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WAVES PROPAGATION IN SUPERFLUID HELIUM
IN PRESENCE OF COMBINED ROTATION AND COUNTERFLOW

ROSA ANNA PERUZZA AND MICHELE SCIACCA*

ABSTRACT. Using the linear macroscopic mono-fluid model of liquid helium II, in which
the fundamental fields are the density ρ, the velocity v, the temperature T and heat flux q

and taking into account the expression of an additional pressure tensor Pω , introduced to
describe phenomena linked to vortices, a complete study of wave propagation is made in
the complex situation involving thermal counterflow in a rotating cylinder.

1. Introduction

The most known phenomenological model of He II, given by Tisza [1] and Landau [2]
is called the two-fluid model. The basic assumption is that the liquid behaves as a mixture
of two fluids: the normal component and the superfluid component. But this model is
only an intuitive picture because, in reality, the fluid is not partitioned into two distinct
components. Further some nonlinear effects, such as the evolution of the thermal shock
profiles and the turbulence cannot be completely explained within this framework.

The quantized superfluid vortices play an important role in the hydrodynamics of the
fluid and they have been the principal object of many studies. The state of the fluid in which
vortices are present, is referred to as the superfluid turbulent state. The quantized vortices,
created applying a thermal counterflow, form an irregular, spatially disorder tangle of lines.
In this case, the vortex line density (length of vortex line per unit volume) is LH ≈ γ2V 2,
where V is the absolute value of the counterflow velocity V := vn − vs and γ is a
temperature dependent coefficient [3]. The vortex system is almost isotropic, provided that
one neglects a small anisotropy induced by the imposed counterflow [5].

The creation of the vortices cannot be made only in this way, in fact the first studies
of quantized vorticity involved a sample of He II rotating at constant angular velocity
exceeding a certain small critical value. The results brought to an ordered array of vortices
aligned along the rotation axis, whose areal number density is given by Feynman’s rule
LR = 2Ω

κ , where κ = 9.97 10−4 cm2/sec is the quantum of vorticity.
Now, an important question arises: what does it happen when vortices are created by

both rotation and counterflow? There has been only one experiment we are aware [6], in
which the formation of vortices in combined situation of rotation and counterflow along the
rotational axis is experimented. The experimental observations show that the two effects
(thermal counterflow and rotation) are not merely additive, in fact for high values of V the
measured values of L are always less than LH + LR. These experiments show that the
anisotropy of the tangle is important in combined situations.
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In this work the propagation of longitudinal and transversal waves in the combined
situation of a cylindrical container in presence of thermal counterflow is studied. Our aim is
to obtain more information on the vortex tangle by measurements on the wave propagation.

Under combined influence of rotation and counterflow, the vortex tangle cannot be as-
sumed isotropic, in contrast with the usual situation in pure counterflow. Then, we are
interested to find not only the vortex line density L but also the geometrical characteriza-
tion, which requires to consider wave propagation in several different directions. In this
analysis the parameters which characterize the vorticity on the propagation of the waves is
put in evidence.
The plane of this paper is the following: Sect.2 is concerned with a recent mono-fluid
model for helium II, in which the use of a pressure tensor associated to some parameters
describing the vorticity has been considered; in Sect.3 we study the wave propagation in
the case of rotation and counterflow, analyzing two different situations about the relative
direction of propagation with respect to the rotation vector.

2. Evolution equations

A linear macroscopic mono-fluid model of liquid helium II, based on Extended Ther-
modynamics [7, 8], has been formulated in a previous work [9]. This model is able to
describe the laminar flow of the superfluid both in the presence and in absence of dissi-
pative phenomena and to predict the propagation of the two sounds in bulk liquid helium
II and of the fourth sound in liquid helium flowing in a porous medium [9], [10]-[13], in
agreement with microscopic and experimental data.

In order to describe phenomena such as the formation of vortices in rotating helium II,
in superfluid turbulence or in combined situation of rotation and thermal counterflow, the
use of a further additional pressure tensor Pω , associated to some parameters describing
the vorticity, is necessary. Neglecting, in a first study, the evolution of the vortex lines,
the constitutive relation for Pω and its influence on the dynamics of the heat flux has been
studied [13]-[17].

