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QUALITATIVE ANALYSIS BEHAVIOUR OF THE SOLUTIONS
OF IMPULSIVE DIFFERENTIAL SYSTEMS

ANNA MARIA PICCIRILLO,a∗ SERGIY SERGIYOVICH BORYSENKO,b

AND SERGIY DANYLOVICH BORYSENKObc

ABSTRACT. By using two-parametric scale of increasing functions the qualitative analysis
of the behaviour of nonlinear impulsive differential systems solutions are investigated.

1. Introduction

In the papers [1-5] were investigated qualitative characteristics of solutions of impulsive
systems of differential equations

dx

dt
= A(t)x+ r(t, x), t ̸= ti(x),∆x|t=ti(x) = Bix+ Ji(x), (1)

with linear approximation

dx

dt
= A(t)x, t ̸= ti(x),∆x|t=ti(x) = Bix (2)

and their generalizations in [6-10]. In [7-19] systems (1) was studied under such assump-
tions :

||r(t, x)|| 6 r(t)||x||α
∗
, (3)

||Ji(x)|| 6 ki||x||β . (4)

The conditions of stability, practical stability, attraction of solutions of (1) with some
nonlinearity index α∗, β, have been obtained. The case of system (1) in which nonlineari-
ties r(t, x) and Ji(x) satisfy the following conditions:

0 < α∗ < 1, 0 < β < 1, or α∗ > 1, β > 1, if α∗ ̸= β (5)

is already open. This paper is devoted to solve this question. At first we study system (1)
with general conditions (3), (4), (5), (g). In section 2 we obtain new analogy Bihari’s result
for discontinuous functions (Lemma). By using the result of Lemma in section 3 we obtain
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new conditions of boundedness stability, attracting, practical stability of solutions of the
system (1).

2. Setting of the problem and preliminary results

By using the results and definitions in [5],[9] let us consider system (1) with such as-
sumptions:

a) functions f(t, x) = A(t)x + r(t, x) and Ii(x) = Bix + Ji(x) are defined in the
domain Ω =


(t, x) : t ∈ J = [t0, T0], T0 6 ∞, t0 > 1, ||x|| 6 h


and ∃a = const > 0

: ||A(t)|| 6 a,∀t ∈ J ;
b) nonlinearities r(t, x) and Ji(x) satisfy conditions (3), (4) and r(t) > 0, r ∈ C(R+),∃r =
const : r(t) 6 r < ∞, ki = const > 0, i ∈ N, (0 < α∗ < 1, 0 < β 6 1) or
(α∗ > 1, β > 1);
c) ∃θ = const > 0 : inf

||x||6h
ti(x)− sup

||x||6h

ti−1(x) = θ > 0, ∀i ∈ N ;

d) if x(t) = x(t, t0, x0) is the solution of Cauchy problem for system (1) and t∗i :
t∗i = x(t)


(t = ti(x)), inf

||x||6h
t∗i (x) > t∗i > sup

||x||6h

ti−1(x), ∀i ∈ N ;

e) ∃θi = const > 0 : θ1τ < i(t, t + τ) < θ2τ ; t0 < t∗1 < t∗2 < ..., lim
i→∞

t∗i = ∞; where

i(a, b) is the number of points t∗i ∈ [a, b] ⊂ [t0, T0], (θj depends only on τ, j = 1, 2);

f) ∃L = const > 0 : ||∂ti(x)∂x || 6 L ∀i ∈ N, x ∈ Ω, sup
06σ61


∂ti(x+σIi(x))

∂x , Ii(x)


6

0, L < 1
(ah1−α∗+r)hα∗ ;

g)Cauchy matrix C(t, t0) of shorted system

dx

dt
= A(t)x, t ̸= t∗i , ∆x = Bix, t = t∗i (6)

satisfies such estimate ||C(t, t0)|| 6 c exp[(α̃+θi lnα)(t−t0)]


t
t0

β̃
, where α̃ is parameter

of characteristic index of Lyapunov nontrivial solution of the system dx
dt = A(t)x, β̃ is a

parameter connected with characteristic degree of Lyapunov of this system. Moreover,

α2 = max
j

λj [(Bj + E)T (Bj + E)], θi lnα =


θ1 lnα, 0 < α < 1;
θ2 lnα, α > 1,

det(Bi + E) ̸= 0,∀i ∈ N.
Remark 1. As α∗ = 1 and β > 0 system (1) is investigated in [7-19]; for α∗ >

0 and β = 1 in [1-5].
Condition f) guarantees that solutions of system (1) with conditions (3), (4) are not ”beat-
ing” about hypersurfaces ti(x).

