the exact sequence (1) and it holds more
generally for reflexive sheaves &1*; see also [8] Proposition 11).

3. Vanishing and Splitting Theorems for Rank2 Vector Bundles

In the present section we state and prove three theorems, connecting the vanishing, in
a strategic position, of the first and/or second cohomology module of the rank 2 vector
bundleF with the property of being split or not semistable.

Theorem 3.1. Let F be a non-split, normalized rank 2 vector bundle B such that
h2F(-2) = 0. ThenF is non-stable.
More preciselypy < —3 — ¢;.

Proof: We consider separately the case= 0 and the case, = —1.

Case a. Assume that; = 0. Using duality and the hypothesig2F(—2) = 0, we
have:y(F(—2)) = hOF(—2) — h1 F(—2) — h'F(—3) + hOF(—3) = Latez),

Therefore F cannot be stable, because in that case 1 while x(F(-2)) <0

If @ < —1, using the spectrum ofy (H being a general hyperplane), we obtain
M F(=2) > b1 Fy(—-2) > —a+ 1;thusifa = —1 ora = —2 we gety(F(-2)) < 0
while (2£2) >  for every integer:.

Case b. Assume that; = —1. Using duality and the hypothesi€ 7(—2) = 0, we
have: x(F(—2)) = 2h0F(~2) — 2h' F(—2) = (at2e2),

As in the previous casey must be strictly negative, because if eitli€ris stable or
a = 0, thenc, is at leastl, while y(F(-2)) = —2rtF(-2) <0
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Finally, leta = —1; thenh! F(—2) = 0 andc, = 0 (co = —2 is not allowed because
= co+2 > 0). The minimal section of- corresponds to a degreesubcanonical surface
X If H is a general hyperplan&, = X N H is a degree: + c;a + o? = 2 curve and
then, by [5] Proposition 1.4, it is a double structure on a linehose ideal sheaf is given
by:

(6) 0—-Zy - I, — Or(5) — 0.
By the cohomology exact sequences (3), (5) and (6) we get:
R*F(—1) = h®Zx(—3) < h*Ix(—4) + h*Ty(=3) = h*F(-2) + h'O1(2) = 0.

Thus,x(F(=1)) <1-h'F(-1) =1—-h'Zx(=3) =1—-h'Zy(-3) =1 -hr°0OL(2) =
—2 and, on the other hand, using Chern classes, wg@€t—1)) = 0, which is a contra-
diction. ¢

Theorem 3.2. LetF be a normalized rank vector bundle o®* such thati! F = h2F =
0. Then eitherF splits or one of the following conditions holds:

i) ¢ =0,a=—1andcy; = 36,

i) ¢y =—1,a=0andcy = 22.

Proof: We consider separately the case= 0 and the case; = —1.
Case a. Assume that; = 0. Then (see Notations4)) we have: yF = h°F +
- (c2—35¢2)
ROF(—5) = 2 + ~257%2, .
Obviouslya > 0 is not allowed because the equatibr- %

2 .
number as a solutiony = 0 is not allowed either because the equation % =0
has no whole number as a solution.

Therefore we must have: < —1 and:

= 0 has no whole

4 2 24
NF = BOF + WOF(—5) = B0pa(—a) + B Opi(—a — 5) = L& F 3?;‘ +24)

On the other hand, using Chern classes:

(C% — 3562) .
12 ’

whencen? + 35 = c,. Moreoverh! F(—4) = h?F(-5) = 0 implies thath! F; (—4) = 0,
i.e., using the spectrum of (see [9] and Notation$0), X, >3(k; — 2) = 0 and so no
k; > 3 can exist in the spectrum. But, if < —2, there is at least onk; = 3 in the
spectrum (see [9] and Notatio8)), sincer + 1 > 3 belongs to the spectrum & .

Thereforece = —1 andey = 36.

Case h.Assume that; = —1. Then (see Notationd4)) we have:
(€3 — 22¢9)

XF = WOF + BOF(—4) = 14 2=

XxF =2+

c2—22co

35— = 0 has no whole

Obviouslya > 0 is not allowed because the equatibr-
number as a solution.

If =0, thenl + Cg]# = 1 and therefore, = 22 (0 being excluded).
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If « < 0, thenh!F(0) = h2F(0) = 0, henceh! F(-3) = h?F(—4) = 0 and so
h'Fg(—3) = 0, which implies that nd:; > 2 can belong to the spectrum (see [9] and
Notations10)). Butr = 1 — aw hencer = 1 — o > 2 belongs to the spectrum, which is a
contradiction. Therefora < 0 is not allowed.c

Theorem 3.3. Let F be a normalized rank vector bundle oP* such thath! 7 (—1) =
h2F(—1) = 0. Then eithetF splits or one of the following conditions holds:

i) ¢ =0,a>0andc, =11,

i) ¢cq=-—1,a>0andcy; = 4.

