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ON THE OBJECTIVITY OF TIME DERIVATIVES

TaMAs MatoLcst [@ AND PETER VAN [P]#

ABSTRACT. A four-dimensional treatment of nonrelativistic space-time gives a natural
frame to deal with objective time derivatives. In this framework some well known objective
time derivatives of continuum mechanics appear as Lie-derivatives. Their coordinatized
forms depends on the tensorial properties of the relevant physical quantities.

1. Introduction

Objectivity plays a fundamental role in continuum physics. Its usual definition is based
on time-dependent Euclidean transformations. Some problems arise from it which mainly
concern quantities containing derivatives; they take their origin from the fact that objectiv-
ity is defined for three-dimensional vectors but differentiation — with respect to time and
space together — results in a four-dimensional covector. Using a four-dimensional setting,
we have extended the notion of objectivity [1] which puts the objectivity of material time
derivatives into new light.

More closely, g + v - V is usually considered to be material time derivation. This
applied to scalars results in scalars but applied to an objective vector does not result in an
objective vector; that is why it is usually stated that this operation is not objective. One of
the most important aspects of our four-dimensional treatment is the existence of a covariant
derivation in nonrelativistic space-time which results in that the correct form of material
time derivation for vectors depends on the observer. For a rotating observer the material
time derivative is dp + v - V 4+ Q where €2 is the angular velocity (vorticity) of the observer.

From a mathematical point of view, €2 is a component of the four-dimensional Christof-
fel symbols corresponding to the observer. In the usual three-dimensional treatment four-
dimensional Christoffel symbols cannot appear. As a consequence, one looks for ‘objective
time derivatives’ in such a way that Jy+ v - V is supplemented by some terms for getting an
objective operation which does not involve Christoffel symbols and contains only partial
derivatives. This is how one obtains the ‘lower convected time derivative’, the ‘upper con-
vected time derivative’ and the Jaumann or ‘corotational time derivative’, as it is written
in several textbooks and monographs of continuum mechanics (e.g. [2, 3]) and especially
of rheology (e.g. [4, 5]). The corotational time derivative was first introduced by Jaumann
[6], and the convected derivatives by Oldroyd [7]. In the present paper we investigate these
derivatives from a four-dimensional point of view.
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2. Fundamentals of nonrelativistic space-time model

In this section some notions and results of the nonrelativistic space-time model as a
mathematical structure [8, 9] will be recapitulated.

2.1. The structure of nonrelativistic space-time model. A nonrelativistic space-time
model consists of

— the space-time M, a four-dimensional oriented affine space over the vector space M,

— the absolute time I, a one-dimensional oriented affine space over the vector space I
(measure line of time periods),

— the time evaluation T: M — I, an affine surjection over the linear map 7: M —1,

— the measure line of distances D, a one dimensional oriented vector space,

— the Euclidean structure : E x E — D ® D, (q,p) — q - p, a positive definite
symmetric bilinear map where

E =KerrC M

is the (three-dimensional) linear subspace of spacelike vectors.

The time-lapse between the world points = and y is 7(z) — 7(y) = 7(x — y). Two
world points are simultaneous if the time-lapse between them is zero. The difference of
two simultaneous world points is a spacelike vector.

The length of the spacelike vector q is |q| := /q - q.

The dual of M, denoted by M*, is the vector space of linear maps M — R. Elements
of M* are called covectors. In a similar way, the dual of E is E*.

If K € M* ie. K: M — R is a linear map, then its restriction to E, is an element of
E*, denoted by K - i which we call the absolute spacelike component of K.

Note the important fact that the Euclidean structure allows us the identification E* =
%. On the other hand, no similar identification is possible for M* because there is
no Euclidean or pseudo-Euclidean structure on M. (In coordinates: an element q of E
is coordinatized as ¢ for i = 1,2,3 and ¢; = ¢’ can be written. On the other hand, an
element x of M, x ¢ E is coordinatized as z® for o = 0, 1, 2, 3 and z,, is not meaningful.
Moreover, an element K of M* is coordinatized as K, for « = 0,1,2,3 and K* = K,
can be written for o = 1,2, 3 but K is not meaningful.) The careful distinction of space-
time vectors and covectors is essential: there is no canonical way to identify them.

2.2. Differentiation. The affine structure of space-time implies the existence of an abso-
lute differentiation (in the language of manifolds: a distinguished covariant differentiation).

