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IMPULSIVE WENDROFF’S TYPE INEQUALITIES
AND THEIR APPLICATIONS

ANNA MARIA PICCIRILLO,a∗ MICHELE CIARLETTA,b AND SERGIY D. BORYSENKO c

ABSTRACT. Integro-sum inequalities for functions of two independent variables are in-
vestigated. New analogies of Wendroff’s type inequalities for discontinuous functions are
obtained. As applications, some hyperbolic equations with impulse influence are consid-
ered. New conditions of boundedness of solutions are obtained.

1. Introduction

For differential models described by systems of ordinary differential equations with
impulsive influence the method of“integro-sum” inequalities plays an important role to in-
vestigate the properties of existence, uniqueness, boundness, and stability of solutions for
perturbed systems [1-19]. The generalization of this method and its applications to estimat-
ing the solutions of impulsive hyperbolic differential equations have not been sufficiently
investigated before.

In the present article we found new analogies of Wendroff’s inequality for discontinuous
functions with finite jumps on some curves Γj ⊂ R2

+ and discontinuities of Lipschitz and
non-Lipschitz type. New conditions of boundedness for solutions of impulsive nonlinear
hyperbolic equations are obtained.

A first generalization of Wendroff’s result for discontinuous functions was obtained in
[19]; the most important results in the theory of integral inequalities for discontinuous
functions of several variables were described in [8] (see also [7]).

Our paper is devoted to a generalization of results obtained in [1], [7], [10-12] and is
based on new analogies of the Wendroff-type inequality.

We consider some set D∗ ⊂ R2:

D∗ = D \ Γ, D =

j

Dj , j = 1, 2, . . . ; Γ =

j

Γj , Γj = {(x, y) : φj(x, y) = 0,

j = 1, 2, . . .}, Γk ∩ Γk+1 = ∅, k = 1, 2, . . . ,

where
φj(x, y) are real-valued continuosly differentiable functions such that grad φj(x, y) >

0, for all j = 1, 2, . . .;
D1 = {(x, y) : x ≥ 0, y ≥ 0, φ1(x, y) < 0 };
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Dk = {(x, y) : x ≥ 0, y ≥ 0, φk−1(x, y) > 0, φk(x, y) < 0, ∀k > 2, k ∈ N};
Gp = {(u, v) : (x, y) ∈ Dp, 0 ≤ u ≤ x, 0 ≤ v ≤ y, p ∈ N};
µφn

is the Lebesgue-Stiltjes measure concentrated on the curves {Γn}.

Let us consider a real-valued nonnegative, discontinuous, nondecreasing function u (x, y)
in D∗, which has finite jumps on the curves {Γj}.

Let g(x, y) be a positive nondecreasing continuous function in R2
+, and let us assume

that u(x, y) satisfies the following integro-sum inequality in D∗:

u (x, y) ≤ g (x, y) +

 
Gn

Φ(τ, s, u(τ, s))dτds+

n−1
j=1


Γj∩Gn

W (x, y, u(x, y)) dµϕj (1)

where Φ, W, defined in D∗, are nonnegative, nondecreasing functions for 3-d argument,
with fixed first and second arguments.

Let the integro-sum equation of the following form be set

σ(x, y) = g(x, y) +

 
Gn

Φ(τ, s, σ(τ, s))dτds+

n−1
j=1


Γj∩Gn

W (x, y, σ(x, y)) dµφj
(2)

where σ(x, y) is a nonnegative discontinuous function, which has finite jumps on the
curves {Γj}. Then, for x ≥ 0, y ≥ 0 the estimate

u(x, y) ≤ σg(x, y) (3)

is valid, where σg(x, y) is some solution of the integro-sum equation (2), continuous in
domain D∗, and u(x, y) satisfies the inequality (1). The results of §2 are based on the
estimate (3).

2. Previous results

2.1. Lipschitz-type discontinuities. Let us assume that W = βj(x, y)u(x, y). Then the
next statement takes place:

Proposition 1. In the following let us assume

Fi(x, y)
def
=

 x

0

 y

0

fi(τ, s)dτds, i = 1, 2, 3, 5 (4)


βj(x, y)

def
=

n−1
j=1

1 +


Γj∩Gn

βj(x, y)dµφj

 . (5)

A: The estimate

u(x, y) ≤ g(x, y) exp[F1(x, y)]


(βj(x, y)), (6)

if Φ = f1(x, y)u(x, y), f1 ≥ 0 : f1 ∈ C(R2
+), βj ∈ C(R2

+), ∀j = 1, 2, ...,
holds for all (x, y) ∈ D∗.