In order to estimate solutions of system (1) we use next result:
Lemma. Let a nonnegative, piecewise-continuous on J = [t0,∞[ function W (t), with

1-st kind discontinuities in the points {ti} : t1 < t2 < ..., lim
i→∞

ti = ∞, satisfy the

integro-sum inequality:

W (t) ≤ φ(t) +

 t

t0

p(τ)Wm(τ)dτ +


t0<ti<t

βiW
n(ti − 0), (7)
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where φ(t) > 0, p(t) ≥ 0, p ∈ C(J), βi > 0,m, n > 0,m ̸= 1, φ(t) nondecreasing on J .
Then

W (t) ≤ φ(t)


t0<ti<t


1 + βiφ

n−1(ti)
 

1 + (1−m)

 t

t0

φm−1(τ)p(τ)dτ

 1
1−m

,

0 < m < 1, 0 < n 6 1 ∀t ∈ J ; (8)

W (t) ≤ φ(t)


t0<ti<t


1 + βimφn−1(ti)

1− (m− 1)

 
t0<ti<t


1 + βimφn−1(ti)

m−1

×

×
 t

t0

p(τ)φm−1(τ)dτ

− 1
m−1

,m > 1, n > 1 (9)

∀t ∈ J : t

t0

p(τ)φm−1(τ)dτ 6
1

m
,


t0<ti<t


1 + βimφn−1(ti)


<


m

m− 1

 1
m−1

. (10)

Proof. . Let us consider the interval [t0, t1[; inequality (7) reduces itself to:

∀t ∈ [t0, t1[ W (t) ≤ φ(t) +

 t

t0

p(τ)Wm(τ)dτ.

from which, thanks to (8), it follows:

∀t ∈ [t0, t1[
W (t)
φ(t) ≤ 1 +

 t

t0

p(τ)Wm(τ)
φ(t) dτ ≤ 1 +

 t

t0

p(τ)Wm(τ)
φ(τ) dτ =

= 1 +
 t

t0
p(τ)φm−1(τ)


W (τ)
φ(τ)

m
dτ.

Let it be u(t) = W (t)
φ(t) . Hence by using Bihari lemma for inequality (9), we have:

u(t) ≤

1 + (1−m)

 t

t0

φm−1(τ)p(τ)dτ

 1
1−m

, 0 < m < 1,

u(t) ≤

1− (m− 1)

 t

t0

φm−1(τ)p(τ)dτ

− 1
m−1

,m > 1,

∀t ∈ [t0, t1[ such that  t

t0

p(τ)φm−1(τ)dτ ≤ 1

m
<

1

m− 1
.
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Then inequalities (5)-(7) are justified in the interval [t0, t1[ . Passing to [t1, t2[ we study
only the case 0 < m < 1, 0 < n 6 1 (the proof is analogous when m > 1, n > 1 ). From
the inequality

u(t) ≤ 1 +

 t

t0

p(τ)φm−1(τ)um(τ)dτ + β1φ
n−1(t1 − 0)un(t1 − 0),

since φ(tk − 0) < φ(tk),∀k = 1, 2, ..., we get:

u(t) ≤ 1 +

 t1

t0

p(τ)φm−1(τ)


1 + (1−m)

 τ

t0

φm−1(σ)p(σ)dσ

 m
1−m

dτ+

+β1φ
n−1(t1)


1 + (1−m)

 t1

t0

φm−1(τ)p(τ)dτ

 n
1−m

+

 t

t1

p(τ)φm−1(τ)um(τ)dτ =

=


1 + (1−m)

 t1

t0

φm−1(τ)p(τ)dτ

 1
1−m

+ β1φ
n−1(t1)×

×

1 + (1−m)

 t1

t0

φm−1(τ)p(τ)dτ

 n
1−m

+

+

 t

t1

p(τ)φm−1(τ)um(τ)dτ ≤

1 + β1φ

n−1(t1)

×

×

1 + (1−m)

 t1

t0

φm−1(τ)p(τ)dτ

 1
1−m

+

+

 t

t1

p(τ)φm−1(τ)um(τ)dτ ⇒

u(t) ≤


1 + β1φ
n−1(t1)

1−m

1 + (1−m)

 t1

t0

φm−1(τ)p(τ)dτ


+

+(1−m)

 t

t1

φm−1(τ)p(τ)dτ

 1
1−m

≤

≤

1 + β1φ

n−1(t1)
 

1 + (1−m)

 t

t0

φm−1(τ)p(τ)dτ

 1
1−m

.

