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ABSTRACT. We present a deep topological study of the operation of superposition, it is
applied in several papers to phisics and economics and the study is just motivated by the
increasing use of superpositions in physical and economical theories. Several characteri-
zations in topological terms are presented, with some properties useful in the applications.

1. Preliminaries and notations on tempered distributions

In this paper we shall use some notations. The letters n,m, k are natural numbers,
N (< k) is the set of positive integer lower than or equal to k; u,, is the Lebesgue measure
on R"”; H(]R,(C) is the canonical immersion of R in C; if X is a non-empty set, [ x is the
identity map on X. If X and Y are two topological vector spaces on K, Hom(X,Y) is
the set of all the linear operators from X to Y, £(X,Y) is the set of all the linear and
continuous operators from X to Y, X* := Hom (X, K) is the algebraic dual of X and
X' := L(X,K) is the topological dual of X. With S,, := S(R",KK) we shall denote the
(n, K)-Schwartz space, that is to say, the set of all the smooth functions (i.e., of class C*°)
of R" in K rapidly decreasing at infinity with all their derivatives (the functions and all
their derivatives tend to 0 at Foo faster than the inverse of any polynomial); S, is the
standard Schwartz topology on S,,, and (S,,) is the topological vector space on S,, with its
standard topology; the topology S, is induced by a metric, in fact (S,, is closed under
differentiation and multiplication by polynomials) by the family of seminorms (py) on S,,
defined by

pi (f) = sup,epnmax {[a7 D f(2)| : o, 6 € Nj : 0 < |a] ,|B] <k},

for every non-negative integer k; each py is a norm on S,,, and py, (f) < pr+1 (f) for all
f € Sy, the pair (Sn, (k) eNo) is a countably complete normed space and consequentely
(8,) is a Frechet space (for the necessary preliminaries of Functional Analysis see [1],...,
[6]); S, := S'(R™,K) is the space of tempered distributions from R™ to K, that is, the
topological dual of the topological vector space (S, Sr)), i-€., S;,=(Sn, Sn))’s if & €
R™, 0, is the distribution of Dirac on S,, centered at x, i.e., the functional

0r :Sn = K:id— ¢(2);
if f € O (R™,K), where

Ou(R™,K) ={g € C°R",K) : V¢ € S,,(K), pg € Sp(K)},
1
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then the functional
f1=1fl,:Sn=K:op— | [fodu,
Rn
is a tempered distribution, called the regular distribution generated by f (see [1] page 110).

2. The S-families

Let I be a non-empty set. We denote by s (I, S),) the space of all the families in S,
indexed by I, i.e., the set of all the surjective maps from I onto a subset of S,. Moreover,
as usual, if v is one of these families, for each p € I, the distribution v(p) is denoted by

vp, and the family v itself is also denoted by (vp),,. ;. The set s (1, S;,) is a vector space

with respect to the standard operations of addition + : s (I,S/,)* — s (I,S,) defined by
vtw := (vp + wp),; , and multiplication by scalars - : Kx s (I, S,,) — s (I, S;,) defined
by Av := (Avy), ;- In other words, the family v + w is defined by (v + w),, = v) + wy,
for every p in I, and the family Av is defined by (Av),, = Avy, for every pin 1.

In the theory of superpositions on S, the class of the S-families plays a basic role.

Definition 1.1 (family of tempered distributions of class S). Let v be a family in S,
indexed by R™. The family v is called family of class S or S-family if, for each test
Sunction ¢ € Sy, the function v(¢) : R™ — K, defined by

v(9)(p) := vp(9),

for each m-tuple p € R™, belongs to the space S,,,. We denote the set of all these families
by S(R™,S!). O

Example 1.1 (a family of class S). The Dirac family in S'(R™,K), ie., the family
0= (5y)yeRn’ is of class S. In fact, for each function ¢ € S(R™, K) and for each p in
R™, we have

5(¢)(p) = 6,(¢) = ¢(p),
and thus §(¢) = ¢. So the image of the test function ¢ under the family ¢ is the function ¢
itself, which lies in S,,. A

Example 1.2 (a class of S-families). Let A : S, — S,, be a linear and continuous
operator with respect to the natural topologies of S,, and S,,, (being these topologies two
Fréchet-topologies, this is equivalent to assume A be linear and continuous with respect to
the topologies o(S,,,S,,) and 0 (S, S),)). Let 0 be the Dirac family in S, and consider
the family

AY == (6 0 A)perm.
The family AV is a family in S/, since each A;/ is the composition of two linear and
continuous mappings; moreover, A" is of class S, in fact, for every ¢ in S,, and p in R™,

AY(9)p) = Aj(e) =
= (6poA)(9) =
517(14(@75)):
= A(9)(p)

)
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so AY(¢) = A(¢), and it belongs to S,,.
We shall see that every S-family has the form considered in this example.