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 90, No. 2, A2 (2012) [16 pages]



IMPULSIVE WENDROFF’S TYPE INEQUALITIES AND THEIR APPLICATIONS A2-3

B: The estimate

u(x, y) ≤ g(x, y) exp[F2(x, y)]


(βj(x, y)) ·

·

1 +

 x

0

 y

0

f3(τ, s)g
−1(τ, s) exp[−F2(τ, s)]dτds


(7)

holds, if Φ = f2(x, y)u(x, y) + f3(x, y), fi ≥ 0, fi ∈ C(R2
+), i = 2, 3.

C: The following assertions hold:
i: The estimate

u(x, y) ≤ g(x, y)


(βj(x, y))


1 + (1− α)

 x

0

 y

0

f4(τ, s)·

· gα−1(τ, s)dτds
1/(1−α)

(8)

is true, if 0 < α < 1, Φ = f4(x, y)u
α(x, y).

ii: The estimate

u(x, y) ≤ g(x, y)


(βj(x, y))

1 + (1− α)


α−1(βj(x, y))·

·
 x

0

 y

0

f4(τ, s)g
α−1(τ, s)dτds

−1/(1−α)

holds for α > 1 and for an arbitrary (x, y) ∈ D∗ such that x

0

 y

0

f4(τ, s)g
α−1(τ, s)dτds <


(α− 1)


α−1(βj(x, y)

−1

.

D: The following assertions hold:
i: The estimate

u(x, y) ≤ g(x, y)


(βj(x, y)) exp[F5(x, y)] ·

·

1 + (1− α)

 x

0

 y

0

f6(τ, s)g
α−1(τ, s) ·

·exp[(α− 1)F5(τ, s)]dτds
1/(1−α)

(9)

holds for 0 < α < 1, Φ = f5(x, y)u(x, y) + f6(x, y)u
α(x, y).

ii: The estimate

u(x, y) ≤ g(x, y)


(βj(x, y)) exp[F5(x, y)] ·

·

1 + (1− α)


α−1(βj(x, y)

 x

0

 y

0

f6(τ, s)g
α−1(τ, s) ·

·exp[(α− 1)F5(τ, s)]dτds
−1/(α−1)

(10)

is true for α > 1 and arbitrary (x, y) ∈ D∗ such that x

0

 y

0

f6g
α−1 exp[(α− 1)F5]dτds <


(α− 1)


α−1(βj(x, y)

−1

.
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Remark. The proofs of Propositions 1-5 are similar to the proof of proposition 6, so
we omitted these.

Proposition 2. Let us suppose that function u(x1, x2) satisfies following integro-sum
inequality in D∗ :

u(x1, x2) ≤ q(x1, x2) + g(x1, x2)


Gn

ψ(τ, s)W [u(τ, s)]dτds+

+

n−1
j=1


Γj∩Gn

βj(x, y)u(x1, x2)dµφj , (11)

where q(x1, x2) is positive and nondecreasing, g(x1, x2) ≥ 1, βj(x1, x2) ≥ 0, ψ(τ, s) ≥
0; the function Wbelongs to the class Φ1 of functions such that:

1. W (σ1σ2) ≤W (σ1)W (σ2),∀σ1, σ2 > 0;
2. W : [0,∞[ → [0,∞[ ,W (0) = 0;
3. W is nondecreasing.

Moreover u(x1, x2) is a nonnegative discontinuous function, which has finite jumps on the
curves {Γj} , j = 1, 2, . . .

Then for arbitrary {0 < x1 <∞, 0 < x2 <∞} the following estimate is fulfilled:

u(x1, x2) ≤ q(x1, x2)g(x1, x2)Ψ
−1
i



Di

ψ(τ, s)

q(τ, s)
W [q(τ, s)g(τ, s)]dτds

 (12)

∀x ∈ Di :

Di

ψ(τ,s)
q(τ,s)W [q(τ, s)g(τ, s)]dτds ∈ Dom(Ψ−1

i ),

Ψ0(V )
def
=

 V

1

dσ

W (σ)
, Ψi(V )

def
=

 V

Ci

dσ

W (σ)
, i = 1, 2

where V = (V1, V2), σ = (σ1, σ2) and

Ci =

1 +


Γi∩Gn

βj(x1, x2)g(x1, x2)duφi

×

×Ψ−1
i




Gi+1\Gi

ψ(τ, s)

q(τ, s)
W [q(τ, s)g(τ, s)]dτds

 .