If V is a finite dimensional affine space over the vector space V, thenamap A : M — V
is differentiable at x if there is a linear map (DA)(z) : M — V — the derivative of A at x

—such that
L Aly) AW ~ DA 1) _,
y—e ly — ]

where || || is an arbitrary norm on M.

As a consequence of the structure of our space-time model, the partial time derivative
of A : M — V makes no sense. On the other hand, the spacelike derivative of A is
meaningful because the spacelike vectors form a linear subspace in M: (VA)(z) is the
derivative of the function E — V, q — A(x + q) at zero. It is evident then that (VA)(x)
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is the restriction of the linear map (DA)(z) onto E. Using the customary identification of
linear maps as tensors, we can consider

DA(z) e Vo M, (DA (x) eM* @V

such that
x - (DA)*(z) := DA(z)x € V, (DA)* (z)w € M*

forx e Mandw € V*.
Accordingly,

(1) (VA)(z) e VR E*, (VA)*(z) e E* ®V,

q- (VA*(z) = (VA)(z)g eV, (VA (z)w e E*

forqe Eand w € V*,
In particular,

— the derivative of a scalar field f : M — R is a covector field, D f(x) € M*,
e its spacelike derivative is a spacelike covector field, V f(z) € E*;
— the derivative of a vector field C : M — M is a mixed tensor field, (DC)(z) €
M ® M* whose transpose is (DC)*(z) € M* @ M,
e its spacelike derivative is a mixed tensor field, (VC)(z) € M ® E* whose
transpose is (VC)*(z) € E* @ M,
— the spacelike derivative of a spacelike vector field ¢ : M — E is a mixed spacelike
tensor field, (Vc)(z) € E ® E* whose transpose is (Vc)*(z) € E* @ E.
— the derivative of a covector field K : M — M* is a cotensor field, (DK)(z) €
M* ® M* whose transpose is (DK)*(z) € M* @ M*.
Note that both the derivative of a covector field and its transpose are in M* @ M*. Thus,
we can define the antisymmetric derivative of K,

(D AK)(x) := (DK)" () — (DK) (x).

On the contrary, the antisymmetric derivative of a vector field C : M — M, in general,
does not make sense. The antisymmetric spacelike derivative of a spacelike vector field
c : M — E*, however, can be defined because the identification E* = % implies
E® E* = E* ® E, so we can put

(VAe)(z) = (Ve) (z) — (Ve)(x).

3. Observers

3.1. Absolute velocity. The history of a classical masspoint is described by a world line
Sfunction, a twice continuously differentiable function r : I — M such that 7(r(t)) = ¢ for
all t € I. A world line is the range of a world line function; a world line is a curve in M.

If r is a world line function, then 7(7(¢)) = 1, therefore why we call the elements of
the set

V(1) = {u e ¥ (u) = 1}
E

absolute velocities. V (1) is a three dimensional affine space over 7.
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3.2. Rigid observers. An observer, from a physical point of view, is a ‘continuous set of
material points’. Such a ‘continuous body’ can be characterized by assigning to any world
point the absolute velocity of the particle at that point, i.e. by an absolute velocity field.
Thus we accept that an observer is a smooth map

U:M—V(1).

The integral curves of U are world lines, representing the histories of the material points
that the observer is constituted of. Thus it is quite evident that a maximal integral curve of
U is a space point of the observer. The set of the maximal integral curves is the space of
the observer, briefly the U-space.

Keep in mind the most important — but trivial — fact concerning observers: a space point
of an observer is a curve in space-time.

Observers and their spaces are well defined simple and straightforward notions. The
spaces of different observers are evidently different.

For an observer U, we denote by g, the world line function whose range is the U-space
point containing the world point z, i.e.

dq.(t)
b U(gx(t)), (7 (2)) = 2.
U is rigid if the distance of any two of its space points is time independent: given x, y
arbitrarily, then |g, (t) — ¢y (t)| = |z (s) — gy(s)| for all instants ¢, s.
It can be shown ([9], Chapter 1.4) that the observer U is rigid if and only if for all
t,t, € I there is a rotation R(¢,¢,) in E such that

2) qgco-i—q(t) — Qx, (t) = R(t, to)q (T(zo) =t5,q€E, )
Then putting R(t, t,) := %

E®E*
I

is independent of t; it is the angular velocity of the rigid observer at the instant ¢. It is
easy to show that () is antisymmetric, moreover,

3 Uz +q)-Ux) =Q(7(z))g (z€ M,qeE),

which implies that VU (x) = (7 (x)): the spacelike derivative of the rigid observer is its
angular velocity which is a spacelike antisymmetric tensor.

