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QUALITATIVE ANALYSIS BEHAVIOUR OF THE SOLUTIONS
OF IMPULSIVE DIFFERENTIAL SYSTEMS
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AND SERGIY DANYLOVICH BORYSENKO®®

ABSTRACT. By using two-parametric scale of increasing functions the qualitative analysis
of the behaviour of nonlinear impulsive differential systems solutions are investigated.

1. Introduction

In the papers [1-5] were investigated qualitative characteristics of solutions of impulsive
systems of differential equations

d
b= AW+ r(t2), ¢ # ti(2), Al o) = Bia+ (@) M)

with linear approximation

dx
E = A(t)m, t # ti(m), Ax|t:ti(x) = BZ‘IL‘ (2)
and their generalizations in [6-10]. In [7-19] systems (1) was studied under such assump-

tions :
[Ir(t, )] < F(E) ]|, 3)

17:(@)| < Killz]|”. O]

The conditions of stability, practical stability, attraction of solutions of (1) with some

nonlinearity index a*, 3, have been obtained. The case of system (1) in which nonlineari-
ties (¢, ) and J;(z) satisfy the following conditions:

0<a"<1,0<p<l,ora*>1,8>1ifa*#p 3)

is already open. This paper is devoted to solve this question. At first we study system (1)
with general conditions (3), (4), (5), (g). In section 2 we obtain new analogy Bihari’s result
for discontinuous functions (Lemma). By using the result of Lemma in section 3 we obtain
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new conditions of boundedness stability, attracting, practical stability of solutions of the
system (1).

2. Setting of the problem and preliminary results

By using the results and definitions in [5],[9] let us consider system (1) with such as-
sumptions:

a) functions f(t,z) = A(t)x + r(t,x) and I;(z) = Bz + J;(x) are defined in the
domain Q = {(t,z) : t € J = [to, To], To < 00, to =1, ||z|| < h} and Ja = const > 0
JA@)] € a,VE € T,

(t) > C(RY),3r =

b) nonlinearities (¢, z) and J; () satisfy conditions (3), (4) and 0,7 €
<10 < B << 1)or

7
const : T(t) < r < oo,k; = const > 0,1 € N,(0 < «
(a*>1,82>1);
c¢) 30 =const >0: inf t;(z)— sup ti_i1(x)=6>0, Vie N;

[lz||<h |z||<h
d) if z(t) = x(t,tg, o) is the solution of Cauchy problem for system (1) and ¢} :

t7 =x() N =ti(z)), ||1ﬂfht*( z) = tr > sup ti_1(x), Vi€ N;
< [lz||<h
e) 30, = const > 0: 017 < i(t,t+7) < ba7; tg < t] < t5 < ..., lim ¢} = oo; where
7

— 00

i(a, b) is the number of points ¢} € |a,b] C [tg, Tp], (0; depends only on 7, j = 1, 2);
p p y
) 3L:c0nst>0:||8t (m)|| <LVieN,zeQ, sup W,L(m)) <
0<o<1
1 .
0,L < (ahl=o" 4r)ho™ >
g)Cauchy matrix C(t, ) of shorted system

dx

i Alt)z, t #t;, Ax = Bz, t =1} (6)

satisfies such estimate | |C(¢, to)|| < cexp[(a+0; In o) (t—1o)] [i] ﬂ’ where & is parameter

of characteristic index of Lyapunov nontrivial solution of the system fl—f = A(t)z, Bisa
parameter connected with characteristic degree of Lyapunov of this system. Moreover,

o = max \;[(B; + E)'(B; + E)], f;Ina = { bilna, 0<a<l;
J

Oolna, a>1,

det(B; + E) #0,Vi € N.

Remark 1. As o = 1 and § > 0 system (1) is investigated in [7-19]; for o* >
0 and 3 = 1in[1-5].
Condition f) guarantees that solutions of system (1) with conditions (3), (4) are not "’beat-
ing” about hypersurfaces ¢;(z).

