
DOI:10.1478/C1A0701006

Atti dell’Accademia Peloritana dei Pericolanti
Classe di Scienze Fisiche, Matematiche e Naturali

Vol. LXXXV, C1A0701006 (2007)
Adunanza del 15 maggio 2006

A GENERALIZATION OF MINIMAL DISTRIBUTIONS

CORNELIA LIVIA BEJAN [a] AND MASSIMILIANO FERRARA *[b]

(Nota presentata dal Socio Aggregato Massimiliano Ferrara)

ABSTRACT. We connect here various harmonic geometric objects (including a general-
ization of minimal distributions that we define here), we relate them with the theory of
foliations and we construct some examples.

1. Introduction

Recently, an interesting study on the interrelations between foliations and several geo-
metric structures on manifolds was published in [1, 2]. Since the structure we deal with is
the almost product one, for our purpose we refer to [3].

By taking into account the increasing number of harmonic and minimal properties in-
troduced on geometric objects, we study here non - holonomic manifolds, we generalize
the notion of minimal distribution and apply it in the case of foliations.

All manifolds throughout will be assumed paracompact and of class C∞ and all maps
will be taken of C∞ - class. Einstein convention on repeated indices is applied.

2. Connections on manifolds

Let (M,P,G) be a semi-Riemannian almost product manifold, that is a manifold M
endowed with a non-degenerate symmetric (0, 2) - tensor field G and a (1, 1) - tensor field
P != ±Id, P 2 = Id, which is compatible with G:

(1.1) G (PX, PY ) = G (X, Y ) , ∀X, Y ∈ Γ (TM) .

Corresponding to the eigenvalues 1 and −1 of P , we denote respectively with V and H
the eigendistributions and with v and h the projectors from TM onto them:

(1.2) TM = V⊥H = v (TM)⊥h (TM) ,

where the decomposition into a direct sum is orthogonal.
Conversely any non - degenerate distribution V on a semi - Riemannian manifold

(M, G) defines an almost product structure P whose eigendistributions corresponding to
the eigenvalues 1 and −1 are V and its orthogonal complement H , respectively.
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As an example, we recall from [4] that a connection Γ on a manifold M is a (1, 1) -
tensor field Γ on the tangent bundle π : TM → M such that tΓ = −Γt = t, where t de-
notes the canonical almost tangent structure on TM , defined by t : T (TM) → T (TM),

t

(
yi ∂

∂xi
+ zk ∂

∂yk

)
= yi ∂

∂yi
in local coordinates. Obviously, t2 = 0. It is easily seen

that Γ defines an almost product structure Γ on TM such that at each point u ∈ TM , the
eigenspace corresponding to the eigenvalue −1 of Γ of is ker π∗,u. Particular connections
Γ are the linear ones.

The almost product structure Γ is expressed in local coordinates by:

(1.3) Γ
(

yi ∂

∂xi
+ zk ∂

∂yk

)
= yi ∂

∂xi
−

(
2yiωk

i + zk
) ∂

∂yk
,

where ωk
i are the connection components of Γ.

However, (TM, Γ, Gc) is not a semi - Riemannian almost product manifold, since the
almost product structure Γ is not compatible with the semi - Riemannian structure Gc given
by the complete lift of the metric G on M .

3. Harmonicity

We recall that a map ϕ : (F, g) → (M,G) between semi - Riemannian manifolds is
harmonic, provided it satisfies the Euler - Lagrange equations, that is its tension field τ (ϕ)
expressed in local coordinates

(
xi

)
on M by:

(2.1) τ (ϕ) = gij

[
∇G

∂/∂xidϕ

(
∂

∂xj

)
− dϕ

(
∇g

∂/∂xi

∂

∂xj

)]
= 0,

where ∇g and ∇G are respectively the Levi - Civita connections of g and G.
In particular, when the map ϕ is an isometric immersion, then ϕ is harmonic if and only

if the immersed submanifold ϕ(F ) is minimal in M , that is its mean curvature vector field
(defined as the trace of its second fundamental form) vanishes identically.

Also, a foliation is called a minimal or a harmonic foliation if its mean curvature vector
field vanishes identically.

This notion of minimality extends to a distribution V (integrable or not) of a semi-
Riemannian manifold (M, g) as follows: V is minimal if

trace{(X, Y ) ∈ V × V → ∇g
XY } ∈ V.

From [5], a connection Γ on the semi - Riemannian manifold (M,G) is harmonic if it
is a harmonic almost product structure on (TM,Gc) where Gc is the complete lift of the
metric G.