By used the scheme described above for the arbitrary interval [tk, tk+1[, we have

u(t) ≤ 1 +

k
i=1

βiφ
n−1(ti)

i−1
j=1


1 + βjφ

n−1(tj)
n

×

×

1 + (1−m)

 t

t0

φm−1(τ)p(τ)dτ

 n
1−m

+
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+

k
i=1

 ti

ti−1

p(τ)φm−1(τ)

i−1
j=1


1 + βjφ

n−1(tj)
m

×

×

1 + (1−m)

 τ

t0

φm−1(σ)p(σ)dσ

 n
1−m

dτ+

+

 t

tk

p(τ)φm−1(τ)um(τ)dτ ≤
k

i=1


1 + βiφ

n−1(ti)

×

×

1 + (1−m)

 tk

t0

φm−1(τ)p(τ)dτ

 1
1−m

+

 t

tk

p(τ)φm−1(τ)um(τ)dτ

from which it follows thet:

u(t) ≤




k
i=1


1 + βiφ

n−1(ti)
1−m 

1 + (1−m)

 tk

t0

φm−1(τ)p(τ)dτ


+

+(1−m)

 t

tk

φm−1(τ)p(τ)dτ

 1
1−m

≤
k

i=1


1 + βiφ

n−1(ti)

×

×

1 + (1−m)

 t

t0

φm−1(τ)p(τ)dτ

 1
1−m

.

Taking into account that u(t) = W (t)
φ(t) , we obtained the required result. �

Remark 2. Lemma is a new analogy of Bellman-Bihari result for integral inequalities
with discontinuous functions. From the result of lemma, in particular case, we obtain such
classical results:

a) If ϕ(t) = c = const > 0, n = 1 lemma coincides with lemma by S. D. Borysenko,
Kiev (Preprint) N 82-35 Acad of Sc. Ukr. SSR, Inst Matematiki, 1982; (see also S. D. Bo-
rysenko Ukr. Math. Journ. 35(2) 1983)( Later we write: lemma ⇒ lemma [·](or theorem
N));

b) If n = 1 lemma ⇒ Theorem 3.1.2 (Monograph [19]);

c) If m = n lemma ⇒ lemma 2 [1], Proposition 2.11 in [16]; Theorem 2.2.2 (ϕ(τ(s)) =
ϕ(s)) [19], [13]; Lemma 1 (ϕ(τ(s)) = ϕ(s)) Proposition 2.13 [16].
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3. Main results

In the present section we obtain following new conditions: A) of boundedness of solu-
tions of system (1) by using the property of boundedness of shorted system (2); B) stability
by Lyapunov, attracting and practical stability (uniformly, attractive) by Chetaev of trivial
solution of system (1).

Under conditions (3), (4) and Hölder type r(t, x), Ji(x) (0 < α∗ < 1, 0 < β < 1), we
can not guarantee the uniqueness of the solution of Cauchy problem x(t, t0, x0) connected
to (1).Therefore, in qualitative analysis of the behavior of solutions in Theorems 1-3 we
point out on the issues of boundedness and practical stability (T0 < ∞).

About the case α∗ > 1, β > 1, qualitative analysis of the behaviour of solutions are
obtained in Theorems 4-6.

Theorem 1. Let assumptions a)-g) be valid and following conditions be fulfilled:
a1) ᾱ+ θi lnα = β̃ = 0; 0 < α∗ < 1, 0 < β < 1;
b1) ∃m1(t0) = const > 0 :


t0<t∗i <t


1+cβki||x0||β−1


6

1+m1(t0)||x0||β−1


,∀t ∈

J = [t0, T0];

c1) ∃m2(t0) = const > 0 :
t

t0

r̄(τ)dτ 6 m2(t0) < ∞ ,∀t ∈ J;

d1) c

1 +m1(t0)λ

β−1

[1 + (1− α∗)cα

∗
λα∗−1m2(t0)]

1
1−α∗ < Λ

λ ;
e1) ∃m3(t0) = const > 0 : ||x0||


1 +m1(t0)||x0||β−1


6 m3(t0)||x0||β;

f1) λ <

Λ(cm3(t0)[1 + (1− α∗)cα

∗
λα∗−1m2(t0)]

1
1−α∗ )−1

 1
β

.
Then:

I) a2) all solutions of (1) are bounded in Ω, if conditions a1)− c1) hold ;

II) Trivial solution (t.s.) of (1) is
b2) practical stable (p.s.) relative to (λ,Λ, J), if conditions a1)−d1), or a1)−c1), e1), f1)
hold;
c2) is uniformly practical stable (u.p.s.) relative to t0, if condition b2) holds and mi(t0)(i =
1, 2, 3) are independent of t0.