Since the spacelike derivative of U is antisymmetric, we have VU(z) = —1(V A
U)(z). This supports that later (19) is considered as the angular velocity of an arbitrary
(non-necessarily rigid) continuum.

An important particular rigid observer is the inertial observer, when U(x) = const, so
R is the identity of E and VU (z) = 0.

Qt) == R(t, to)R(t, 1)L €

3.3. Splitting of space-time by rigid observers. Let us consider an observer U. For
every world point x there is a unique U-space point (world line, representing a point of the
observer) containing x (the range of the world line function ¢, ). Accordingly, the observer
perceives the world point x as a couple of its absolute instant 7(z) and the corresponding
U-space point. We say that the observer splits space-time into the Cartesian product of
time and U-space.
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Since U-space is not a simple mathematical object, in general, the splitting of space-
time by U is not simple either. To overcome this uneasiness, we consider vectorized split-
tings in which U-space is represented by E as follows.

Let U be a rigid observer and let o be a world point, conceived as a chosen ‘origin’ in
space-time. Then a space point of the observer will be represented by the spacelike vector
which is the difference between o and the simultaneous world point of the space point in
question. More closely, the U-space point (world line) containing the world point 2 will
be represented by ¢, (7(0)) — 0. To get explicitly how ¢, (7(0)) — o depends on z, let us
put z, := 0, q := ¢(7(0)) —oand t = 7(x) in (2) (then 7(0) = t,) and take into account
that g, (+,)(7(x)) = @; in this way we obtain the vectorized splitting in the form

) H:M—-IxE, z+ (T(x),R(T(:C))_l(x - qO(T(x))).

Here and in the sequel, for the sake of brevity, R(¢) := R(¢, ).

The observer splits M, too, by the derivative of this space-time splitting.

Differentiating R(7(2)) ™! by  we get —R(7(2)) 'R (7(x))R(7(2)) ", taking into
account ¢, (7(z)) = U(go(7(x)) and the basic properties of world line functions we find
that the vectorized splitting has the derivative

T

%) DH(z) = (R(T(l‘))l(lU(I)@T)) -M—-IxE
where 1 is the identity of M.

Note that restricting DH (') onto E, we obtain VH (z) = (0, R(7(x))~1!); further we
omit the zero component, thus we consider that

VH(z) =R(r(z))"': E — E.

The inverse of the splitting is

(6) H™'=P:IxE—M, (taq)— ¢ +R()a,
whose partial derivatives are obtained easily:
OP(t, .
@ ooP(ta) = PPED U, (1) + Rty = U(P( ).
OP(t,
®) vra) = Y - R,

The derivative of P is the couple of the partial derivatives. Differentiating the equality
H(P(t,q)) = (t,q), we deduce

) (aop, VP) = (DH(P))™.

3.4. Relative form of absolute physical quantities. Using the splitting of M and M,
a rigid observer U represents physical quantities — functions defined in space-time — as
functions defined in time and U-space. The splitting of the space-time functions gives
their U-relative form, the usual field quantities defined on time and space.

The U-relative form of a scalar field f : M — R is

(10) fo : IXE—=R, (t,q)— f(P({q)),
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briefly: f, = f(P).
The U-relative form of a vector field C : M — M is

C,:IxE—IxE, (tq)— DH(P(tq))C(P(tq)).

Using (5) and an abbreviated notation, we have

TC(P)
an Cy = (Rl(C(P) - U(P)TC(P))>

In particular, a spacelike vector field ¢ : M — E has the U-relative form (the trivial
zero component omitted)

(12) c, = R7'c(P).
Similarly, a spacelike tensor field f : M — E ® E* has the U-relative form
(13) f, = R™!f(P)R.
The U-relative form of a covector field K : M — M* is
K, := (DH(P)) ') K(P)=K(P)(DH(P)) ™' : I x E - I* x E*;
by (9), (7) and (8), we find

(14) K, =K(P)- (aop, VP) = (K(P) - U(P), (K(P) - i)R)

(recall that K - i denotes the absolute spacelike component of K, the restriction of K onto
E). Note that the spacelike component can be written in the form R~} (K(P) - i), too,
because for an orthogonal map we have R* = R™1.