Example 1.3 (a family that is not of class S). Let u be in S, and let v be the family in
S!, defined by vy = u, for each y € R™ . Then, if w is different from zero, v is not of class
S. In fact, let ¢ € S(R™, K) be such that u(¢) # 0, for every y € R™, we have

v(P)(y) = Uy(¢) =u(p) - 1(Rm,K) (),

where, 1(gm k) is the constant K-functional on R of value 1. Thus, v(¢) is a constant K
-functional on R™ different from zero, and so it cannot be in S(R™, K). A

The preceding example induces us to consider other classes of families in addition to
the S-families, for this reason, we give the following definition.

Definition 1.2 (family of class E). Let m be a positive integer, E be a subspace of
the space C°(R™,K) (of continuous functions) containing S(R™,K). If v is a family in
S(R™,K) indexed by R™, we say that v is an E-family if, for every test function ¢ in
S(R™,K), the function v(9) is in E.

With this new definition, the family of the above example is a C>°(R™, K)-family.

Remark. In the conditions of the above definition, let w be a Hausdorff locally convex
topology on E. If the space (S(R™, K)) is continuously imbedded in (E, w) and such that
S(R™, K) is w-dense in F, then, the topological dual of (E, w) is continuously imbedded
in 8'(R™, K).

Remark. In the conditions of the preceding remark, if (£, w) is continuously imbedded
in the space (C°(R™,K)), then the dual of (C°(R™, K)) is contained in (£, w)’. In other
terms, every mensural distribution with compact support is in (F,w)" and, in particular,
the Dirac family is contained in (E, w).

3. The operator generated by an S-family

Definition 2.1 (operator generated by an S-family). Ler v € S(R™, S))) be a family
of class S. We call operator generated by the family v (or associated with v) the operator

U:8, = Smid—v(p). 0

Example 2.1 (on the Dirac family). The operator on S,, generated by the Dirac family,
i.e., by the family § = (J,) is the identity operator on S,,. In fact, for each y € R"”,
we have

yERN?

(D)) = b,(0) =
= oy
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The set S (R™, S!,) is a subspace of the vector space (s(R™,S),),+, ). Moreover, for
each v € S(R™, S),), the operator ¥ is linear and the map

()" SR™,S) — Hom (S, Sm) 1 v — D

is an injective linear operator.

In the following we shall denote by £(S,,, S,,) the set of all the linear and continuous
operators among the two topological vector spaces (S,,) and (S,,). Moreover, consider
a linear operator A : S,, — S,,,, we say that A is transposable if its algebraic adjoint
*A: S — S (X* denote the algebraic adjoint of X), defined by *A(a) = a o A, maps
S, into S),.

Theorem 2.1 (basic properties of S-families). Let v € S (R™,S))) be a family of
tempered distributions. Then, the following assertions hold and are equivalent:
i) for every a € S}, the composition u = a o 1, i.e., the functional

u:S, > K:¢—a(e),

is a tempered distribution;
ii) U is transposable;
iii) v is (0(Sn, S),), 0(Sm, S),))-continuous from Sy, to Sp,;
iv) U is strongly-continuous from (Sy,) to (Sp,).

Proof. Let us prove (i). Let a € S/, and let ¢ be the Dirac family in S;,. Since the
subspace span(d) is o(S],, Sm)-sequentially dense in S),, (see [2] page 205), there is a
sequence of distributions (av ), < in span(d) such that

O(S’:n 75’771 )

lim o =a.
k— 400

Now, since oy, € span(d) there exist a finite set {yl}f:1 in R™ and a finite set {)\i}?:l in

K such that
h
ar =Y Aidy,
i=1

and consequently

h
Qp ol = g Ay, .
i=1

Hence, for every k € N, the composition ay, o U belongs to S7,.