The fundamental fields of a mono-fluid model for helium II are density ρ, velocity v,
absolute temperature T and heat flux q. The linearized system of field equations for liquid
helium II, in a non inertial frame and in absence of external force, is [14]:

(1)


∂ρ
∂t + ρ

∂vj
∂xj

= 0

ρ∂vi∂t + ∂p
∂xi

+ i0i + 2ρ (Ω ∧ v)i = 0
∂T
∂t + 1

ρcV

∂qj
∂xj

= 0
∂qi
∂t + ζ ∂T∂xi + 2 (Ω ∧ q)i = (σω)i = − (Pω · q)i .

where i0 + 2ρ (Ω ∧ v) is the inertial force, ζ is a positive coefficient linked to the second
sound velocity, p is the thermostatic pressure and cV is the specific heat. The effect of
vortices is described by a source term proportional to Pω · q in the evolution equation of
the heat flux. In this equation Pω is a vorticity tensor associated to vortex lines, whose
explicit form is [14]:

(2) Pω = κL (γ < U− s′s′ > +γ′ < W · s′ >)
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where L is the vortex line density and s′ is the unit vector along the vortex line at a given
point. Here, s = s(ξ, t) is a function describing the vortex line (being ξ the arc-length
measured along the curve of vortex filament), the prime symbol in s′ denotes the partial
derivative with respect to the length ξ. The angular brackets denote the macroscopic av-
erages made by integration along all vortices in the sample volume, i.e. < W · s′ >:=

1
ΛL

∫
W · s′dξ.

3. Waves propagation in the combined situation of rotation and counterflow

The combined situation of rotation and heat flux, as shown in Fig.1, is a relatively new
area of investigation [16]-[20].

Fig.1 Rotating counterflow container configuration

Some experiments shown that the vortex tangle is anisotropic so that, assuming that the
rotation is along the x direction Ω = (|Ω|, 0, 0) and isotropy is in the transversal (y − z)
plane, for the vorticity tensor Pω , in combined counterflow and rotation, the following
explicit expression has been taken [13]:

(3) Pω = γκL


1 0 0

0 1 0
0 0 1

−
a 0 0

0 b 0
0 0 b

+

0 0 0
0 0 c
0 −c 0


where a = 〈s′2x〉, b = 〈s′2y〉 = 〈s′2z〉, and the coefficient c, linked to the antisymmetric
tensor W, is proportional to 〈s′x〉, i.e. it characterizes the percent of vortices which are
parallel to the rotation axis [17].
Choosing q = (q1, q2, q3), the production term assumes the following expression:

Pω · q = γκL


1 0 0

0 1 0
0 0 1

−
a 0 0

0 b 0
0 0 b

+

0 0 0
0 0 c
0 −c 0

 ·
q1

q2

q3

 =

= γκL {(1− a) q1c1 + [(1− b) q2 + cq3] c2 + [(1− b) q3 − cq2] c3}(4)

where c1, c2 and c3 are the unit vectors of the non-inertial frame of the rotating container.
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Substituting the expression (4) into the linearized set of field equations (1), it assumes the
following form:

(5)



∂ρ
∂t + ρ

∂vj
∂xj

= 0

ρ∂vi∂t + ∂p
∂xi

+ 2ρ|Ω|vjε3ji = 0
∂T
∂t + 1

ρcV

∂qj
∂xj

= 0
∂qi
∂t + ζ ∂T∂xi + 2|Ω|qjε1ji =
−γκL {(1− a) q1δ1i + [(1− b) q2 + cq3] δ2i + [(1− b) q3 − cq2] δ3i}

A stationary solution of this system is:

ρ = ρ0, v̇ = 0, q = q0 ≡ (q01, q02, q03)

T = T (xi) = T0 −
2|Ω|
ζ
q0jε1jixi +

−γκL
ζ
{(1− a) q01δ1i + [(1− b) q02 + cq03] δ2i + [(1− b) q03 − cq02] δ3i}xi.