Proposition 3. Let us suppose that nonnegative discontinuous function u(x1, x2),
which has finite jumps on the curves {Γj}, satisfies inequality (11), where the function
W belongs to the class Φ1 of function such that:

1. W : [0,∞[ → [0,∞[ is continuous and nondecreasing;
2. ∀t > 0, u ≥ 0, t−1(W (u)) ≤W (t−1u);
3. W (0) = 0.
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If all functions q, g, ψ, βj satisfy the conditions of proposition 2 and q(x1, x2) ≥ 1,
then for arbitrary {0 ≤ x1 ≤ x∗1, 0 ≤ x2 ≤ x∗2} the following inequality is justified:

u(x1, x2) ≤ q(x1, x2)g(x1, x2)Ψ
−1
i



Di

ψ(τ, s)g(τ, s)dτds

 , i = 0, 1, ...

where

Ψ0(V ) =

 V

1

dσ

W (σ)
, Ψi(V ) =

 V

Ci

dσ

W (σ)
, i = 1, 2, ...

Ci =

1 +


Γi∩Gn

βj(x1, x2)g(x1, x2)dµφi

Ψ
−1

i−1



Di

ψ(τ, s)g(τ, s)dτds

 ,

(x∗1, x
∗
2) = x∗ = sup

x

x :


Gi+1\Gi

ψ(τ, s)g(τ, s)dτds ∈ Dom

Ψ

−1

i (V )

, i = 1, 2, ...

 .

2.2. Non-Lipschitz-type discontinuities. Let us consider the following inequality:

u (x1, x2) ≤ φ (x1, x2) +

Gn

f (σ1, σ2) u
α (σ1, σ2) dσ1 dσ2+

+
n−1
j=1


Γj


Gn

βj (x1, x2) u
m (x1, x2) dµφj

.
(13)

Proposition 4.
If the function u (x1, x2) satisfies inequality (13) with f ≥ 0 , βj ≥ 0 , α = 1 , m >

0, then the following estimates are valid:

u (x1, x2) ≤ φ (x1, x2)
∞
j=1


Γj


Gj+1

φm−1 (x1, x2)βj (x1, x2) dµφj ·

· exp

x1
0

x2
0

f (σ1, σ2) dσ1 dσ2


, if 0 < m ≤ 1,

(14)

u (x1, x2) ≤ φ (x1, x2)
∞
j=1


1 +


Γj


Gj+1

φm−1 (x1, x2)βj (x1, x2) dµφj


·

· exp

m

x1
0

x2
0

f (σ1, σ2) dσ1, dσ2


, ifm ≥ 1.

(15)
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Proposition 5.
If the function u(x1, x2) satisfies inequality (13) with α = m > 0, m ̸= 1 and the

conditions of above Theorem are valid, then the following estimates hold:

u(x1, x2) ≤ φ(x1, x2)

∞
j=1

1 +


Γj∩Gj+1

βj(x1, x2)φ
m−1(x1, x2) dµφj

 ·

·

1 + (1−m)

x1
0

x2
0

φm−1(σ1, σ2)f(σ1, σ2)dσ1 dσ2

 1
1−m

, for 0 < m < 1; (16)

u(x1, x2) ≤ φ(x1, x2)

∞
j=1

1 +m


Γj∩Gj+1

βj(x1, x2)φ
m−1(x1, x2) dµφj

 ·

·

1− (m− 1)

 ∞
j=1

1 +m


Γj∩Gj+1

βj(x1, x2)φ
m−1(x1, x2) dµφj



m−1

· (17)

·
x1
0

x2
0

φm−1(σ1, σ2)f(σ1, σ2)dσ1 dσ2

 1
1−m

, form > 1

such that

x1
0

x2
0

φm−1(σ1, σ2)f(σ1, σ2)dσ1 dσ2 ≤ 1

m
,

∞
j=1

1 +m


Γj∩Gj+1

βj(x1, x2)φ
m−1(x1, x2) dµφj

 <


1 +

1

m− 1

 1
1−m

. (18)

Proposition 6.
Let us suppose that function u(x1, x2) satisfies inequality

u(x1, x2) ≤ φ̄(x1, x2) + g(x1, x2)