Proof. . The proving that phenomena ”beating” of the solutions of (1) on ti(x) is absent
guarantees the conditions c), f). By using d), e) let us consider t∗i be instants when solu-
tion x(t, t0, x0) contacts the surface ti(x). It is obvious to see that x(t, t0, x0) satisfies the
system of differential equations

dx
dt = A(t)x(t) + r(t, x), t ̸= t∗i ,

△x|t=t∗i
= Bix+ Ji(x).

Then for
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t ∈ J : x(t, t0, x0) = C(t, t0)x0 +
t

t0

C(t, τ)r(τ, x(τ, to, xo))dτ +

+


t0<t∗i <t

C(t, t∗i )Ji(x(t
∗
i − 0, t0, x0)) ⇒ ||x(t, t0, x0)|| 6

6 ||C(t, t0)||||x0||+
t

t0

||C(t, τ)||||r(τ, x(τ, to, xo))||dτ+

+


t0<t∗i <t

||C(t, t∗i )||||Ji(x(t∗i − 0, t0, x0))|| 6

6 c


||x0||+

t
t0

r̄(τ)||x(τ, to, xo)||α
∗
dτ +


t0<t∗i <t

ki||x(t∗i − 0, t0, x0)||β

.

Then Lemma, allows us to obtain:

||x(t)|| 6 c||x0||


t0<t∗i <t


1+cβki||x0||β−1


1+(1−α∗)

t
t0

r̄(τ)cα
∗
||x0||α

∗−1dτ

 1
1−α∗

.

(11)
Statement a2) follows from assumptions a1) − c1) and (11); statement b2) is a conse-

quence of a1)− d1) and (11) ( or a1)− c1), e1), f1)). Statement c2) follows from b2) and
(11). �

Theorem 2. Let following conditions be valid:

a3) assumptions a)− g) hold;

b3) ᾱ+ θi lnα = 0, β̃ < 0, 0 < α∗ < 1, 0 < β < 1;

c3) ∃m4(t0) = const > 0 :
t0<t∗i <t


1 + cβ


t∗i
t0

β̃(β−1)

ki||x0||β−1

6

1 +m4(t0)||x0||β−1


,∀t ∈ J;

d3) ∃m5(t0) = const > 0 :
t

t0


τ
t0

β̃(β−1)

r̄(τ)dτ 6 m5(t0) < ∞ ,∀t ∈ J;

e3) c

1 +m4(t0)λ

β−1

[1 + (1− α∗)cα

∗
λα∗−1m5(t0)]

1
1−α∗ < Λ

λ ;

f3) ∃m6(t0) = const > 0 : ||x0||

1 +m4(t0)||x0||β−1


6 m6(t0)||x0||β;

g3) λ <

Λ(cm6(t0)[1 + (1− α∗)cα

∗
λα∗−1m5(t0)]

1
1−α∗ )−1

 1
β .

Then ((t.s.) of (1) is:
a4) (λ,Λ, J)-stable; moreover it is attractive practical stable (a.p.s.) relative to (λ,Λ,Λ∗, J),
where λ < Λ∗ < Λ if only a3)− e3) or a3)− c3), f3), g3) hold ;

a5) (u.p.s.) relative to (λ,Λ, J), if only m4,m5,m6 are independent of t0; moreover, it
is attractive (u.p.s.) relative to (λ,Λ,Λ∗, J).

Proof. Analogously to previous theorem, it is easy to see that
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||x(t, t0, x0)|| 6 c


t
t0

β̃
||x0||+

t
t0


t
τ

β̃
r̄(τ)||x(τ, to, xo)||α

∗
dτ+


t0<t∗i <t


t
t∗i

β̃
||x(t∗i−

0, t0, x0)||β


⇒ w(t) 6 c


||x0||t−β̃

0 +
t

t0

τ β̃(α
∗−1)(w(τ))α

∗
r̄(τ)dτ +

+


t0<t∗i <t

ki(t
∗
i )

β̃(β−1)

w(t∗i


]β


=⇒

w(t) 6 c||x0||t−β̃
0


t0<t∗i <t


1 + cβ


t∗i
t0

β̃(β−1)

ki||x0||β−1


×

×

1 + (1− α∗)

t
t0

r̄(τ)cα
∗ ||x0||α

∗−1


τ
t0

β̃(α∗−1)

dτ

 1
1−α∗

,

where w(t)
def
= ||x(t, t0, x0)||t−β̃ .

