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ABSTRACT. In this paper we find parametric equations of B—focal curves of spacelike
biharmonic B—slant helices according to Bishop frame in terms of Bishop curvatures in
the Lorentzian group of rigid motions E(1, 1).

1. Introduction

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of the
bienergy functional:

B2(0) = [ 51T du,

where T (¢) := trV?d¢ is the tension field of ¢
The Euler-Lagrange equation of the bienergy [1-5] is given by 72(¢) = 0. Here the
section 73(¢) is defined by

T2(9) = —AsT(¢) + trR(T(9), do) d¢, (1.1)

and called the bitension field of ¢. Non-harmonic biharmonic maps are called proper
biharmonic maps.

This study is organised as follows: First, we study B—focal curves of spacelike bihar-
monic B—slant helices. Finally, we find parametric equations of 3—focal curves of space-
like biharmonic B—slant helices according to Bishop frame in terms of Bishop curvatures
in the Lorentzian group of rigid motions E(1, 1).

2. Preliminaries

Let E(1, 1) be the group of rigid motions of Euclidean 2-space. This consists of all
matrices of the form
coshxz sinhz vy
sinhz coshx =z
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Topologically, E(1, 1) is diffeomorphic to R? under the map

coshx sinhz y

E(1,1) — R3: | sinhaz coshz 2z | — (z,9,2).
0 0 1
It’s Lie algebra has a basis consisting of
0 0 0 0 0
X = 72’ Xy = coshxa—y + sinhxg, X3 = Sinhxa—y + coshm&,
for which
[X17X2] = X37 [X27X3] = 07 [X17X3] = X2'
Put
1 2 1 3_ 1
=z, "= (y+z), 2" =5(@y—2).
2 2
Then, we get

0 1/ .10 _t 0 1 wli_ —wli
Xl—amwXPg(e Fr 83:3>’X3_2<6 927~ © axs)(z'”

The bracket relations are
X1, X,] = X3, [X2,X5] =0, [X1,X;] =Xo.

We consider left-invariant Lorentzian metrics which has a pseudo-orthonormal basis
{X1,X,, X3} . We consider left-invariant Lorentzian metric [6], given by

g=— (dx1)2 + (e‘xld:z:Q -+ egclclfc‘n’)2 + (e‘mlde — ezldx3)2 , (2.2)
where

g(XlaXI) = _17 g(X27X2) = g(X37X3) =1L

Let coframe of our frame be defined by
0! = dat, 0% = e~ da? + e‘”ldzs, 9% = e~ da? — e® daB.

3. Spacelike biharmonic B—slant helices in the Lorentzian group of rigid motions
E(1,1)

Let~y : I — E(1,1) be a non geodesic spacelike curve on the E(1, 1) parametrized by
arc length. Let {T, N, B} be the Frenet frame fields tangent to the E(1, 1) along ~y defined
as follows:

T is the unit vector field 4" tangent to -y, N is the unit vector field in the direction of
V1T (normal to ), and B is chosen so that {T, N, B} is a positively oriented orthonor-
mal basis. Then, we have the following Frenet formulas [7]:

VTT = KN,
VN = kT+ 7B, 3.1
VTB = 7'].\17
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where « is the curvature of y and 7 is its torsion and
g(T,T) = 1L g(N,N)=-1,4(B,B)=1,
9(T,N) = g(T,B)=g(N,B)=0.
The Bishop frame or parallel transport frame is an alternative approach to defining a

moving frame that is well defined even when the curve has vanishing second derivative.
The Bishop frame is expressed as [8—14]:

VT = kM; — koM,
VoM, = kT, (3.2)
VeM, = kT,
where
g(T,T) = 1, g(M;,M;) =~1, g(Mz,My) =1,
g(T,M;) = g(T,Mz)=g(M;,My)=0.

Here, we shall call the set {T, M, M,} as Bishop trihedra, k; and ks as Bishop cur-
vatures and 7(s) = ¢’ (s), k(s) = \/|k3 — k?|. Thus, Bishop curvatures are defined by

ki = k(s)sinh (s),
ky = k(s)cosh (s).
With respect to the orthonormal basis {e1, e, €5} we can write
T = Tle, +T%e;+ T3es,
M; = Me, + Miey+ Mes, (3.3)
M, = Mye, + Mies+ Mies.

Definition 3.2. (see Ref. [3]) A regular spacelike curve v : I — E(1,1) is called a
B—slant helix provided the timelike unit vector My of the curve v has constant angle 0
with some fixed timelike unit vector u, that is

g (M (s),u) =coshpforall s € I. 3.4)

Lemma 3.3. (see Ref. [3]) Let vy : I — E(1,1) be a unit speed spacelike curve with
non-zero natural curvatures. Then vy is a B—slant helix if and only if

@ = tanh gp. 3.5)
k2

4. B—focal curves of spacelike biharmonic 5—slant helices in the Lorentzian group
of rigid motions E(1,1)

Denoting the focal curve by focal,, we can write
focal, (s) = (v + fT M1 + f§ M) (s), (4.1)

where the coefficients {2, {5 are smooth functions of the parameter of the curve -, called
the first and second focal curvatures of -, respectively.
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To separate a focal curve according to Bishop frame from that of Frenet- Serret frame,
in the rest of the paper, we shall use notation for the focal curve defined above as B-focal
curve.