Let 7 be the topology of the pointwise convergence in Hom(S,,, K), one has
T lim apol=ao7.
k—+o00

In fact, for every ¢ in S,,, we obtain
Jim (@ 09)(9) = lim_a (0(6) =a(3(0)).

so we have that

T A~

(g 0V)pey — ao.
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At this point, being (aj o), y a sequence in S, then, by the Banach-Steinhauss
theorem (that is true since S,, is barreled), we have a o ¥ € SJ,. So (i) holds.

(1) is equivalent to (ii) by definition of transposable operator.

(ii) is equivalent to (iii) because the space L (0(Sy, S},), 0(Sm, S,,)) is also the space of
all the transposable linear operators from (S,,) to (S,,) (see [3], chap. 3, § 12, Proposition
1, page 254).

(iii) is equivalent to (iv). In fact, since the space (S,,) is an F-space (and then its topol-
ogy coincides with the Mackey topology 7(S,,,S),) ), the space £(S,,,S,,) contains the
space L (0(Sy,S),), 0(Sm, S},)), of all the linear and (o(S,,, S},), 0(Sm, S,,,))-continuous
operators from S, to S,,, (see [6] page 91, Corollary). Moreover, the space L(S,,,S,,) is
contained in the space L (o(S,,, S},), 0(Sm,S),)) by the proposition 3, page 256 of [3], so
the two space coincide. ll

It’s, at this point, obvious that the two vector spaces S (R™,S!)) and L(S,,,Sy,) are
isomorphic, being the map
() SR™,S) = L(Sn,Sm) :v— T
an isomorphism, moreover, its inverse is the map

(-)v :L(Sn, Sm) = S(R™,S)): A AY := (6, 0 A)perm -

As we proved the above theorem, in a perfectly analogous way, it can be proved the
following theorem. The D-families in D/, can be defined analogously to the S-families
and the Corollary of page 91 of [6] holds because D, is an LF-space.

Theorem 2.2 (basic properties on D-families). Let v € D (R™, D)) be a family of
distributions. Then, the following assertions hold and are equivalent:
i) for every a € D, the composition uw = a o, i.e., the functional

u:Dp, = K: ¢ a(0(e))),

is a distribution;
ii) U is transposable;
iii) Vis (0(Dy, D.), 0(Dm, D.,))-continuous from Dy, to Dy,
iv) U is a strongly-continuous from (Dy,) to (Dp,).

4. The superpositions of an S-family

Now we can give a first generalization to the concept of linear combination.

Definition 3.1 (linear superpositions of an S -family). Ler v € S (R™,S),) and a €
S!.. The distribution a o 0 = '(v)(a) is called the S-linear superposition of v with
respect to (the system of coefficients) a and we denote it by

R™
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Moreover, if u € S), and there exists an a € S,,, such that

U = av,
m

w is said an S-linear superposition of v. [

As a particular case, we can consider the linear superposition of v with respect to the
regular distribution generated by the K -constant functional on R™ of value 1, the distri-
bution [I(R'm,,K)], we denote it simply by me v, and then

/mU = /m |:1(R77L,K)j| V.

Example 3.1 (the Dirac family). Let § be the Dirac family in S/,. Then, for each
tempered distribution u € S,
/ u§ = wuod=

= UO]ISn:

= u7

thus each tempered distribution is an S-linear superposition of the Dirac family and the
coefficients system is the distribution itself, these are properties of the canonical basis of
R™ A

An alternative definition of superposition can be obtained defining the superposition of a
family of numbers (real or complex) with respect to a distributional system of coefficients.

Definition 3.2. We say that a family of real or complex number x = (x;);cgrm is a
Samily of class S if the function f, : R™ — K defined by f, (i) = x;, for each i in R™, is
a function of class S. We call f, the test function associated with the family x.

In this conditions, we put

/ ax:=a(fz),

for every tempered distribution a € S/,

1. » and we call the number [, ax superposition of
the family x with respect to a.

Introducing a notation, the relation between the two kind of superpositions is very nat-
ural.