In order to estimate solutions of system (1) we use next result:

Lemma. Let a nonnegative, piecewise-continuous on J = [tg, co[ function W (¢), with
1-st kind discontinuities in the points {t;} : t1 < t2 < ..., lim t; = oo, satisfy the

) . 3 1—> 00
integro-sum inequality:

W) <o)+ [ W 3 AW - 0) )

to to<t; <t
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where ¢(t) > 0,p(t) > 0,p € C(J),5; = 0,m,n > 0,m # 1, ¢(t) nondecreasing on J.
Then

J
I—m

W) < ot Hju+ﬂmnw>)ﬁ+anq[¢m%ﬂMﬂM} ,

to<t:<t

0<m<1l,0<n<<1 Vte J; ®)

w)y<et) [[ (1+Bme " (t:) 1—(m—1)[ 11 (1+5im¢"—1(ti))1 X

to<t;<t to<t; <t
t — 1
X / p(T)aﬁml(T)dT] ,m>1n>1 )
to
Vte J:
t L 1
p(T)¢™ (T)dT < —,
| e <
‘ n—1 ‘ m m—1
[T (+Bme (1)) < (m 1) . (10)
to<t; <t

Proof. . Let us consider the interval [to, ¢ [; inequality (7) reduces itself to:

Vit € [to, 1] W(t) < b(t) + / p(r)W™(1)dr.

to
from which, thanks to (8), it follows:

Ve € [to,ta[ T <1+ [ Md7< (el G P

#(t) o(7)
w(r
=1+ J; pn)em () [22] " ar.
Let it be u(t) = ( ) . Hence by using Bihari lemma for inequality (9), we have:

J
I—m

u(t) < [1 + (1 —m) /tt d)ml(’r)p(T)dT} ,0<m <1,

u(t) < [1 —(m—1) /t: ¢m1(7)p(7)d7} sm > 1,

Vt € [to, 1] such that

‘ m—1 1 1
Aﬁm¢ (rydr <~ < L
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Then inequalities (5)-(7) are justified in the interval [¢g, 1| . Passing to [t1, t2] we study
only the case 0 < m < 1,0 < n < 1 (the proof is analogous when m > 1,n > 1). From
the inequality

t
u(t) <1 —|—/ p(T)d™ N () u™ (1)dr + B1¢"(t1 — 0)u"(t; — 0),
to

since ¢(tx, — 0) < o(tg),Vk = 1,2, ..., we get:

w1+ [ oo ea-m [ 6" olpla)da| " dre

to

#0000 [1+ - m) [ ! 6 (e L [ e ey =

to
1

- {1 +(1-m) /tl ¢"“1(T)p(7)d7} B )

to

« {1 +(1—m) /tl ¢m1(T)p(T)dr} T

to

—l—/ p(T)p™ () u™ (1)dr < (1 +ﬁ1¢n_1(t1)) X

<reaem | o (o] L

4 / p(r)™ = (r)um (r)dr =

t1

u(t) < {(1 o (1) [1 ba-m [ qb’"-l(f)pmdr] ¥

to

a-m) | szsml(ﬂp(r)df}l_lm <

J
i—-m

< (o) [+ - m) / o rplr)i

By used the scheme described above for the arbitrary interval [ty, t;41[, we have

k i1 "
u(t) ST+ 8" () [H (1+ ﬂjsb"l(tj))] x
x {1 F(1- m)/ ¢m1(7')p(7')d7'] i

to

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 89, No. 2, C1A8902002 (2011) [12 pages]



QUALITATIVE ANALYSIS BEHAVIOUR OF THE SOLUTIONS ... C1A8902002-5

k t; i—1 mn
+Z/t (e L) [TL (O + 8" ) |
i=1Jti-1 j=1

t k
/t ( )¢m 1( m H 1_~_51¢n 1 ))

y [1 (- m) / ¢m-1<r>p<r>df} L / :p<r>¢m—1<r>um<f>dr

from which it follows thet:

k 1-m b
u(t) < [H(H&qﬁ"‘l(ti))] [H(l—m) "M (r)p(r)dr | +
=1

to

t == k
=) [ impmary <10+ 50 0)

=1

« {1 +(1—m) /t (ﬁm_l(T)p(T)dT} o

W(t)