Equivalently, in local coordinates a connection Γ on (M,G) is harmonic if and only if

(2.2) Gij

(
GΓk

ij −
∂

∂yi
ωk

j

)
∂

∂yk
= 0,

where ωk
j are the connection components of Γ and GΓ is the Levi - Civita connection of G.

As it is pointed out in [6], p. 21, a map ϕ : (F, g) →
(
M,∇M

)
from a semi - Riemann-

ian manifold to an affine manifold is harmonic, provided it satisfies the Euler - Lagrange
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equations τ (ϕ) = 0, where the tension field τ (ϕ) is expressed in local coordinates by:

(2.3) τ (ϕ) = gij

[
∇M

∂/∂xidϕ

(
∂

∂xj

)
− dϕ

(
∇g

∂/∂xi

∂

∂xj

)]
,

where ∇g is the Levi - Civita connection of g. Obviously, this definition generalizes the
notion of harmonic maps between Riemannian manifolds. In particular, if F is a leaf of a
distribution V on M , then we call (F, g) harmonic immersed in

(
M,∇M

)
.

If (F, g) is a submanifold, harmonic immersed in
(
M,∇M

)
, that is the inclusion map

ϕ : (F, g) →
(
M,∇M

)
is harmonic and moreover we assume g on F is the restriction

of a semi - Riemannian structure (say g) inherited from M , whose Levi - Civita connec-
tion ∇g on M coincides with ∇M , then F is called minimal submanifold of M . If V is
an integrable distribution, which defines a minimal foliation, then in this particular case,
τ (ϕ) = 0 is equivalent with:

(2.4) h∇g
ei

ei = 0,

for any orthonormal frame {ei} of V , where h is the projector from TM to H (the orthog-
onal complement of V with respect to g).

It is natural to extend the notion of minimal distribution when ∇g and ∇M do not
necessarily coincide.

Definition 2.1. Let
(
M,∇M

)
be an affine manifold endowed with a semi - Riemannian

structure g and a non - degenerate distribution V . We say that V is ∇M - minimal with
respect to g if

(2.5) ∇M
ei

ei − v∇g
ei

ei = 0,

for any orthonormal frame {ei} of V , where v is the projector of TM on V and ∇g is the
Levi - Civita connection of g.

In particular, if ∇M is the Levi - Civita connection of a semi - Riemannian structure G
on M , then V is G - minimal with respect to g if (2.5) is satisfied. Obviously, when g and
G coincide, we get the classical notion of minimality.

Remark that Definition 2.1 does not depend on the orthonormal frame {ei} chosen in
(2.5).

4. ϕ - Morphisms

Let ϕ : (F, g) → (M,G) be a map between Riemannian manifolds. From vector
bundles category theory Φ : TF → TM is a ϕ - morphism, provided the fibre restriction
Φp : TpF → Tϕ(p)M is linear at any p ∈ F . Thus Φ determines a 1 - form Φ ∈
A1

(
ϕ−1TM

)
with values in the pull - back bundle ϕ−1TM . A linear connection D of a

vector bundle E → F defines the exterior derivative d and the coderivative δ of any bundle
valued - form ω ∈ A1 (E) respectively by

dω (X, Y ) = Dω (X, Y )−Dω (Y, X) ,

where Dω (X, Y ) = (DXω) Y,∀X, Y ∈ Γ (TF ) and δω = −divω = −traceDω.
We say that ω is closed (resp. coclosed) if dω = 0 (resp. δω = 0). Obviously, d and δ

depend on D.
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Let E = ϕ−1TM and ∇ϕ−1TM be respectively the pull - back bundle and the unique
(see [6]) linear connection on ϕ−1TM , which satisfies

(3.1) ∇ϕ−1TM
X ϕ∗U = ϕ∗∇M

dϕXU, ∀X ∈ Γ (TF ) , U ∈ Γ (TM) ,

where ϕ∗U ∈ Γ
(
ϕ−1TM

)
, (ϕ∗U)p = Uϕ(p), ∀p ∈ F .

In local coordinates, we have:

(3.2) Φ (x, y) =
(
ϕα (x) ,Φα

i (x) yi
)

and

(3.3) δΦ = gij
(
∇ϕ−1TMΦ

) ∂

∂xj
= gij

(
Φα

j
∂ϕβ

∂xi
GΓγ

αβ −
gΓk

ijΦ
α
k

)
∂

∂uγ
,

where GΓ and gΓ are respectively the Levi - Civita connections of G and g.
This relation gives the coderivative of the ϕ - morphism Φ, [7].
Proposition 3.1. A linear connection ∇M on a semi - Riemannian manifold (M,G) is

harmonic if and only if the identity I : TM → TM is coclosed.
Proof. As the connection ∇M is linear, then its connection components ωk

j satisfy:

(3.4) ωk
j

(
xi, yi

)
= yiGΓk

ij .