Notation. Let (-, -) be the canonical bilinear form on S, X S,, and let v be an S-family
of tempered distributions in S/, indexed by R™. For every test function ¢ € S, by the
symbol (v, ¢) we denote the family of numbers defined by (v, ¢), := (v;, ¢), for every i
in R™.
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Theorem 3.1. Let v be an S-family of tempered distributions in S!, indexed by R™, let
a be a tempered distribution in S!,, and let (-, -) be the canonical bilinear form on S), X S,,.
Then, for every ¢ € Sy, we have

</mav,¢> :/ma<v,¢>.

Proof. 1t’s a straightforward computation:

</a¢>> - (/Rmav (6) =

I
T
IS}
=
=

Note that the test function associated with the family (v, ¢) is v (¢). B

We shall see that the preceding result can be restated saying that the canonical bilinear
form on S, x S, is S-linear in the first argument.

Definition 3.3. The operators

/ (,): S, xS(R™,S))— S (a,v) — av,

Rm
and
/ (hv):8, =S8, a— av,
m ]R7n
are called the superposition operator in S!, with coefficients-systems in S, and the super-
position operator associated to v.

Definition 3.4 (superpositions of an E-family). Let E be a subspace of the space
C°(R™,K) containing S(R™,K). Let w be a Hausdorff locally convex topology on E
such that the space (S(R™,K)) is continuously imbedded in (E,w) and S(R™,K) is w-
dense in E and let v be an E-family in S}, indexed by R™. We define, for every distribution
a in the topological dual of FE, the superposition of v with respect to a as the following

functional
(/ av) (¢) == a(v(g)).

Remark. Note that, if the Dirac family of C%(R™, K) is o(E’, E')-sequentially dense
in E’, then, by the Banach-Steinhaus Theorem, that superposition belongs to S,.

Example 3.2. Consider a C°-family v in &/, indexed by R™, and consider a distri-
bution a in S), generated by a measure with compact support . We can consider the
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superposition me av. Let m be the Borel-measure generating a, then we have

([La)© - awon-

5. Some basic properties of superpositions

The aim of this section is to show that the basic properties of the superpositions extend
the basic ones of linear combinations. First we prove a property of the superpositions
analogous to the following property: > d(; v = Z?zl 0i;v; = v;, where 6 : Nx N — R
is the Kronecker’s delta and v is a finite family of vectors.

Theorem 4.1 (selection property of Dirac’s distributions). Let v € S (R™,S),).
Then, for each p € R™,
/ dpv = Up.

Proof. For every ¢ € S,, and every index p,

op (V(0)) = 0p(v(9)) =
= v(9)(p) =
= Up ((b) )

and consequently
dpv=0p00=1v, N
]R'm,
In the sense of the above theorem, the Dirac family is a continuous version of the Kro-
necker delta. Now we shall see that the superposition operators are bilinear operators.

Proposition 4.1 (bi-homogeneity). Lera € S),, A € Kand v € S(R™,S),). Then,

/Rm()\a)v:/\/mav:/ma()\v).

Proof. For any ¢ € S,,,

([ oar)@ = 0a@e) -
Aa (U (

9) =
= ([ @)
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and

([ atw)@ = o(Tw@)-

Proposition 4.2 (bi-additivity). Ler k € N, (v);_, be a family in S (R™,S)), a =
(ai)f:1 be a finite sequence in S|, and b € S,. Then

/m (iai>“:i/aw’ /bévi:i/bvi_

ilem R™ i= ile']n

Proof. Tt follows immediately by the basic properties of the transpose of a linear opera-
tor, but we see it. For any ¢ € S,,, one has

rm =1 i=1
k
= Z a; ov =
i=1
k
= Z a;v (¢)
i=lgn,

For the second relation we have

We shall prove a theorem that gives an infinite-continuous version of the additivity ex-
pressed by the above proposition. But we first shall introduce the concept of superposition
of an S-family with respect to a family of distributions.

Theorem 4.2 (about finite linear combinations). Let v € S (R™, S))) and let § be the
Dirac family in S,,,. Then, a tempered distribution u belongs to span(v) if and only if there
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exists a distribution A in span(8) such that

u:/ Av.