300 > We obtained the required result. O

Taking into account that u(t) =

Remark 2. Lemma is a new analogy of Bellman-Bihari result for integral inequalities
with discontinuous functions. From the result of lemma, in particular case, we obtain such
classical results:

a) If p(t) = ¢ = const > 0, n = 1 lemma coincides with lemma by S. D. Borysenko,
Kiev (Preprint) N 82-35 Acad of Sc. Ukr. SSR, Inst Matematiki, 1982; (see also S. D. Bo-
rysenko Ukr. Math. Journ. 35(2) 1983)( Later we write: lemma =- lemma [-](or theorem
N));

b) If n = 1 lemma =- Theorem 3.1.2 (Monograph [19]);

¢) If m = nlemma = lemma 2 [1], Proposition 2.11 in [16]; Theorem 2.2.2 (p(7(s)) =
() [19], [13]; Lemma 1 (¢(7(s)) = ¢(s)) Proposition 2.13 [16].
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3. Main results

In the present section we obtain following new conditions: A) of boundedness of solu-
tions of system (1) by using the property of boundedness of shorted system (2); B) stability
by Lyapunov, attracting and practical stability (uniformly, attractive) by Chetaev of trivial
solution of system (1).

Under conditions (3), (4) and Holder type r(t, ), J;(z) (0 < a* < 1,0 < 8 < 1), we
can not guarantee the uniqueness of the solution of Cauchy problem x(t, to, z() connected
to (1).Therefore, in qualitative analysis of the behavior of solutions in Theorems 1-3 we
point out on the issues of boundedness and practical stability (T < 00).

About the case o* > 1,5 > 1, qualitative analysis of the behaviour of solutions are
obtained in Theorems 4-6.

Theorem 1. Let assumptions a)-g) be valid and following conditions be fulfilled:
a) a+0;ma==00<a*<1,0<B<1;

b') Imy(to) =const >0: [ (14 ks||zol|?~1) < (1+my(to)||zol|?~1), Vit €

to<tr<t
J = [ﬁo,Tg],’

t

) Ima(to) = const > 0: [F(7)dr < ma(ty) < oo ,Vt € J;
to

dY) (1 +ma(t) ML+ (1= a)e® X2y (tg)] = %

el) Ims(to) = const >0 : HxOH(l +my (to)||zol|P~ 1) ms(to)

Y A< [Mems(to)[1 + (1= a%)er A" ma(to)] =) 1|

Then:
1) a?) all solutions of (1) are bounded in ), if conditions a') — c') hold ;

1
B

1I) Trivial solution (t.s.) of (1) is
b?) practical stable (p.s.) relative to (\, A, J), if conditions a') —d'), or a*) —c'), et), f1)
hold;
c?) is uniformly practical stable (u.p.s.) relative to ty, if condition b*) holds and m;(to) (i =
1,2, 3) are independent of to.

Proof. . The proving that phenomena “beating” of the solutions of (1) on ¢;(x) is absent
guarantees the conditions c¢), f). By using d), e) let us consider ¢} be instants when solu-
tion (¢, to, xo) contacts the surface ¢;(z). It is obvious to see that x(t, to, xo) satisfies the
system of differential equations

G = A@)x(t) +r(t @), t £ 17,
Aw‘t:t;ﬁ = B;x + JZ((E)
Then for
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teJ:a(tto,xo) = Ct, to a:0—|—fC' (t, (T, 2(T, to, xo))dT +
+ 2 Ca7) =t - 07750,330)):>||33(75 to, o) <

to<t;<t
t
< O, to)[ll]ol| +tf NC @ m)[[r(r, 2(7, 2o, ) [|dr+
+ 2 ICEE)Ji(z(E; = 0,t0, 0))|] <

to<t;<t

||$0\|+f Dle(r to, x| dr + 3 killa(t; —O’to’JJO)ll’a}-

to< t;‘ <t
Then Lemma, allows us to obtain:

t 1

ool < lizol T[T (14ekllall’ ™) [141-0%) [ rr)e ol e

to<tr<t to

*

an
Statement a?) follows from assumptions a') — c!') and (11); statement b?) is a conse-
quence of a') —d') and (11) (or a') —ct),et), f1)). Statement c?) follows from b?) and

an. O
Theorem 2. Let following conditions be valid:

a®) assumptions a) — g) hold;