Gn

ψ̄(τ, s)um(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(x1, x2)u
n(x1, x2)dµφj , (19)

where φ̄ is a positive and nondecreasing function, g(x1, x2) ≥ 1, βj(x1, x2) ≥ 0, ψ̄(τ, s) ≥
0; the function u(x1, x2) is nonnegative and has finite jumps on the curves Γj , j =
1, 2, . . . ;m,n > 0. With these conditions the following estimates take place:

u(x1, x2) ≤ φ̄(x1, x2)g(x1, x2)


Ψ−1
i


Di

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


(20)
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∀(x1, x2) ∈ Di :


Di

ψ̄(τ, s)g(τ, s)dτds ∈ (Ψ−1
i ),

Ψi(V ) =

 V

Ci

σ−mdσ, C0 = 1,

Ci =


1 +


Γi∩Gi+1

βi(x1, x2)g
n(x1, x2)φ̄

n−1(x1, x2)dµφi


×

×Ψ−1
i−1


Gi+1\Gi

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


, i = 1, 2, . . . ,

where m = 1

Ψ−1
i (V ) = Ci expV, i = 1, 2, . . . ;

if 0 < m < 1 ∀(x1, x2) ∈ Di :

Ψ−1
i (V ) = (Ci + (1−m)V )

1
1−m , i = 1, 2, . . . ;

if m > 1,

Ψ−1
i (V ) = [Ci − (m− 1)V ]

− 1
m−1 , i = 1, 2, . . . ,

∀(x1, x2) ∈ Di :


Di

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds <
Ci

m− 1
.

Proof. Obviously we have

u(x1, x2)

φ̄(x1, x2)
≤ 1 + g(x1, x2)


Gn

ψ̄(τ, s)

φ̄(τ, s)
um(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(y1, y2)

φ̄(x1, x2)
un(y1, y2)dµφj

≤ g(x1, x2)(1+

+


Gn

ψ̄(τ, s)

φ̄(τ, s)
um(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(y1, y2)

φ̄(x1, x2)
un(y1, y2)dµφj

)

Denoting by:

u∗(x1, x2) :=


1 +


Gn

ψ̄(τ, s)

φ̄(τ, s)
um(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(y1, y2)

φ̄(x1, x2)
un(y1, y2)dµφj

 ,
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then for k > 0 we get

uk(x1, x2) ≤ φ̄k(x1, x2)g
k(x1, x2)u

∗k(x1, x2),⇒

u∗(x1, x2) ≤ 1 +


Gn

ψ̄(τ, s)

φ̄(τ, s)
um(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(y1, y2)

φ̄(y1, y2)
un(y1, y2)dµφj

≤

≤ 1 +


Gn

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds+

+

n−1
j=1


Γj∩Gn

βj(y1, y2)u
∗n(y1, y2)g

n(y1, y2)φ̄
n−1(y1, y2)dµφj

. (21)

If (x1, x2) ∈ D1 from (20) it follows

u∗(x1, x2) ≤ 1 +


G1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds.

Then ∀(x1, x2) ∈ D1

u∗(x1, x2) ≤ Ψ−1
0


G1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


,

Ψ0(V ) =

 V

1

σ−mdσ,

where

a) Ψ−1
0 (V ) = expV, i = 1, 2, . . . , if m = 1;

b) Ψ−1
0 (V ) = (1 + (1−m)V )

1
1−m , i = 1, 2, . . . if 0 < m < 1 ∀(x1, x2) ∈ D1;

c) Ψ−1
0 (V ) = [1− (m− 1)V ]

−1
m−1 , i = 1, 2, . . . if m > 1

∀(x1, x2) ∈ D1 :
G1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds <
1

m− 1
.
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Now if we considerD2, thenG2 = G1
2∪G2

2, G
2
2 = D2∩G2. Obviously ∀(x1, x2) ∈ D2

it results

u∗(x1, x2) ≤ 1 +


G1

2

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds+

+


Γ1∩G2

β1(y1, y2)u
∗n(y1, y2)g

n(y1, y2)φ̄
n−1(y1, y2)dµφj

+

+


G2

2

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds.