As a consequence one may calculate the U-relative form of second order tensors easily.
For example, a mixed tensor field F : M — E ® M* has the U-relative form

15) F, = (RlF(P) -U(P),R"YF(P) - i)R).

3.5. Relative form of absolute derivatives. The derivative D f of a scalar field f is a
covector field, thus its U-relative form is

(16) (Df), = Df(P)- (aoP, VP) _ (aofU,VfU).

The derivative Dc of a spacelike vector field c is a mixed tensor field, so differentiating
(12) and applying (15), we get

a7 (De)y = ((80 + QU)chcU)

where Q,, := R™'QR = R 'R is the relative form of the angular velocity of the ob-
server.
As a consequence,

(18) (Ve)y, = Vey.
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4. Continuous media

A continuum, from a physical point of view, is a ‘continuous set of material points’.
The history of such a ‘continuous body’ can be described by an absolute velocity field
u: M — V(1) which is supposed to be twice differentiable.

Note that both an observer and a continuum are given by an absolute velocity field.
Keep in mind that majuscule U will refer to an observer (an ‘observing body’), minuscule
u will refer to a continuum (a ‘body to be observed’). An observer is mostly supposed to
be rigid, a continuum is never rigid. An observer has no other property besides its velocity
field, a continuum has other characteristics, too: density, stress, temperature, etc.

4.1. Velocity fields. Recall that V(1) is an affine space over £, thus
— the derivative of an absolute velocity field u : M — V(1) is a mixed tensor field,
(Du)(z) € E ® M* having the transpose (Du)*(z) € M* ® £.
— the spacelike derivative of u is a mixed spacelike tensor field, (Vu)(x) € % QE*
having the transpose (Vu)*(z) € E* ® £.
In view of the identification E* = D(’%, both (Vu)(x) and (Vu)*(z) are considered
to be in g Eﬁ@gw thus the antisymmetric spacelike derivative of u makes sense, too: (V A
u)(x) := (Vu)*(z) — (Vu)(z). According to the end of Subsection 3.2, we can interpret
1
2
as the angular velocity (vorticity) of the continuum at the world point z.
Now let us consider a rigid observer U which ‘observes’ the continuum u. We deduce
from (11) that the U-relative form of u is

(19) (VAu)(x)

20) Uy (t, Q) = (VU é’ Q))
where
Q1) vy =R7!(u(P) - U(P))

is the U-relative velocity field.
Then we derive that

(22) Vv, =R((Vu)(P)VP — (VU)(P)VP)

from which, taking into account that Vu is a spacelike tensor and using (8) and (13), we
have

(23) (Vu)y, = Vv, +Q, or (Vu)] =(Vvy) —Qy.

4.2. The flow of a continuum. A velocity field u, by the solution of differential equation
% = u(x), generates a flow, the map

IXxM— M, (tx)— T(z)
such that
th(I)

24) It

=u(T¢(x)), YTo(z) = .
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Thus, t — Ty_(5)(x) is a world line function of u, describing the history of a particle
of the continuum.

It is well known from the theory of differential equations [10] that for any fixed t the
map M — M, z — 7Y¢(x) is a twice differentiable bijection whose inverse is twice
differentiable, too (it is a diffeomorphism). Consequently, its derivative DY¢(x) := %‘éx)
is a linear bijection M — M (an element of M ® M*). Note that DYy (x) is the identity
of M.

The order of differentiations can be interchanged, thus

dt

The customary notions regarding the kinematics of the continuum are connected to the
U-relative form of the flow. According to the previous general case a rigid observer splits
the flow of the continuum into the duration t of the motion, the time elapsed from the
initial instant, and the motion function x [11], the relative position of the particles of the
continuum in the space of the rigid observer:

(Te)y : I xE - IxE, (t,X)— DH(P(t,X))Ye(P(t,X)).

(25) l—o = Du(x).

With the customary and shortened notation one can get
(Te)y (. X) = (7(Te), R™HTe — UT(Ty))) =: (£, xe(X)).

The spacelike part of the domain of the U-relative flow is called reference configuration,
because yo(X) = X as a consequence of the second formula of (24). Let us note that the
spacelike component of the flow, the motion function, is a relative notion, depends on the
observer [12]. Similarly, the usual concepts of body and material manifold of continuum
physics (see e.g. [11, 13]) are relative, too.