B)a+60;na=0,<0,0<a*<1,0<p<1;

c3) Imy(ty) = const >0 :
Bt AB=1) B—1 B—1 .
I {1+c H kil || } < (1 + ma(to)||mol|P1), Wt € J,

t B(B-1)
:| m5(t0)<oo,Vt€J;

d3) Ims(te) = const > 0: f[tl
to
€3) (1 + ma(to) NP1+ (1 — a*)e™ A ’1m5(t0)]ﬁ <A,
£%) 3me(to) = const > 0 [[zo|| (1 + ma(to)|lzoll*~") < me(to)l|zol|?;
g*) A < (A(eme(to)[1+ (1 — )™ A" ~lmg (t)) =7 ) 1) 7.
Then ((t.s.) of (1) is:
a*) (\, A, J)-stable; moreover it is attractive practical stable (a.p.s.) relative to (A, A, A*, J),

where A < A* < A ifonly a®) — €®) or a3) — ¢3), f3), ¢*) hold ;

a®) (u.p.s.) relative to (\, A, J), if only my, ms, mg are independent of to; moreover, it
is attractive (u.p.s.) relative to (A, A, A*, J).

Proof. Analogously to previous theorem, it is easy to see that
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B ¢ I 8
||w<t,to,xo>||<c{ H |xo||+f[i} F) (s tos ) H etz -
to<tr<tL *

O,to,mo)llﬁ} = w(t) < {Ixollto +f75 D (w(r))* T (r)dr +

+ Y k()P [w(ty))f p =

to<tr<t

; B(s—
w(t) < elfwollty” 1 {1+Cﬁ{ k||500||ﬁ 1}><

to<tr<t }
t (O‘ _1) 1—1.1*
X [1+(1—a*)f7‘(7 [[} } ,
to

where w(t) < ||z (t, to, zo)|[t 7.
The statements a*), a®) follow from such estimates:

B

lottstoszol] < | ] (matollall? ol | 1+1-0")e ol )

||, to, wo)|| < C{tﬂ m6(t0)|x0||’3[1 + (1 —a”)e® [[zol| 1m5(f0)} .0
Theorem 3. Let the condition a®) hold and following conditions be fullfilled:
bYa+6;Ina<0, <0,0<a*<1,0<p<1;

4) Imy(tg) = const > 0:

dof B(8-1) i »
Dito.) ™ T (14 [E]7 eap[(@+6:ma) (8- 1)(E; ~to)][lzoll* ks | <
to<ti<t
< (1 + mz(to)|lzol|®~1), VE € J;
. to RECE
d*) Ims(to) = const > 0: [exp[(a+0; Ina)(B—1)(1—to)] {%} 7(r)dr <

to
mg(to) < o0 ,Vt eJ;

.o T
e?) c(1+mr(to) NP1+ (1 — a*)c® A “tmg(to)] o7 < &,

1) 3mg(ty) = const >0 : ||ac0||(1 + m7(to)||m0\|ﬁ_1) < mo(to)||wol|?;

g*) X < (Alemg(to)[1+ (1 — a*)ca*/\a*flms(to)]ﬁ)fl)%

Then (t.s.) of system (1) is:
a%) (\, A, J)-stable;moreover attractive practical stable (a.p.s.) relative to (A, A, A*, J),
ifonly a) — g), b*) — e*), or b*) — d*), f4), g*) take place;
a’) (u.p.s) relative to (\,\,J), if a%) is valid and mz, mg, mg are independent of t,
moreover, it is (a.u.p.s.) relative to (A, A, A*, J).
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Proof. The statements of the theorem are obtained from such estimate of solutions of sys-
tem (1):

B
[|z(t, to, zo)|| < ¢ {tﬂ exp[(& + 6; In ) (t — to)]||zol| D (to, t) X

t 1

|-l [ef@oma)e-nir-w) [£] rnar] T

12)
0

Let us denote by S(N, M) = a*c® N|||zo||M)]* . By reasoning analogously to
theorems 1-3, we obtain next statements for the case o™ > 1,3 > 1:

Theorem 4. Let us assume that

a*) a+0;lna=3=0,a*>1,3>1;
b)) assumptions a) — g), c' hold;

™) Imi(to) =const >0: [ (1+Pkillo||P~1) < mi(te) < f(a*),Vt € J;
to<t: <t

') S(ma(to), mi(to)) < 1;

1

a*—1

e1) emi(to) |1 — (o = 1)(mi (t0))* 1™ A"~y (to) <4

Then we have: 1) all solutions of (1) are bounded in §2, if conditions

a'*) — d**) hold;

1I) (t.s.) of the system (1) is:
b%*) stable by Lyapunov, if conditions a**) — d**) hold (uniformly, if m}, mo are inde-
pendent of 1),
) (wp.s.), if d**),er*),b**) hold and m, my are independent of tg.