Proof. If the condition holds u is a finite combination of v by the selection property of
Dirac distributions. Viceversa, let v be a finite linear combination of v, then there exist
k € N, a finite sequence A\ € CF and @ € (R™)* such that u = Y3¥  A\jv,,. Put

A= Zle)\,;ém, then, one has

[ = [ ()

=1

k

= ; o Aiéaiv =
k

= ;/\ /Rm B, v =
k

= Z/\“’% =
=1

= u. N

Now we pass to properties of continuity. Note that

/m(””) =1

so the operator me(-, -) is continuous in the first argument, with respect to the pairs of
topologies (3(S),, Sm), B(Sh,Sn)) and (o(S),, Sm), (8., Sn)) (see [3] Corollary, page
256). For example we can state the following.

Theorem 4.3 (about denumerable linear combinations). Let v € S (R™,S),). As-
sume a series Y (a;);o, is convergent in S,,, with respect to 3(S),, Sp). Then, the series
> (Jam a;v); , converges in Sl, , with respect to B(Sl,,S,) and

=1
o0 oo
9050 3 / a0 = / 5SS 3 g0,
i=1 YR™ R™ i=1

In particular, if 6 is the Dirac family of S, and the series y_ (6p, )=, is 3(S},,Sm)-
convergent in S},. Then, the series Y. (vp, ).~ B(S},,Sn)-converges in S}, and

o0 o0
S’ ,Sn _ S’ \Sm
BELS $ 7/m BSS) 375, 0.
=1 =1
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6. Properties of S-linearity of the superpositions

In this section we generalize the linearity of the operator of superposition. To this end
we have to introduce the concept of superposition of a family with respect to a family.

Definition 5.1 (superposition of a family with respect to a family). Ler v be a family
in 8!, indexed by R¥ and let w € S(R™, S!,). The family in S!, defined by

/ vw = (/ va> ,
m m pERk

is called the superposition of w with respect to v. [

Theorem 5.1 (S-linearity of the S-linear combinations). Lera € S;, v € S (R¥, S],)
and w € S (R™, S))) be two families of distributions. Then, the family

vw
m

is an S-family, and, concerning the associated operator, we have

A
vw | =0Vow.

Moreover, the following S-linearity property holds

L (fo)or Lo

m

Proof. For every ¢ € S/, and for every index p,

(L) ow = ([ ) ©-=

= v(w(9))(p) =
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.. . . A ~ —~
Then the superposition me vw is an S-family, and ( me vw) = v o w. Moreover, for

every ¢ € S/, we have
Lo [Ja]u)o = ([ a)@wn-
k a(v(w(e))) =

= a((Vow)(9)) =

_ a<( /mvw)x@) _
= o[ ) m

Now, we generalize the two distributive laws of the space S,.

7. The generalized distributive laws

Let u be in S;, and let v be the family in S,, defined by v, := u, for every y in R™. We
have already seen that v is a smooth family (it sends S-test functions to smooth functions,
and it is also bounded, in the sense that it sends S-function to smooth and bounded func-
tion). Then, we can consider, for every tempered distribution @ in S;,, with compact support
(and more generally, being v smooth and bounded, when a is a summable distribution) the
superposition [,,, av.

We shall generalize firstly the following distributive law

Z (a;u) = (Z ai> u.

i=1

In fact, in the above assumptions, we have

</ n > () = a((9) =

= a(u(@)lrm k) =
a(l(Rm’K))u((b) =

(=)

for every test function ¢ in S,,, where 1(gm x) is the constant functional from R™ to K of

value 1; so we proved that
/ av = (/ adu)u,

where the integral of a summable distribution is defined, as usual (see [4]), by

/ adp = a(lwm k).
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Let us see the other distribution law:

m m
E av; = a E V;.
i=1 i=1

Let k be a real or complex number, with k®m ) we shall denote the constant func-
tional of value £ on R™, (in this case, the constant distribution is that of coefficients);
consequently, the generated distribution is denoted by [k(RWL’K)]. Let v be a smooth and
bounded family in S/, indexed by R™. We have,

</m [k(Rm,K)} U) (¢) = [k(lRm,K)] (v()) =
= k[lenp) (0(¢) =

— & ( / v) (),
for every test function ¢ in S,,, i.e.,

/ [k(Rm,]K)] v = k/ .
Rm, m

We conclude noting that the euristic origin of the algebra exposed in the paper is [7];
moreover, properties showed in this paper already found several applications in many other
papers (see [8], ..., [16]).
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