Take points Ai(x1i1, x
1
i2) ∈ Γ1 ∩G2, i = 0, . . . , n− 1 and consider inequality

u∗(x1, x2) ≤
n−1
i=0


1 +

 x1
i1

0

 x1
i2

0

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds+

+β1(x
1
i1, x

1
i2)u

∗n(x1i1, x
1
i2)g

n(x1i1, x
1
i2)φ̄

n−1(x1i1, x
1
i2)∆µ

i
φ1
+

+

 x1

x1
i1

 x2

x1
i2

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds


,

where ∆µφi
1

is variation of the measure φ1 on segment AiAi+1. Then, it follows

u∗(x1, x2) ≤
n−1
i=0


Ψ−1

0

 x1
i1

0

 x1
i2

0

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


+

+β1(x
1
i1, x

1
i2)g

n(x1i1, x
1
i2)φ̄

n−1(x1i1, x
1
i2)∆µ

i
φ1
×

×Ψ−1
0

 x1
i1

0

 x1
i2

0

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


+

+

 x1

x1
i1

 x2

x1
i2

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds


≤

≤
n−1
i=0


(1 + β1(x

1
i1, x

1
i2)g

n(x1i1, x
1
i2)φ̄

n−1(x1i1, x
1
i2)∆µ

i
φ1
)×

×


Ψ−1

0

 x1
i1

0

 x1
i2

0

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


+

+

 x1

x1
i1

 x2

x1
i2

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds


.

If 0 ≤ i ≤ n− 1 then in D2 we get:

u∗(x1, x2) ≤ Ψ−1
1


D1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


, (22)
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with

Ψ1(V ) =

 V

C1

σ−mdσ

C1 =


1 +


Γ1∩G2

β1(x1, x2)g
n(x1, x2)φ̄

n−1(x1, x2)dµφi


×

×Ψ−1
0


G2\G1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds


,

where

a) Ψ−1
1 (V ) = C1 expV, i = 1, 2, . . . , m = 1

b) Ψ−1
1 (V ) = (C1 + (1−m)V )

1
1−m , i = 1, 2, . . . , 0 < m < 1 ∀(x1, x2) ∈ D2

c) Ψ−1
1 (V ) = [C1 − (m− 1)V ]

−1
m−1 , i = 1, 2, . . . m > 1

∀(x1, x2) ∈ D2 : 
G1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)dτds <
C1

m− 1
.

From Eq. (22) and the inequality

u(x1, x2) ≤ φ̄(x1, x2)g(x1, x2)u
∗(x1, x2)

it follows that the estimate (20) holds in D2.
Let us suppose (x1, x2) ∈ Dk, G = G1

k+1 ∪ G2
k+2, G

1
k+1 = Dk+1 ∩ G, G2

k+1 =

G \G1
k+1 and consider the domain Dk+1:

u∗(x1, x2) ≤ 1 +


G1

k+1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds+

+


Γk∩G2

βk(y1, y2)u
∗n(y1, y2)g

n(y1, y2)φ̄
n−1(x1, x2)dµφj

+

+


G2

k+1

ψ̄(τ, s)φ̄m−1(τ, s)gm(τ, s)u∗m(τ, s)dτds. (23)

By using the inductive method, if we suppose that (20) is fulfilled in Dk, then from Eq.
(23) we obtain the corresponding estimate in the domainDk+1. So, the estimate (20) holds
for arbitrary (0 ≤ x1 <∞, 0 ≤ x2 <∞). □
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3. Applications

3.1. Lipschitz-type discontinuities. Let us suppose that the evolution of some real pro-
cesses may be described by hyperbolic partial differential equations with impulse pertur-
bations concentrated on the surfaces

∂2u(x1, x2)

∂x1∂x2
= H(x, u(x)), (x1, x2) ∈ Γi,

u(x1, 0) = ϕ1(x1),

u(0, x2) = ϕ2(x2),

ϕ1(0) = ϕ2(0), (24)

∆u|(x1,x2)∈Γi
=


Γi∩Gn

βi(x1, x2)u(x1, x2)dµϕi .

Here ∆u|(x1,x2)∈Γi
are the characterised values of finite jumps u(x)(x = (x1, x2)), when

the solution of (24) meet with hypersurfaces Γi : u(x)∩ Γi. We investigate Eq. (24) in the
domain D∗ ⊂ R2

+ , which was described in the Introduction.
Denoting by ϕ(x1, x2) the boundary conditions in Eq. (24), every solution of Eq. (24),

satisfying the boundary conditions, is also a solution of the Volterra integro-sum equation:

u(x1, x2) = ϕ(x1, x2) +


Gn

H(τ, s, u(τ, s))dτds+

+

n−1
j=1


Γj∩Gn

βj(x1, x2)u(x1, x2)dµφj (25)

Let us suppose that

|H(τ, s, u(τ, s))| ≤ ψ(τ, s)W [|u(τ, s)|], (26)

where ψ(τ, s) ≥ 0, W (σ) ∈ Φ1.