Proof: We consider separately the case= 0 and the case; = —1.

Case a. Assume that; = 0 anda < 0. Then (see Notations4)) h!F(-3) =
h?F(—4) = 0 implies thath! 7 (—3) = 0, hence the spectrum @f;; cannot contain any
k; > 2, which is absurd, because> 1 (see [9] and Notation$0)).

If o > 0, theny(F(—1)) = hOF(~1) + BOF(—4) = 2112 — (, But this implies
co = 11 (0 being excluded).

Case b. Assume that; = —1 anda < 0. Then (see Notationg,4)) h! F(-3) =
h2F(—3) = 0 implies thath! F; (—2) = 0, hence the spectrum @f;; cannot contain any
k; > 1, which is absurd, because> 2 (see [9] and Notation$0)).

If o > 0, thenyF(—1) = hOF(~1) + hOF(—3) = 212 — o, But this implies
co = 4 (0 being excluded)o

Remark 3.4. We do not know whether non-split vector bundles as those described in the
three theorems above really exist, But we recall thgdinsplitting criteria are given for

a vector bundle orP™ (so alsoP%), in terms of the vanishing of certain cohomology
modules. In particular the paper (Theorem 2) proves that a non-split rank two vector
bundle onP* is a Horrocks-Mumford bundle whenever its second cohomoly module is
Buchsbaum, so restricting the possible range of non-split rank two vector bunds on

4. Vanishing Properties of the Intermediate Cohomology and Complete Intersection
Surfaces.

Let X be ana-subcanonical surface iR* and consider the correspondiffg ¢t andv as
in Notations8). It is well known thatX is a complete intersection of two hypersurfaces if
and only if F splits.

Theorem 4.1. Let X be ana-subcanonical surface iR* and lets be the smallest degree
of a hypersurface containing .
If HLOx (v + 1) = 0 (or equivalentlyH?Zx (v + 1) = 0), then eitherX is a complete
intersection or one of the following conditions holds:
i) a <—10andX is non-reduced
i) a>4ands <wv+1(s <vwhenais even).

Proof: LetF be the rank vector bundle such th& is the zero locus of a section 8f(¢).
If Fis split, thenX is a complete intersection. Otherwise= 2t +c¢; —5=2v+1—¢;
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and, using (3) and (4), we obtain= h'Ox (v+1) = h®Zx(v+1) = h?*Ix(t+c1—2) =
h?F(—2). Thanks to Theorer.1we know thatF is non-stable withy < —3 — ¢;.
If t = , thenX is non-reduced and = 2o+ ¢; — 5 < 2(—=3 —¢1) +¢; — 5 < —10.
Ift>pg,thena=2t+c¢1 —5>2(—a—c1+2)+c1—5>23+2)4+¢; —5>4.
Moreover, the minimal degree of a hypersurface contaiding ¢t + o +¢; < v+ 3 —
c1—3—c14+ci=v—c1.0

Theorem 4.2. Let X be ana-subcanonical surface if?* of degreed and lets be the
smallest degree of a hypersurface containiig

Assume thab'Zx (v + 3) = h?Zx (v + 3) = 0. Then one of the following conditions
holds:

(i) X is non-reducedg = —7 andd = 37;

(i) X is non-reducedq = —6 andd = 22;
(i) a>1lisodd,d=v?+6v+45ands=uv+ 2;
(iv) a > 0isevend =v%+Tv+ 34 ands = v + 3.

Proof: Itis a consequence of Theoredr?, in any event the proof can follow the lines of
Theoremd.1¢

Theorem 4.3. Let X be ana-subcanonical surface ilP* of degreed and lets be the
smallest degree of a hypersurface containiig

Assume thab'Zx (v + 2) = h?Zx (v + 2) = 0. Then one of the following conditions
holds:

0] a> —5isodd,d = v2 +6v+20ands > v+ 3;
(i) a> —6isevend =v? + 7v+ 16 ands > v + 3.

Proof: Itis a consequence of TheoredrB; in any event the proof can follow the lines of
Theoremd.1¢

Remark 4.4. We do not know whether non complete intersection surfaces as those de-
scribed in the three theorems above really exist.
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