The statements a4), a5) follow from such estimates:

||x(t, t0, x0)|| 6 c


t
t0

β̃
1+m4(t0)||x0||β−1


||x0||


1+(1−α∗)cα

∗ ||x0||α
∗−1m5(t0)

 1
1−α∗

,

||x(t, t0, x0)|| 6 c


t
t0

β̃
m6(t0)||x0||β


1 + (1− α∗)cα

∗ ||x0||α
∗−1m5(t0)

 1
1−α∗

. �

Theorem 3. Let the condition a3) hold and following conditions be fullfilled:
b4) α̃+ θi lnα < 0, β̃ 6 0, 0 < α∗ < 1, 0 < β < 1;

4) ∃m7(t0) = const > 0 :

D(t0, t)
def
=


t0<t∗I<t


1+cβ


t∗i
to

β̃(β−1)

exp

(α̃+θi lnα)(β−1)(t∗i − t0)


||x0||β−1ki


6

6

1 +m7(t0)||x0||β−1


, ∀t ∈ J ;

d4) ∃m8(t0) = const > 0 :
t

t0

exp

(α̃+θi lnα)(β−1)(τ − t0)


τ
t0

β̃(β−1)

r̄(τ)dτ 6

m8(t0) < ∞ ,∀t ∈ J;
e4) c


1 +m7(t0)λ

β−1

[1 + (1− α∗)cα

∗
λα∗−1m8(t0)]

1
1−α∗ < Λ

λ ;

f4) ∃m9(t0) = const > 0 : ||x0||

1 +m7(t0)||x0||β−1


6 m9(t0)||x0||β ;

g4) λ <

Λ(cm9(t0)[1 + (1− α∗)cα

∗
λα∗−1m8(t0)]

1
1−α∗ )−1

 1
β

Then (t.s.) of system (1) is:
a6) (λ,Λ, J)-stable;moreover attractive practical stable (a.p.s.) relative to (λ,Λ,Λ∗, J),
if only a)− g), b4)− e4), or b4)− d4), f4), g4) take place;
a7) (u.p.s) relative to (λ,Λ, J), if a6) is valid and m7,m8,m9 are independent of t0,
moreover, it is (a.u.p.s.) relative to (λ,Λ,Λ∗, J).
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Proof. The statements of the theorem are obtained from such estimate of solutions of sys-
tem (1):

||x(t, t0, x0)|| 6 c


t
t0

β̃
exp[(α̃+ θi lnα)(t− t0)]||x0||D(t0, t)×

×

1+(1−α∗)cα

∗
||x0||α

∗−1

t
t0

exp

(α̃+θi lnα)(β−1)(τ−t0)

 τ
t0

β̃(β−1)

r̄(τ)dτ

 1
1−α∗

.

(12)
�

Let us denote by S(N,M) = α∗cα
∗
N [||x0||M)]α

∗−1. By reasoning analogously to
theorems 1-3, we obtain next statements for the case α∗ > 1, β > 1:

Theorem 4. Let us assume that

a1∗) α̃+ θi lnα = β̃ = 0, α∗ > 1, β > 1;

b1∗) assumptions a)− g), c1 hold;

c1∗) ∃m∗
1(t0) = const > 0 :


t0<t∗i <t


1+ cβki||x0||β−1


6 m∗

1(t0) < f(α∗),∀t ∈ J ;

d1∗) S(m2(t0),m
∗
1(t0)) 6 1;

e1∗) cm∗
1(t0)


1− (α∗ − 1)(m∗

1(t0))
α∗−1cα

∗
λα∗−1m2(t0)

− 1
α∗−1

< Λ
λ .

Then we have: I) all solutions of (1) are bounded in Ω, if conditions
a1∗)− d1∗) hold;
II) (t.s.) of the system (1) is:

b2∗) stable by Lyapunov, if conditions a1∗) − d1∗) hold (uniformly, if m∗
1,m2 are inde-

pendent of t0);
c2∗) (u.p.s.), if d1∗), e1∗), b2∗) hold and m∗

1,m2 are independent of t0.