By using the result of proposition 2, we obtain following statement:
Proposition 7. If H(x, u(x)) in (24) satisfies condition (26), then for all solutions of

Eq. (24) the following inequality is valid for all x1 > 0, x2 > 0

|u(x1, x2)| ≤ |ϕ(x1, x2)|Ψ−1
i



Di

ψ(τ, s)

|ϕ(τ, s)|
W [|ϕ(τ, s)|]dτds

 (27)

∀x ∈ Di : 
Di

ψ(τ, s)

|ϕ(τ, s)|
W [|ϕ(τ, s)|]dτds ∈ Dom(Ψ−1

i ),
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where

Ψ0(V1) =

 V1

1

dσ

W (σ)
, Ψi(V1) =

 V1

Ci

dσ1
W (σ1)

i = 1, 2, ...

Ci =

1 +


Γi∩Gi+1

|βi(x1, x2)| dµϕi

Ψ−1
i−1

 
Gi+1\Gi

ψ(τ, s)

|ϕ(τ, s)|
W [|ϕ(τ, s)|]dτds

 .

By using the result of proposition 3 we obtain:
Proposition 8.
If the functionH satisfies (26), whereW belongs to the class of functions Φ1 :W ∈ Φ1,

then all solutions of Eq. (24) satisfy such estimate:

|u(x1, x2)| ≤ |ϕ(x1, x2)|Ψ
−1

j


Dj

ψ(τ, s)dτds

 , ∀j = 0, 1, ...

where

Ψ0(V ) =

 V

1

dσ

W (σ)
, Ψi(V ) =

 V1

C1

dσ

W (σ)
, i = 1, 2, ...

Ci =

1 +


Γi∩Gi+1

|βi(x1, x2)| dµϕi

Ψ
−1

i−1

 
Gi+1\Gi

ψ(τ, s)dτds

 ,

∀x : 0 < x < x∗ :

x∗ = sup
x

x :


Gi+1\Gi

ψ(τ, s)dτds ∈ Dom(Ψ
−1

i ), i = 1, 2, ...

 .

From Proposition 4 the next result follows:

Proposition 9.
Let us suppose that the following conditions hold:

A): |H(x1, x2, u(x1, x2))| ≤ f(x1, x2) |u(x1, x2)|α , α = const > 0, where f is
continuous nonnegative function in R2

+.
B): ∃M = const > 0 : |ϕ(x1, x2)| ≤M.

Then for solutions of Eqs. (24), the following estimates take place:

(1) |u(x1, x2)| ≤M
∞
j=1


1 +


Γi∩Gj+1

|βj(x1, x2)| dµϕi


·

· exp
 x1

0

 x2

0
f(σ1, σ2)dσ1dσ2


, if α = 1;

(2) |u(x1, x2)| ≤M
∞
j=1


1 +


Γi∩Gj+1

|βj(x1, x2)| dµϕi


×

×

1 + (1− α)Mα−1

 x1

0

 x2

0
f(σ1, σ2)dσ1dσ2

 1
1−α ,

if 0 < α < 1;
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(3) |u(x1, x2)| ≤M
∞
j=1


1 +


Γi∩Gj+1

|βj(x1, x2)| dµϕi


×

×


1 + (α− 1)Mα−1


∞
j=1


1+

+

Γi∩Gj+1

|βj(x1, x2)| dµϕi

α−1

×
 x1

0

 x2

0
f(σ1, σ2)dσ1dσ2

− 1
α−1

for α > 1 and arbitrary (x1, x2) ∈ D∗ such that

 x1

0

 x2

0

f(σ1, σ2)dσ1dσ2 <

(α− 1)Mα−1

 ∞
j=1


1+

+


Γi∩Gj+1

|βj(x1, x2)| dµϕi



α−1

−1

.

