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IMPULSIVE WENDROFF’S TYPE INEQUALITIES
AND THEIR APPLICATIONS
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ABSTRACT. Integro-sum inequalities for functions of two independent variables are in-
vestigated. New analogies of Wendroff’s type inequalities for discontinuous functions are
obtained. As applications, some hyperbolic equations with impulse influence are consid-
ered. New conditions of boundedness of solutions are obtained.

1. Introduction

For differential models described by systems of ordinary differential equations with
impulsive influence the method of*“integro-sum” inequalities plays an important role to in-
vestigate the properties of existence, uniqueness, boundness, and stability of solutions for
perturbed systems [1-19]. The generalization of this method and its applications to estimat-
ing the solutions of impulsive hyperbolic differential equations have not been sufficiently
investigated before.

In the present article we found new analogies of Wendroff’s inequality for discontinuous
functions with finite jumps on some curves I'; C Ri and discontinuities of Lipschitz and
non-Lipschitz type. New conditions of boundedness for solutions of impulsive nonlinear
hyperbolic equations are obtained.

A first generalization of Wendroff’s result for discontinuous functions was obtained in
[19]; the most important results in the theory of integral inequalities for discontinuous
functions of several variables were described in [8] (see also [7]).

Our paper is devoted to a generalization of results obtained in [1], [7], [10-12] and is
based on new analogies of the Wendroff-type inequality.

We consider some set D* C R?:

D*=D\T,D=UD;,j=12,..;T=UT;, T; = {(z,y) : 9;(x,y) =0,
J J

j:1,2,...},1“k01“k+1:Q,k:1,27...,

where

@;(x,y) are real-valued continuosly differentiable functions such that grad ¢;(z,y) >
0,forallj =1,2,..;
Dy ={(z,y) 1220, y=0, ¢i(z,y) <0}
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Dy ={(z,y):x>0, y>0, @r_1(x,y) >0, ¢p(z,y) <0, Vk > 2,k € N};
GP:{(U’U):(xvy)eraOSUSJHOSUSyvpeN};
I, is the Lebesgue-Stiltjes measure concentrated on the curves {I',, }.

Let us consider a real-valued nonnegative, discontinuous, nondecreasing function u (z, y)
in D*, which has finite jumps on the curves {I';}.

Let g(z,y) be a positive nondecreasing continuous function in R% , and let us assume
that u(x, y) satisfies the following integro-sum inequality in D*:

u(z,y) < g(z,y) // 7,8, u(T, s des—FZ / (z,y,u(w,y)) dpg, (1)

j= 1F NGp

where @, W, defined in D*, are nonnegative, nondecreasing functions for 3-d argument,
with fixed first and second arguments.
Let the integro-sum equation of the following form be set

n—1
o(z,y) = g(z,y) // 7,8,0(T,s des—i—Z / W (z,y,0(x,y)) dpy, (2)
i=lp.Aa,

where o(z,y) is a nonnegative discontinuous function, which has finite jumps on the
curves {I';}. Then, for x > 0, y > 0 the estimate

u(z,y) < o4(,y) 3)

is valid, where o4(x,y) is some solution of the integro-sum equation (2), continuous in
domain D*, and u(x,y) satisfies the inequality (1). The results of §2 are based on the
estimate (3).

2. Previous results

2.1. Lipschitz-type discontinuities. Let us assume that W = 3;(z, y)u(x,y). Then the
next statement takes place:

Proposition 1. In the following let us assume

def Tory .
Fi(z,y) = / / fi(r,8)drds, i=1,2,3,5 )
o Jo
def n—1
Hﬂj(fvy) = H L+ / ﬂj(xvy)d/itpj : %)
j=1 ;NG

A: The estimate
u(@,y) < g(x,y) exp[Fi (2, 9)] [ [(8;(,)), ©)

lf(b = fl(xay)u(xay)v fl >0: fl € C(R%—)a 6] € C(Rg,-)) \Vlj = 1a25"'7
holds for all (z,y) € D*.
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B: The estimate

u(z,y) < g(z,y)exp[Fa(z, y)]H(ﬁg(fE y)) -

(1+/ / Fo(r8)g (7, ) exp|— FQ(T,S)]des)

holds, if ® = fo(z, y)u(x,y) + f3(x,y), fi > 0, fi € C(R}),i=2,3.