From (3.3) we complete the proof.
Remark. From (2.2) and (3.4), it follows that a linear connection ∇M is harmonic on

(M,G) if and only if

trace{(X, Y ) ∈ Γ (TM)× Γ (TM) →
(
∇G

XY −∇M
X Y

)
} = 0,

where ∇G is the Levi-Civita connection of G.
Therefore, we may say that ∇M is harmonic on a distribution V on (M,G) if

(3.5) trace{(X, Y ) ∈ V × V →
(
∇G

XY −∇M
X Y

)
} = 0.

As a conclusion at the end of this section, we obtain
Theorem 3.1. Let

(
M,∇M

)
be an affine manifold endowed with a semi - Riemannian

structure G and a non - degenerate distribution V . Then any two of the following assertions
imply the third one:

(a) The distribution V is ∇M - minimal with respect to G;
(b) The distribution V on (M,G) is minimal (in the classical sense);
(c) The connection ∇M is harmonic on V .
Proof. As the connection∇M is linear, then its connection components ωk

j satisfy (3.4)
and we may use the above remark.

Let {ei} denote on orthonormal frame of V with respect to G. By applying (3.5), it
follows that ∇M is harmonic if and only if

(3.6) ∇G
ei

ei −∇eiei = 0,

where ∇G is the Levi - Civita connection of G.
From (2.4) and (1.2) we have

∇M
ei

ei − v∇G
ei

ei =
(
∇M

ei
ei −∇G

ei
ei

)
+

(
∇G

ei
ei − v∇G

ei
ei

)

=
(
∇M

ei
ei −∇G

ei
ei

)
+ h∇G

ei
ei
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From (2.5), (3.6) and (2.4) we complete the proof.
As a consequence, we obtain:
Corollary 3.2. Let

(
M,∇M

)
be an affine manifold endowed with a semi - Riemannian

structure G and an integrable non - degenerate distribution V .
Then for any integral submanifold F of V , any two of the following assertions imply the

third one.
(a) The inclusion map i : (F,G) →

(
M,∇M

)
is harmonic;

(b) The submanifold (F,G) of (M,G) is minimal;
(c) On the manifold (F,G), the connection ∇ defined as the restriction of ∇M to the

submanifold F is harmonic.

5. Examples

As examples, on a semi - Riemannian almost product manifold (M,P,G), beside the
Levi - Civita connection ∇G one has the Schouten - Van Kampen connection ∇0 and the
Vrănceanu connection ∇∗:
(4.1)

∇0
XY = v∇G

XvY + h∇G
XhY,

∇∗XY = v∇G
vXvY + v [hX, vY ] + h∇G

hXhY + h [vX, hY ] ,∀X, Y ∈ Γ (TM) .

Several properties and relations among them are given in [1].
Proposition 4.1. Let (M,P,G) be a semi - Riemannian almost product manifold and

∇G its Levi - Civita connection. Then the Schouten - Van Kampen connection ∇0 (resp.
the Vrănceanu connection) is harmonic if and only if both the eigendistributions V and H
corresponding to the eigenvalues 1 and −1 of P are minimal (in the classical sense).

Proof. Let {ei}, {ea} be an orthonormal frame of V and H , respectively. We denote
{eα} = {ei} ∪ {ea} an orthonormal frame on M .

From (4. 1) we have:

∇G
eα

eα−∇0
eα

eα = ∇G
ei

ei+∇G
ea

ea−∇0
ei

ei−∇0
ea

ea = ∇G
ei

ei+∇G
ea

ea−v∇0
ei

ei−h∇0
ea

ea

= h∇G
ei

ei + v∇G
ea

ea.

From (2.4), the statement is valid for ∇0 and analogous for ∇∗, which complete the
proof.

From (4.1) and Definition 2.1, it follows:
Proposition 4.2. Let (M,P,G) be a semi - Riemannian almost product manifold and

∇G its Levi - Civita connection. Then both the distributions V and H corresponding to the
eigenvalues 1 and −1 of P are ∇0-minimal as well as ∇∗-minimal, where ∇0 and ∇∗ are
Schouten - Van Kampen and Vrănceanu connections, respectively.
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