In order to study the propagation of harmonic plane waves, we look for solutions of the
following form:

(6) V = V0 + Ṽ ei(Knjxj−ωt),

where V0 = (ρ0, 0, T (xi), q0) and T (xi) is a linear function of xi. Substituting the
expression (6) in the system (5) an algebraic system for the small amplitudes Ṽ is obtained,
whose latter equation reads as:

−ωq̃i + ζKT̃ni − 2i|Ω|q̃jε1ji =(7)
iγκL {(1− a) q̃1δ1i + [(1− b) q̃2 + cq̃3] δ2i + [(1− b) q̃3 − cq̃2] δ3i}

3.1. First case: n parallel to Ω. In this subsection we analyze the case in which the
unit vector n, orthogonal to the wave front, is parallel to the direction of the rotation, i.e.
n = (1, 0, 0). Letting t1 = (0, 1, 0) and t2 = (0, 0, 1) as unit vectors tangent to the wave
front, the system for the small amplitudes becomes:

(8)



−ωρ̃+Kρṽ1 = 0
−ωṽ1 +K

pρ
ρ ρ̃ = 0

−ωT̃ + K
ρcV

q̃1 = 0
[−ω − iγκL(1− a)] q̃1 + ζKT̃ = 0

−ωṽ2 + 2i|Ω|ṽ3 = 0
[−ω − iγκL (1− b)] q̃2 + (2i|Ω| − iγκLc) q̃3 = 0

−ωṽ3 − 2i|Ω|ṽ2 = 0
[−ω − iγκL (1− b)] q̃3 − (2i|Ω| − iγκLc) q̃2 = 0
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This system (8) can be written in the following matricial form:

(9)


A 0 0 0
0 B 0 0
0 0 C 0
0 0 0 D



Ũ1

Ũ2

Ũ3

Ũ4

 =


0
0
0
0


where

A =
(
−ω ρK
pρ
ρ K −ω

)
, B =

(
−ω K

ρcV

ζK −ω − iγκL(1− a)

)
,

C =
(
−ω 2i|Ω|
−2i|Ω| −ω

)
, D =

(
−ω − iγκL(1− b) (2i|Ω| − iγκLc)
− (2i|Ω| − iγκLc) −ω − iγκL(1− b)

)
,

Ũ1 =
(
ρ̃ ṽ1

)t
, Ũ2 =

(
T̃ q̃1

)t
, Ũ3 =

(
ṽ2 ṽ3

)t
and Ũ4 =

(
q̃2 q̃3

)t
.

In this case the longitudinal and transversal modes evolve independently. In particular, we
observe that the first sound, given by the study of the subsystemAŨ1 = 0, is not influenced
by the combined situation:

ω1,2 = ±krV1

ρ̃ = ψ
ṽ1 = V1

ρ ψ

while the second sound suffers an extra attenuation due to the combined situation. In fact,
studying the following subsystem BŨ2 = 0,

(10)

{
−ωT̃ + K

ρcV
q̃1 = 0

[−ω − iγκL(1− a)] q̃1 + ζKT̃ = 0

it admits non trivial solutions if and only if its determinant vanishes, obtaining the follow-
ing dispersion relation:

(11) ω2 + iγκL(1− a)ω −K2V 2
2 = 0.

Supposing that ω is real and K = kr + iks is complex, the dispersion relation (11) has the
following solutions for the phase velocity and for the attenuation coefficient:

w2
2 :=

ω2

k2
r

= V 2
2

2

1 +
√

1 + γ2κ2L2(1−a)2

ω2

,(12)

ks =
γκL(1− a)w2

2V 2
2

.(13)

Approximating these solutions to second order in L(1− a), we obtain:

w2 ' V2,(14)

ks '
1

2w2
γκL(1− a).(15)
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Now, we study the transversal modes. Let us consider the following subsystem CŨ3 =
0:

(16)

{
−ωṽ2 + 2i|Ω|ṽ3 = 0
−ωṽ3 − 2i|Ω|ṽ2 = 0

which admits nontrivial solutions if and only if its determinant vanishes; this yields:

(17) ω2 − 4|Ω|2 = 0.