Theorem 5. Let us suppose that conditions a3) is valid, and moreover

a3∗) α̃+ θi lnα = 0, β̃ < 0, α∗ > 1, β > 1;

b3∗) ∃m∗
2(t0) = const > 0 :


t0<t∗i <t


1 + cβ

 t∗i
t0

β̃(β−1)||x0||β−1ki

6 m∗

2(t0) <

f(α∗),∀t ∈ J ;

c3∗) ∃m∗
3(t0) = const > 0 :


tt0


τ
t0

β̃(β−1)

r̄(τ)dτ 6 m∗
3(t0) < ∞ ,∀t ∈ J;

d3∗) S(m∗
3(t0),m

∗
2(t0)) 6 1;

e3∗) cm∗
2(t0)


1− (α∗ − 1)(m∗

2(t0))
α∗−1cα

∗
λα∗−1m∗

3(t0)

− 1
α∗−1

< Λ
λ .
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Then (t.s.) of system (1) is:
i) asymptotically stable by Lyapunov, only if a3∗)−d3∗) take place (uniformly, if m∗

2(t0),m
∗
3(t0)

are independent of t0);

ii) (p.s.) if only a3∗)−e3∗) take place (uniformly, if m∗
2(t0),m

∗
3(t0) are independent

of t0),

Theorem 6. Let us assume that for system (1):

a4∗) assumptions a)− g), conditions b1), c1), e1) hold;

b4∗) ∃m∗
4(t0) = const > 0 : D(t0, t) 6 m∗

4(t0) < f(α∗),∀t ∈ J;

c4∗) α̃+ θi lnα < 0, β̃ < 0, α∗ > 1, β > 1;

d4∗) S(m∗
5(t0),m

∗
4(t0)) 6 1;

e4∗) ∃m∗
5(t0) = const > 0 :

t
t0

exp

(α̃ + θi lnα)(β − 1)(τ − t0)


τ
t0

β̃(β−1)

r̄(τ)dτ 6

m∗
5(t0) < ∞ ∀t ∈ J ;

f4∗) cm∗
4(t0)


1− (α∗ − 1)(m∗

4(t0))
α∗−1cα

∗
λα∗−1m∗

5(t0)

− 1
α∗−1

< Λ
λ .

Then (t.s.) of system (1) is:
iii) asymptotically stable by Lyapunov, if only a4∗) − e4∗) take place (uniformly, if
m∗

4(t0), m
∗
5(t0) are independent of t0);

iv) (u.p.s.) if m∗
4(t0), m

∗
5(t0) are independent of t0, and iii), f4∗) hold.

Remark 3. The complete qualitative analysis of system (1) with assumptions (3), (4),
g), where we use two parametric scales of increasing functions is firstly considered in this
article. From Theorems 1-6, in particular case (by using lemma), we obtain such classical
results in the theory of Differential Systems with Impulse Influence:

d) if β = 1, A(t) = A = const (n × n) matrix 0 < α∗ < 1 Theorems 1-3 coincide
with Theorems 4.3.11-4.3.13 [19]

e) if β∗ = 1, A(t) = A, α∗ = 1, from the results Theorems 1-3 ⇒ Theorems 4.3.16-
4.3.18 [19].

f) β = 1, α∗ = 1, η(t) = e(α+θilnα)tt
β , l(t0) = ce(α+θilnα)tt

β , ti(x) = ti = const :
t0 < t1 < t2 < ..., lim

i→∞
, then from Theorems 1-3 ⇒ Theorems 4.4.1, 4.4.2 [19]

g) β = 1, α∗ = 1, A(t) = A, from Theorems 1-3 ⇒ Theorems 4.3.19, 4.3.20 [19]

h) If m = 1, then W (t) = ϕ(t)


t0<ti<t
(1 + βiϕ

n−1(ti))exp[
t

t0

p(τdτ)], where 0 <

n 6 1, ∀t > t0,
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W (t) = ϕ(t)


t0<ti<t
(1 + βiϕ

n−1(ti))exp[m
t

t0

p(τdτ)], where n > 1, ∀t > t0, (Yu.

A. Mitropolskiy, S.D. Borysenko, S. Toscano, Reports of the National Academy of Sci-
ences of Ukraine, N7, 2008, also Nonlinear Analysis N12, 2009). Theorems 1-6 generalize
Theorems 1-6 from Nonlinear Analysis N12, 2009, where system (1) is investigated when
nonlinearity r(t, x) is not Lipschitz type (α∗ > 0, r∗ ̸= 1 ) (Hölder type of nonlinearity
r(t, x)) . See also [8] (Theorems 16.3.1-16.3.6).
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