C: The following assertions hold:
i: The estimate
Yy

we) < sen [ |1+0-a [ [ nes

0
- g (7, s)drds] 1/ (e

istrue, if 0 < a < 1, ® = fy(z,y)u*(x,y).
ii: The estimate

w(ey) < gley) [[G@w) [1+ 0 =) [T (B 0)-

Ty -1/(1-a)
) / / fa(T, 5)g> 1 (T, s)des}
o Jo

holds for o« > 1 and for an arbitrary (x,y) € D* such that
Ty
/ / falry8)g™ (r s)drds < (o= D[] (8(w,)]
o Jo

D: The following assertions hold:
i The estimate

u(z,y) < g(z,y) [[(8i(x,y) exp[F5(x,y)] -

-[1+1—a//f673 Y, s) -

]1/(1,Q)

-1

-expl(a — 1) F5(7, 8)]drds

]’lOldeOi"O <a< ]-7 o = f5(93,y)u(l',y) + fﬁ(sc,y)ua(x,y).
ii: The estimate

u(z,y) < glzy) [[(8i(,y)) exp[F5(x,y)] -

.{1+(1704)H 5]:cy//f675 Y9 (T, s) -

-expl(a — 1) F5(T, s)]des} e

is true for « > 1 and arbitrary (x,y) € D* such that

/Ox /Oy fog® " expl(a — 1) Fs]drds < [(a -1 Ha_l(ﬂj(x,y)}

-1
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Remark. The proofs of Propositions 1-5 are similar to the proof of proposition 6, so
we omitted these.

Proposition 2. Let us suppose that function u(xy1,x2) satisfies following integro-sum
inequality in D* :

w(zy, ) < q(ml,x2)+g(m1,x2)/c (1, s)Wu(r, s)]drds +

n—1
+3 [ e, (an

j=1 iNGn

where q(z1,x2) is positive and nondecreasing, g(x1,x2) > 1, Bj(z1,z2) > 0, ¢(7,5) >
0; the function W belongs to the class ®1 of functions such that:

1. W(o102) < W(o1)W (032),Vo1,09 > 0;
2. W 20,00 = [0, 00[, W(0) = 0;
3. W is nondecreasing.

Moreover u(xy, x2) is a nonnegative discontinuous function, which has finite jumps on the
curves {I';},j=1,2,...
Then for arbitrary {0 < z1 < 00, 0 < 29 < 00} the following estimate is fulfilled:

u(wy,22) < g1, 22)g(21, 12)¥ // q(7,8)9(7, 8)|drds (12)

Ve € D; : ff d’((::) q(1,8)g(1, 8)]drds € Dom(¥; ),

%
def do def do )

V = s \IJZ V = 5 :1,2
) / W(o) @) /c G

where V. = (V1,V3), 0 = (01, 02) and

Ci = 1+ / ﬂj(:rl, :vg)g(xl,:cg)du% X
FinGn
S // vl ) Wlg(r, 5)g(r, )|drds
¢ q(7,s)
i+1\Gs

Proposition 3. Let us suppose that nonnegative discontinuous function u(x1,x2),
which has finite jumps on the curves {I';}, satisfies inequality (11), where the function
W belongs to the class ®1 of function such that:

1. W : [0, 00[ = [0, 0] is continuous and nondecreasing;
2. Vt>0, u>0, t~'(W(u)<W(Et tu);
3. W(0)=0.
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If all functions q, g, ¥, B; satisfy the conditions of proposition 2 and q(x1,z2) > 1,
then for arbitrary {0 < z1 < x%, 0 < a9 < 3} the following inequality is justified:

u(xy, x2) < q($1,$2)g($1,x2)\1/;1 //E(T, s)g(r,s)drds p, i=0,1,...
D;

where v v
_ do — do
(V)= —, T(V)=/] — i=12,..
M=) wey M=) e

— 1 —
C,i=1|1+ / Bj(x1,x2)g(x1, x2)dpg, | ¥y //w(r,s)g(r,s)drds ,
I;NG, D;
1

(z7,25) =" =sup z: // (T, 8)g(r,s)drds € Dom (@Z_

Gi+1\G;

(V)), i=1,2,..