The solutions of this equation are ω5,6 = ±2|Ω|, to which the following modes correspond:

ω5,6 = ±2|Ω|
ṽ3 = ψ
ṽ2 = ±iψ

These modes refers to extremely slow phenomena, which tend to stationary modes when
|Ω| → 0.

Finally, we consider the subsystem DŨ4 = 0, whose dispersion relation is:

(18) ω2 + 2iγκL(1− b)ω +
[
− (γκL(1− b))2 − 4|Ω|2 + 4γ|Ω|κLc− (γκLc)2

]
= 0.

The equation (18) admits the following exact complex solutions:

(19) ω7,8 = ± (2|Ω| − γκLc)− iγκL (1− b) ,

whose corresponding modes are:

ω7,8 = ± (2|Ω| − γκLc)− iγκL (1− b)
q̃3 = ψ
q̃2 = ±iψ

From (12), (13) and (19) one may obtain the following quantities L, b and c:

(20) L =
−ωsw2 + V 2

2 ks
γκw2

, b =
V 2

2 ks
−ωsw2 + V 2

2 ks
, c =

−ωrw2 + 2|Ω|w2

−ωsw2 + V 2
2 ks

where we have put ω7 = ωr + iωs.
From the physical point of view this implies that measurements in a single direction are
enough to give information on all the variables describing the vortex tangle. This is not an
immediate intuitive result.

3.2. Second case: n orthogonal to Ω. Now we assume that the direction of the wave
propagation is orthogonal to the rotation axis, i.e. for example n = (0, 1, 0). The unit
vectors tangent to the wave front are t1 = (1, 0, 0) and t2 = (0, 0, 1). In these assumptions,
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the homogeneous algebraic linear system for the small amplitudes is:

(21)



−ωρ̃+Kρṽ2 = 0
−ωṽ2 +K

pρ
ρ ρ̃+ 2i|Ω|ṽ3 = 0

−ωT̃ + K
ρcV

q̃2 = 0
−ωq̃2 + ζKT̃ + 2i|Ω|q̃3 = iγκL [(1− b)q̃2 + cq̃3]

−ωṽ1 = 0
[−ω − iγκL(1− a)] q̃1 = 0

−ωṽ3 − 2i|Ω|ṽ2 = 0
−ωq̃3 − 2i|Ω|q̃2 = iγκL [(1− b)q̃3 − cq̃2]

In this case the longitudinal and the transversal modes not evolve independently. In par-
ticular, the first sound is coupled with one of the two transversal modes in which velocity
vibrates, while the second sound is coupled with a transversal mode in which heat flux
vibrates.

This system can be written in the following matricial form:

(22)

A 0 0
0 B 0
0 0 C

Ũ1

Ũ2

Ũ3

 =

0
0
0


where

A =

 −ω ρK 0
pρ
ρ K −ω 2i|Ω|
0 −2i|Ω| −ω

 , C =
(
−ω 0
0 −ω − iγκL(1− a)

)
,

B =

 −ω K
ρcV

0
ζK −ω − iγκL(1− b) 2i|Ω| − iγκLc
0 −2i|Ω|+ iγκLc −ω − iγκL(1− b)

 ,

Ũ1 =
(
ρ̃ ṽ2 ṽ3

)t
, Ũ2 =

(
T̃ q̃2 q̃3

)t
, Ũ3 =

(
ṽ1 q̃1

)t
.

The subsystemAŨ1 = 0 admits non trivial solutions if and only if its determinant vanishes,
namely:

(23) −ω
[
ω2 − 4|Ω|2 −K2pρ

]
= 0.