Theorem 4.1. Let v : I — E(1, 1) is a non geodesic spacelike biharmonic B—slant
helix with timelike M, and focal,, its focal curve in the Lorentzian group of rigid motions

E(1,1). Then, the vector equation of foca[,}f(s) is

(—sinh ps + a1 + pcosh )X + [—Ae™ S estai[(sinh o — A1) cos [Ars + As]

+ (sinh p + Ay ) sin [Ays + Ap]] + agesmhies—a

—Aesimhes=a[(ginh o — A;) cos [A; s 4 As]

+ (sinh p 4 Ay ) sin [A; s 4+ Ag]] 4+ aze™ S5+ 4 psinh o cos [Ar s + As]
L+pky

+——sin [A1s 4+ Ao]|Xg + [~ Ae™ Smhestar[(sinh o — A;) cos [Ars + A
2

+ (sinh p + Ay ) sin [Ay s + As]] + agesmh o5

+AeS b os=a1 [(ginh o — A;) cos [A;s 4 Ay

+ (sinh p 4 Ay ) sin [A; s + As]] 4+ aze™ S99 4 psinh psin [A;s 4 As]

-1 —pk
—l—% cos [A1s + As]] X3, 4.2)
2
where a1, p, A1, Ao are constants of integration and
cosh p

T2 (A2 4 sinh? )

Proof. Assume that + is a unit speed spacelike biharmonic B—slant helix with timelike
M, and focal, its focal curve in the Lorentzian group of rigid motions E(1, 1).
So, by differentiating of the formula (2.1), we get

focal? (s) = (1+ ¥k + f5 k)T + (1) My + (75) M. 4.3)
On the other hand, from Definition 3.2, we obtain
M, = cosh pX; + sinh p cos [A1s + Az] Xa + sinh psin [A;s + Ag] X5. 4.4)
Using (2.1) in (4.4), we may be written as
M, = —sin[D;1s + D3] Xo + cos [Ags + Ag] X3. 4.5)
Furthermore, from above equations we get
T = —sinh pX; — cosh pcos[A;s + A2] Xo — cosh psin[A;s + A2] X3.  (4.6)
On the other hand, the first 2 components of Eq.(4.3) vanish, we get
ok + 5k = -1,
(i) = o
Considering second equation above system, we chose
ff = p =constant # 0. @.7
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Then, it holds that
—1 —pky

B
= 4.8
f2 oy (4.8)
By means of obtained equations, we express
—1—pk
§2(8) = (74 M + — P ML) (9) (49)

where p is a constant.

Considering equations (4.5) and (4.6) by the (4.9), we get (4.2). This completes the
proof.

Corollary 4.2. Let v : I — E(1,1) is a non geodesic spacelike biharmonic B—slant
helix with timelike My and focal, its focal curve in the Lorentzian group of rigid motions
E(1,1). Then, the focal curvatures of focal. are

—1 — {Bky tanh p
ko

5 = = constant # 0. 4.10)

Proof. Suppose that 7y is a non geodesic spacelike biharmonic 5—slant helix with time-
like M and focal,, its focal curve. From (3.5) and (4.8) the focal curvature of focal, takes
the form (4.10). This completes the proof.

Then, we give the following theorem.

Theorem 4.3. Let v : I — E(1,1) is a non geodesic spacelike biharmonic B—slant
helix with timelike My and focal, its focal curve in the Lorentzian group of rigid motions

E(1, 1). Then, the vector equation of foca[f(s) is

x% (s) = —sinhps+ a; + pcosh p,

1
x? (s) = 3 exp[— sinh ps + a1 + p cosh @]

[—Ae™ sinh s [(sinh p — Aj) cos [Ars + Ay]
+ (sinh p + Aj) sin [Ay s + Ag]] + agedmh 95—

_Aesinh ps—a1 [(Slnh 0 — Al) COSs [Als + AQ] (41 1)
+ (Sinh o+ _Al) sin [Als + A2]] +aze” sinh ps+ay
1+ ﬁkl

+psinh pcos[Ars + Az] + sin [Ars + As]

2
1 .
—|—§ exp[sinh ps — a; — p cosh p][—Ae™ S esT 1 [(sinh o — A;)
cos [Ays + Az + (sinh o + A;) sin [A; s + Ag]] 4+ ageshes—a
+Aesmhes=ai(sinh o — A;) cos [Ars 4+ As]
+ (sinh p 4 A;) sin [A; s 4+ Ag]] + age™ Sinhesta

+psinh psin [A;s + A + —Lopk cos [Ars + As]],

k2
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1
x? (s) = 5 exp[— sinh ps + a1 + p cosh @]

[~ Ae™ ROt [(sinh o — Ay ) cos [Ars + Ay

+ (sinh p + A ) sin [Ays + A2]] + agesinh ps—ar

_ Aesinhps—ar [(sinh  — A1) cos [Ars + o]

+ (sinh o + A1) sin [Ays + Ap]] + age™ S oot
14+ pky .

+psinh pcos [Ars + As] + —sin [A1s + As]]
2

1 .
~3 exp[sinh ps — a; — p cosh p][—Ae™ S OsT 1 [(sinh o — A))

cos [A1s + Ag] + (sinh p 4 A;) sin [A; s + Ag]] + agesmh o501
AT O [(sinh o — Ay) cos [Ars + Ay
+ (sinh p + A;) sin [A; s 4+ Ag]] + agze” sSinhesta

+psinh psin [A;s + Ag] + “lobh cos [Ars + As]],

ko
where p, A1, A are constants of integration and

_ cosh p
2(A3 +sinh’ )

Proof. Assume that « is a non geodesic spacelike biharmonic B—slant helix and its
focal curve is focal, . Substituting (2.1) to (4.2), we have (4.11) as desired. This concludes
the proof of theorem.

5. Conclusions

Consider a curve in a space and suppose that the curve is sufficiently smooth so that the
Bishop Frame adapted to it is defined; the curvatures k; and k5 then provide a complete
characterization of the curve. In this paper we have found parametric equations of B-
focal curves of spacelike biharmonic 5-slant helices according to Bishop frame in terms
of Bishop curvatures in the Lorentzian group of rigid motions.
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