2.2. Non-Lipschitz-type discontinuities. Let us consider the following inequality:

w (21, 22) < o (x1,22) + [[ fo1,02) u* (01,02) doy doa+

n

n—1
+ > [ Bj(w, @) u™ (21, 22) dpg,.
Jj=1 Fj mGn

13)

Proposition 4.
Ifthe function w (1, x2) satisfies inequality (13)with f >0, ; >0, a=1, m >
0, then the following estimates are valid:

w(mn ) <o(@nz) [I [ @ (21, 22) B (w1, 72) dpsgs,-
i=1T; NG,
. J NGjt (14)
“eXp [fff("l»@) d01d02:|, if 0<m <1,
00

u(z1,22) < @ (r1,22) 10_01 (1 + [ "N (@, x0) B (@1, 22) dl‘w) :

J=1 LN Gitr (15)
xr1 T2
-exp [mf [ f(o1,09) dal,dag} Jifm > 1.
00
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Proposition 5.
If the function u(z1,x2) satisfies inequality (13) with « = m > 0, m # 1 and the
conditions of above Theorem are valid, then the following estimates hold:

o

u(eran) < ploan) [T |1+ [ B oo™ or,20) du,
J=1 FjﬁGj+1
1
1 T2 1—-m
1+(1—m)//gpmfl(ol,ag)f(ol,og)dal doy , for 0 <m < 1 (16)
00
o
u(z1,72) < (21,72 H / Bj(ar, w2) @™ (w1, 2) dptg,
7=t NGyt
m—1
1—(m—1) H Bj(x1,z2)™ (21, 22) dpy, - (17
=1 ﬂGH—l

r1 T2 1—m

// "oy, 09)f(01,02)doy doy Jform > 1
0

€Tl T2
1
SUChthat//st 1 01,02 f(O'hJQ)dO'l dUg S —,
m
0 0
e L 1 -m
H I+m / Bi(z1,22)0™ (21, 22) dpig; | < <1+m—1> - (18)
j=1

Fj ﬂGj+1

Proposition 6.
Let us suppose that function u(x1, x2) satisfies inequality

u(zy, z2) < @1, x2) +g($1,I2)/G 1/;(7_’ s)u™ (7, s)dTds+

n Z / 81, 2)u (21, 72) (19)
where @ is a positive and nondecreasmgfunction, g(w1,m2) > 1, Bj(z1,22) > 0,(7,8) >

0; the function u(x1,x2) is nonnegative and has finite jumps on the curves I';, j =
1,2,...;m,n > 0. With these conditions the following estimates take place:

u(zy, x2) < @(x1,22)g(x1, T2) ( / 1/) 7,8) (7' s)g" (T, 3)d7’d5> (20)
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Waran) €Dy [ [ dims)ardrds € (07,
14

\I/Z(V) = /C Uime', CO = 1,

i

Ci = <1+/ 51‘(%1,%2)9”(551@2)55”1($1,$2)dﬂw> X
F'ﬂGi+1

X\I/;ll <// o(r,8)e™ (r, S)gm(T,s)des> ,i1=1,2,...,
Gi+1\Gi

where m = 1
U, V) =CiexpV, i=1,2,...;
ifo<m< 1V(I1,JE2) c Dz
USNV) = (Ci+ (1—m)V) T, i = 1,2,

ifm > 1,

V(x1,22) € D; ;/ (7, 8) @™ (1, 8)g™ (7, 8)drds < ——.
D; m—1

Proof. Obviously we have

(:c1,x2) <1+ g(a1,25 /
o(r1,22) ~

n—1

»Ba(y17y2) )

+ / u"(y1,y2)dpy; < g(w1,z2)(1+
Z ;NG @(w1, T2 v

)"
+//cn @E i)

n—1
ﬁj(yl,w)
+ / ————==u"(y1, Y2 )dtyp,)
JZ::I I;NGr P(z1, 22) ’

w* (21, 22) 1= (1+/G

n—1

+Z / Mun(yhgﬂ)dﬂw 5

= Jrina, Pz, 22)

u™ (7, 8)drds+

@ |

u™ (7, s)drds+

Denoting by:

2) u™ (1, s)drds+
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then for k£ > 0 we get
uF (w1, w2) < @ (21, m2) g™ (w1, w2 )u (21, 22), =

u* (w1, x2) < 1—|—/G ?ﬁg:g

—1
+n / 5](91»?/2) u”
= Jrina., Py )

u™ (7, 8)drds+
(Y1, y2)dpyp, <

<1 —l—/ i(T,s)@m_l(ﬁs)gm(T, s)u*™(r, s)drds+
GTI,

n—1
+Z/F y Bi(y1,y2)u™ (1, y2)g"™ (1, y2) 8"~ (y1, y2) dpsg, - 1)
j=1710

If (x1,x2) € Dy from (20) it follows
u (x1,m9) <1 —|—/ (T, s)@m_l(T,s)gm(T,s)u*m(T,s)des.
G1
Then V(x1,x2) € Dy
u*(z1,22) < \I!al </ ’(/_J(’T, s)cﬁm_l(T, s)gm(T,s)des> ,
G1
v
Uo(V) = / o "do,
1

where

a) Uo'(V)=expV, i=1,2,...,if m=1;

) Ug (V)= (1+ (L—m)V)Tm, i=1,2,...if 0<m <1Y(zy,2) € Dy;

&) U (V) =[1— (m—-1DV]7T,i=1,2,...if m>1

- 1
-m—1 m d d .
/ [ G0 ) s <
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Now if we consider Dy, then G, = G3UG2, G2 = D2NG5. Obviously V(z1,z2) € Da
it results

u*(z1,20) <1+ // P(1,8)@™ (T, 8)g™ (1, s)u*™ (7, s)dTds+
+/F . By, y2)u*™ (y1,y2)9" (Y1, y2) 8"~ (y1, y2)dpig, +
1NGa
/ O(7,8)@™ (T, 8)g™ (1, s)u*™ (7, s)drds.
GQ

Take points A;(z},z)) € T1NGe, i =0,...,n — 1 and consider inequality

u* (21, x2) < (1 + o(T, )™ 1(7 $)g™ (1, 8)u™™ (7, 8)drds+
van) <3 0 / /

+B1(zfy, iy U*n(leh9512)9”(%117%12)@”_1(%17xiz)ANZol"‘

/ / b(r,8)p™ T (r, S)Qm(T,S)u*m(T,S)deS),

where A is variation of the measure ¢y on segment A;A; 1. Then, it follows

u (21, m9) < <\I/0 (/ / O(T,8)@™ 1(7 s)g™ (T, s)d7ds>

"‘51 Ty, 32)9”(%1»%12)@” Yaf, o zZ)Auapl

((/ / 98" (7. )g <m>dm5>>
/ / (7, 8)@™ (T, S)Qm(T,S)u*m(T,s)drds>§
<Z<1+5l wh,wh)g" (wh, wh) ¢ (el why) Ay, ) X
([ [ swsns))
o, [ i S)Qm(ﬂs)u*m(T,s)des),

If0 < ¢ <n—1thenin Dy we get:

u (21, x2) < \I/fl (/ i @(T,s)@m_l(ns)gm(r, s)des) , (22)
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A2-10

with
1%

U (V) :/ o "do
Cq
C, = (1+/ 51($1,I2)9n($1,9€2)@n1($1,l’2)dﬂw> X
I'1NGsy
<[] dreen g (rsyards )
G2\G1
where
a) UTHV)=CrexpV,i=1,2,..., m=1
D) U (V)= (Cr+ (1 —m)V)Tm, i=1,2,..., 0<m < 1V(x1,25) € Dy

—1

) UTHV)=[Cr—(m—1DV]7 T, i=12... m>1

V(.Z‘l,.lig) S D2 :

_ o Cl
m—1 m d d .
/ [ G0 )y s <

From Eq. (22) and the inequality
u(z1,72) < 9(w1, v2)g(T1, T2)U" (71, 72)

it follows that the estimate (20) holds in Ds.
Let us suppose (21,22) € Dy, G = G}, UGy, Gy = Dia NG, GEyy =