The modes corresponding to the frequencies ω1,2 ' ±krV1 + O(|Ω|2) are inattenuated
waves, as shown below,

ω1,2 ' ±krV1 +O(|Ω|2) ω3 = 0
ρ̃ = ψ ρ̃ = 0
ṽ2 = ±V1

ρ ψ ṽ2 = 0
ṽ3 = − 2i|Ω|

ρK ψ ṽ3 = ψ

which correspond to a pressure wave, i.e to the first sound, when Ω = 0.
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The dispersion relation of the subsystem BŨ2 = 0 is:

(−ω − iγκL(1− b))
[
ω (−ω − iγκL(1− b)) +K2V 2

2

]
+(24)

+ω (2i|Ω| − iγκLc)2 = 0.

Assuming that ω ∈ < and K = kr + iks, one obtains the following two equations:

−ω3 + γ2κ2L2(1− b)2ω + 4|Ω|2ω + γ2κ2L2c2ω − 4γκLc|Ω|ω +
+k2

rV
2
2 ω − k2

sV
2
2 ω − 2γκL(1− b)krksV 2

2 = 0,(25)

−2γκL(1− b)ω2 + 2krksV 2
2 ω + γκL(1− b)(k2

r − k2
s)V 2

2 = 0.(26)

In the hypothesis of small dissipation (k2
r � k2

s ), from (26) one obtains:

(27) ks = γκL(1− b)
(

2w2
2 − V 2

2

2w2V 2
2

)
,

which substitutes in (25), yields:

ω4 −
[
(2|Ω| − γκLc)2 − γ2κ2L2(1− b)2

]
ω2 +(28)

−k2
rV

2
2 ω

2 − γ2κ2L2(1− b)2V 2
2 k

2
r = 0.

Putting Ã = −
[
(2|Ω| − γκLc)2 − γ2κ2L2(1− b)2

]
and B̃ = −γ2κ2L2(1 − b)2 and

taking into account that w2 = ω
kr

, the equation (28) becomes:

(29) w2
2

[
w2

2

(
1 +

Ã

ω2

)
− V 2

2

(
1− B̃

ω2

)]
= 0

whose solutions are

w2
2 = 0, and

w2
2 = V 2

2

(
ω2 − B̃

)
(
ω2 + Ã

) = V 2
2

1

1− (2|Ω|−γκLc)2
ω2+γ2κ2L2(1−b)2

.(30)

We can remark that the coefficient Ã and B̃ are negative quantities and that w2
2 ≥ V 2

2

because ω2 + Ã ≤ ω2 − B̃; in particular, we note that w2
2 = V 2

2 for |Ω| = γκLc
2 . Now,

studying the transversal modes, i.e. the subsystem CŨ3 = 0, we obtain ω7 = 0, which
corresponds to a stationary mode and

(31) ω8 = −iγκL(1− a).

Summarizing, also in this case measurements in a single direction are enough to give infor-
mation on all the variables describing the vortex tangle, namely L, b and c, whose explicit
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forms are obtained in a trivial way from equations (27), (30) and (31):

L =
4ksw2V

2
2 − ωs

(
2w2 − V 2

2

)
2 (2w2

2 − V 2
2 ) γκ

,(32)

b = −
ωs
(
2w2

2 − V 2
2

)
4ksw2V 2

2 − ωs (2w2 − V 2
2 )
,(33)

c =
4|Ω|(2w2

2 − V 2
2 )−

√
(1− V 2

2 )(4k2
r(2w2

2 − V 2
2 )2 + 16k2

sV
4
2 )

4ksw2V 2
2 − ωs(2w2

2 − V 2
2 )

(34)

where we have put ω8 = iωs.

4. Conclusions

In this work we have studied the propagation of waves in turbulent superfluid helium in
the complex situation involving thermal counterflow in a rotating frame. From the physical
point of view it is interesting to note that our detailed analysis in Sect.3 shows that, in
contrast to which one intuitively expectes, measurements in a single direction are enough
to give information on all the variables describing the vortex tangle, namely L, a and c,
for instance, using three expressions of (12)-(13) and (19) or of (27)-(30) and (31). This is
not an immediate intuitive result. Future topics along this direction could be, for instance,
assuming that Ω and V have arbitrary directions, i.e. they are not parallel to each other. In
such case (4) would not be sufficient to describe the vortex tangle, because no isotropy in
the y − z plane could be assumed.
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