Theorem 5. Let us suppose that conditions a*) is valid, and moreover
a®) a+6;lna=0, <0, a*>1, 8>1:

b**) Imj(to) = const > 0: T[] (1+ 05[%]5(B_1)||m0\|ﬁ_1k‘¢) < mi(ty) <

to<tr<t
fla®),Vt e J;
B(B-1)
3*) 3Imi(ty) = const >0 : f[%] F(r)dr < mi(ty) < o0 ,Vt € J;
th
d*) S(m3(to), m3(to)) < 15 1
— 1
e3*) emi(to) [1 — (a* = 1)(m3(to)® ~Le® A ~Im3(to) < %
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Then (t.s.) of system (1) is:

i) asymptotically stable by Lyapunov, only if a*)—d>*) take place (uniformly, if m3(to), m5(to)
are independent of tg);

ii) (p.s.) ifonly a3*)—e3*) take place (uniformly, if m3(to), m3(to) are independent
of to),

Theorem 6. Let us assume that for system (1):
a**) assumptions a) — g), conditions b), c'), e') hold;
b4*) Imj(to) = const > 0: D(tg,t) < mj(te) < f(a*),Vt € J;
) a+60;lna<0,<0,a*>1, f>1;

d*) S(mj3(to), mj(to)) < 1;

¢ B B(B-1)
e™) Imi(to) = const > 0: [exp[(a+6;Ina)(B—1)(1 —to)] {%} F(r)dr <
to
mi(tg) < ooVt € J,;
1
a*—1
74 ami(t)|1 - (a* = Domit)™ e N o) <
Then (t.s.) of system (1) is:
iii) asymptotically stable by Lyapunov, if only a**) — e**) take place (uniformly, if
mj(to), mi(to) are independent of ty);

>|=>

iv) (w.p.s.) if mj(to), mi(to) are independent of to, and iii), f**) hold.

Remark 3. The complete qualitative analysis of system (1) with assumptions (3), (4),
g), where we use two parametric scales of increasing functions is firstly considered in this
article. From Theorems 1-6, in particular case (by using lemma), we obtain such classical
results in the theory of Differential Systems with Impulse Influence:

d)if p =1, A(t) = A = const (n X n) matrix 0 < o* < 1 Theorems 1-3 coincide
with Theorems 4.3.11-4.3.13 [19]

e)if f* =1, A(t) = A, a* = 1, from the results Theorems 1-3 = Theorems 4.3.16-
4.3.18 [19].

HB=1,a*=1,n(t) = e(@+0ina)tyB I(to) = ce(@+0:ilna)ty ti(z) = t; = const :
top < t1 <t < .., lim, then from Theorems 1-3 = Theorems 4.4.1, 4.4.2 [19]
1— 00

2)B=1, a* =1, A(t) = A, from Theorems 1-3 = Theorems 4.3.19, 4.3.20 [19]

t

h)y If m = 1, then W(t) = ¢(t) [I (1+ Bip™ '(t:))exp|[ p(rdr)], where 0 <

to<t;<t 0
n <1, Vi 2 to,
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t
W(t) =) II (1+Bip" (t:))explm [ p(rdr)], wheren > 1, Vt > to, (Yu.
to<t;<t
A. Mitropolskiy, g.D. Borysenko, S. Toscano, Rtgports of the National Academy of Sci-
ences of Ukraine, N7, 2008, also Nonlinear Analysis N12, 2009). Theorems 1-6 generalize
Theorems 1-6 from Nonlinear Analysis N12, 2009, where system (1) is investigated when
nonlinearity (¢, x) is not Lipschitz type (a* > 0,7* # 1) (Holder type of nonlinearity
r(t,z)) . See also [8] (Theorems 16.3.1-16.3.6).
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