G\ G} 1 and consider the domain Dy 1:

w* (e, 22) < 1+ / / B, )™ (1, 8)g™ (7, s)u™ (7, s)drds +
Gl

k+1

4 / By, y2)u™ (y1, 92)g" (1, y2)@" (@1, w2)dpy, +
I'.NGo

-|-//G2 1/_)(7'75)@"1_1(7'73)9"1(7, $)u* (7, s)drds. (23)

k+1
By using the inductive method, if we suppose that (20) is fulfilled in Dy, then from Eq.
(23) we obtain the corresponding estimate in the domain Dy ;. So, the estimate (20) holds

for arbitrary (0 < z1 < 00, 0 < zg < 00). O
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3. Applications

3.1. Lipschitz-type discontinuities. Let us suppose that the evolution of some real pro-
cesses may be described by hyperbolic partial differential equations with impulse pertur-
bations concentrated on the surfaces

Ou(zy,x
W = H(z,u(x)), (z1,22) €T}y,
u(@1,0) = (@),
uw(0,73) = a(w2),
(Z)l(O) = ¢2(0), (24)

Au‘(m,ajz)ef‘i :/I‘ ﬁi(a:1,x2)u(ac1,a:2)du¢i.

iNGrn
Here Aul,, ..)er, are the characterised values of finite jumps u(z)(z = (21, 22)), when
the solution of (24) meet with hypersurfaces I'; : u(z) N T';. We investigate Eq. (24) in the
domain D* C R2 , which was described in the Introduction.
Denoting by ¢(z1,z2) the boundary conditions in Eq. (24), every solution of Eq. (24),
satisfying the boundary conditions, is also a solution of the Volterra integro-sum equation:

u(ry,x2) = ¢(w1,x2)+//H(T,s,u(7',s))d7ds+
Gn

n—1
+ Z / Bj (w1, x2)u(w1, 2)dpty, (25)
J=1 FjﬂGn
Let us suppose that
[H(7,s,u(r,s))] < (7, s)Wllu(7, )], (26)

where ¢(7,s) > 0, W(o) € ®.

By using the result of proposition 2, we obtain following statement:
Proposition 7. If H(x,u(x)) in (24) satisfies condition (26), then for all solutions of
Eq. (24) the following inequality is valid for all x1 > 0,5 > 0

lu(zy, z2)| < |Pp(x1,22)] \I/Z.—l // @E:j))'WHqS(T,s)HdeS 27)
D;

Ve e D :

1/)(7'75) -1
Z/ |(Z)(T7S)|W[|¢(T7S)|]d7-d8 € Dom(¥; ),
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where

1% 1%
v do 1 do )
Yo (V1) = W) Wi (V1) :/C W(all) i=1,2,..

o= |1+ [ el | v | [[ STt slrds
IinGiga Gi+1\Gi
By using the result of proposition 3 we obtain:
Proposition 8.
If the function H satisfies (26), where W belongs to the class of functions ®1 : W € &,
then all solutions of Eq. (24) satisfy such estimate:

— 1 .
fu(zy, 22)] < |61, 22)| T / / O(r,s)drds | . Wi =0,1,..
D.

where
— i do
To(V) = / , V) = . i=1,2, ...
0( ) L ( ) o W(O’)
C; = |1+ |Bi (1, z2)| dpeg, @;11 / W(r,s)drds | ,
r; ﬁG1+1 Gi+1\G:

Ve:0<x<ax*

¥ =sup x: // P(T,8)drds € Dom(@i_l)7 i=1,2,..
: Gip1\Gi
From Proposition 4 the next result follows:
Proposition 9.
Let us suppose that the following conditions hold:
A): |H(z1,22,u(z1,22))| < flo1,22) [u(x1,22)|", @ = const > 0, where f is

continuous nonnegative function in Ri.
B): IM = const > 0: |¢(x1,22)| < M.
Then for solutions of Egs. (24), the following estimates take place:
(1) Jur, )| < M T (14 Jring, . 18i(@n @)l dpsg, ) -
-exp [ Ozl Oxz f(al,ag)daldo*z] Jifa=1;