From Proposition 9 we obtain the following statement:

Proposition 10. Let us consider Eq. (24) under the following conditions:
(1) |H(x1, x2, u(x1, x2))| ≤ ψ(x1, x2) |u(x1, x2)|α;
(2) ∃M = const > 0 : |φ(x1, x2)| ≤M ;
(3) ∃ξ, η :

∞
j=1

1 +


Γi∩Gj+1

|βj(x1, x2)| dµφi

 ≤ ξ <∞;

 x1

0

 x2

0

ψ(σ1, σ2)dσ1dσ2 ≤ η <∞.

Then all solutions u(x1, x2) of Eq. (24) are bounded for 0 < α ≤ 1.
If additionally

∞
j=1

1 +


Γi∩Gj+1

|βj(x1, x2)| dµφi

 <
M1−α

(α− 1)η

all solutions of Eq. (24) are bounded also for α > 1.

3.2. Hölder type discontinuities. Let us consider the following problem:

∂2u(x1, x2)

∂x1∂x2
= F (x, u(x)), x = (x1, x2) ∈ Γi

u(x1, 0) = ψ1(x1)

Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat., Vol. 90, No. 2, A2 (2012) [16 pages]



A2-14 A. M. PICCIRILLO, M. CIARLETTA, AND S. D. BORYSENKO

u(0, x2) = ψ2(x2) (28)

ψ1(0) = ψ2(0)

∆u|x∈Γi =


Γi∩Gn

βi(x)u
m(x)dµϕi , m > 0,

where ∆u|x∈Γi
characterizes the values of discontinuities of solution of (28) when solution

of (28) meets curves Γi : u(x) ∩ Γi. In (28) we suppose that boundary conditions ψi(x)
are bounded, i.e.

|ψ(x1, x2)| ≤M = const. <∞
and F (x, u) satisfies the estimate:

|F (x, u)| ≤ f(x1, x2)|u(x1, x2)|α, (29)

with f ≥ 0, α = const. > 0.
In the particular case m = 1, the equation of problem (28) was investigated in [7], [8],

[16]. By using Propositions 4 and estimates A)–D) we obtain the following statement:
Proposition 11. Let us suppose that for problem (28) the assumptions in Introduction

about curves Γi, domains Bk, Gk and functions φk are valid. Moreover, let F satisfy
inequality (29).

I. Then the following estimates take place:

A′) α = 1, m ≤ 1 ⇒ |u(x1, x2)| ≤M

∞
j=1

1 +Mm−1


Γj∩Gj+1

|β∗
j (x1, x2)| dµφj

 ·

· exp

x1
0

x2
0

f(σ1, σ2)dσ1 dσ2


,

B′) α = 1, m ≥ 1 ⇒ |u(x1, x2)| ≤M

∞
j=1

1 +Mm−1


Γj∩Gj+1

|β∗
j (x1, x2)| dµφj

 ·

· exp

m

x1
0

x2
0

f(σ1, σ2)dσ1 dσ2


,

C ′) 0 < α = m < 1 ⇒ |u(x1, x2)| ≤M

∞
j=1

1 +Mm−1


Γj∩Gj+1

|β∗
j (x1, x2)| dµφj

 ·
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·

1 + (1−m)Mm−1

x1
0

x2
0

f(σ1, σ2)dσ1 dσ2

 1
1−m

,

D′) α = m > 1 ⇒ |u(x1, x2)| ≤M

∞
j=1

1 +mMm−1


Γj∩Gj+1

|β(
j∗)(x1, x2)| dµφj

 ·

·

1− (m− 1)Mm−1

 ∞
j=1

1 +mMm−1


Γj∩Gj+1

|β∗
j (x1, x2)| dµφj



m−1

·

·
x1
0

x2
0

f(σ1, σ2)dσ1 dσ2

− 1
m−1

,

for all x1, x2 > 0 :

x1
0

x2
0

f(σ1, σ2)dσ1 dσ2 ≤ 1

mMm−1
, (30)

∞
j=1

1 +mMm−1


Γj∩Gj+1

|β∗
j (x1, x2)| dµφj

 <


1 +

1

m− 1

 1
1−m

. (31)

II. All solutions u(x1, x2) of (28) are bounded in the cases A′) − C ′) only if the values
∞
j=1


1 +


Γj∩Gj+1

|β∗
j | dµφj


,
x1
0

x2
0

f(σ1, σ2)dσ1 dσ2 are bounded. Referring to the case

D′), (31), (32) guarantee conditions of boundedness for all solutions of (28).
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