@ fuas,a)| < MIT (14 fr.n,., 180,22 di, )
-

X [1 +(1—a)Mat foxl Oxz f(o1, O'Q)dO'ldO'g} T
if0<a<l;
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IMPULSIVE WENDROFF’S TYPE INEQUALITIES AND THEIR APPLICATIONS A2-13

O fulor,2)| < ML (14 fr e, 185 (o0, 2) disg, )
]:

[ee]

X {1+(a—1)M“_1 [1‘[ (1+

j=1

a—1
s, oo dis )|

1
a—1

X 011 Omg f(O'l, 0'2)d0’1d0’2}

for o >1 and arbitrary (x1,22) € D* such that
Z1 T2 -
/ / flo1,09)dordoy < (a—1) Mol H (1Jr
o Jo |
J=1

+ / 1B (21, 22)| dpg,
FiﬁGj+1

From Proposition 9 we obtain the following statement:

Proposition 10. Let us consider Eq. (24) under the following conditions:

(1) [H(x1, w2, u(z1,22))| < (21, 22) [u(er, 22)|%;
(2) 3M = const > 0: |p(z1,x2)| < M;

(3) 3,7 :

{1+ [ Bl | <¢<o
J=1 FiﬁG]‘+1

X1 )
/ / Y(o1,09)dordos < n < oo.
o Jo

Then all solutions u(x1,x2) of Eq. (24) are bounded for 0 < o < 1.

If additionally
00 Ml—a
I+ / 1) (@1, @) dpig, | <
i (a—=T1)n

FmGj_H
all solutions of Eq. (24) are bounded also for o > 1.

3.2. Holder type discontinuities. Let us consider the following problem:

0%u(xy, x0)

0x10x4 = F(z,u(®)), = (z1,22) €T;

u(z1,0) = 1 (21)
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u(0,22) = Y2(x2) (28)
1/Jl(o) = 1/)2(0)

Aulper, = / B, (@)™ (@) dpig,, m > 0,
;NG

where Au|,cr, characterizes the values of discontinuities of solution of (28) when solution
of (28) meets curves I'; : u(x) NT;. In (28) we suppose that boundary conditions 1, (z)
are bounded, i.e.

[t(z1,22)] < M = const. < oo
and F'(x,u) satisfies the estimate:

|F(‘T?u)| < f(x17x2)|u(x1,z2)|a, (29)

with f > 0, o = const. > 0.

In the particular case m = 1, the equation of problem (28) was investigated in [7], [8],
[16]. By using Propositions 4 and estimates A)-D) we obtain the following statement:

Proposition 11. Let us suppose that for problem (28) the assumptions in Introduction
about curves T';, domains By, Gy and functions @y, are valid. Moreover, let F satisfy
inequality (29).

L. Then the following estimates take place:

oo

A a=1,m<1= |u(zy,z2)| H 14+ Mm L / \ﬁ;(xl,xgﬂdug,j

FJ‘ ﬂGj+1

1 T2
- exp fff(01,02)d01d02},
00

B) a=1,m>1= |u(z,z)| <M H 1+ Mmt / 187 (x1, 22)| dpty,

ijGj+1

cexp [m [ [ f(o1,02)doy dog],
00

Cl) 0<a:m<1é|u(x1,x2 < H 1+M™ ! / \5;(x1,x2)|d,u%

NGy
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1

1 T2 i—m
1+( Mm 1f ff 01,02)d01d02:| 5

D) a=m>1= |u(x, )] H 1+mMm™t / |6§*)(m1,x2)|du%

FjﬂGj+1

1= =0yt | [T | vemdmt [ 155w du,

Jj=1

ijGj+1
_ 1
T T2 m—1
//f 01,02)doy doy ,
0 0
forall x1,29 > 0:
1 T2

f 0'1,0'2)d0’1 dO’Q <

< (30)

o

/

0 1 T—m
[T {1+mym [ el | < (1+25) 7 o
J=1 FjﬂGj+1

II. All solutions u(x1,x2) of (28) are bounded in the cases A') — C') only if the values
S Z1 T2

[T\1+ [ 1Bilduy; |, [ [ flor,02)doy dog are bounded. Referring to the case
j=1 ;NG 00
D’), (31), (32) guarantee conditions of boundedness for all solutions of (28).
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