5. Time derivatives

In this section we consider a continuum having the absolute velocity field u.

5.1. Material time derivative. Let a physical quantity be described by A : M — V
where V' is a finite dimensional affine space. The function t — A(Y¢(z)) is the change in
time of the quantity along an integral curve i.e. at a particle of the continuum. We have by
the chain rule that
dA(Te(z))
dt
It is a matter of course that we call Dy A = (DA) - u the material time derivative of A
with respect to u. Clearly, this is an absolute object, not depending on any observer.
The U-relative form of the material time derivative of a scalar field f : M — R is
obtained by (16) and (20):

(Duf)u = (Df ’ u)U = (Df)U ’ (u)U = (80 +Vy - V)fU
The U-relative form of the material time derivative of a spacelike vector field c : M —
E is obtained by (17) and (20):

(26) (Duc)y = ((Dc) - u)U = (Dc)y - (u)y = (00 + 2y + vy - V)cy.

lt=0 = DA(2) - u(z) = u(z) - (DA)*(z) =: (Dud)().
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We emphasize that material time differentiation is absolute (objective), does not depend
on any observer and its correct relative form by a rigid observer for absolute spacelike
vector fields is 0y + 2, + v, - V. The non-objective Oy + v, - V is not the relative form
of the material time differentiation for spacelike vector fields [1].

5.2. Traditional convected time derivatives.

5.2.1. Upper convected time derivative. Now we have to make a remark. Let N be an
affine space and let H : M — N be a diffeomorphism. Then the vector field C : M — M
is sent by H to the vector field N — N, y — DH (y)C(H ~*(y)). This formula is applied
when defining the split form (11) of a vector field and offers itself for the flow generated
by the velocity field, H replaced with T 1
Thus, instead of t — C(T(x)), it seems preferable to consider

t — (DY¢(z))"1C(Y¢(z)) as the change in time of the vector field along a particle of the
continuum. Since

d(DY¢(z))"" ~1dDT¢(x) 1
B v —(DY¢(z)) T(DTt(x)) ,
SO

L, C is known in differential geometry as the Lie derivative of C by u [14].
The first term of the Lie derivative is just the material time derivative.
For a spacelike vector field ¢ : M — E we have

(28) Lyc =Dyc—c- (Vu)*.
The U-relative form of the Lie derivative of the spacelike vector field c is
(LUC)U :(80 + QU +Vy - V)CU —Cy- ((VVU)* - QU) =
(29) :(80 + vy - V)CU —Cy - (VVU)*
which is exactly the known form of the upper convected time derivative.

Thus, the upper convected time derivative of a spacelike vector field is just its Lie de-
rivative by the velocity field of the continuum.

5.2.2. Lower convected time derivatives. An argument similar to that in the previous Sub-
section yields that, instead of t — K(Y¢(z)), it seems preferable to consider t +—
(DY¢(z))*K(Y¢(x)) as the change in time of the covector field K : M — M* along
a particle of the continuum. Then we find

d(DY¢(2))"K(Te(x))
dt

(30) = u(z)(DK)"(2) + (Du)*(z)K(z) =: (LuK)(z)
t=0

L, K is known in differential geometry as the Lie derivative of K by u.

The first term of the Lie derivative is just the material time derivative.

Recall that (Du)*(z) is in M* ® £, therefore the second term can be written in the

form (Du)*(x)K(z) - i where K(z) - i is the absolute spacelike part of the covector field.
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As a consequence, taking the absolute spacelike part of (30) and putting k := K - i for the
sake of brevity, we have

(€20 (Lyk) -i=Dyk + (Vu)*k.

The U-relative form of the spacelike part of the Lie derivative of k is
(32) (Luk) 1) =(00 + Ry + vy - V)ky + (Vvy)" = Qy )k, =
(33) :(80 Ty V)kU + (VVU)* : kU

which is exactly the known form of the lower convected time derivative.
Thus, the lower convected time derivative of the spacelike part of a covector field is just
its Lie derivative by the velocity field of the continuum.

5.2.3. Jaumann derivative. According to the identification E* = %, a spacelike vector
field can be considered as a covector field and vice versa. Thus, we can form both the lower
convected time derivative and the upper convected time derivative of a spacelike vector
field c. In this way we obtain the Jaumann derivative:

1 A
(34) Juc = 5 (Lyc + (Luyc®) -i) = Dyc + Vv 5 uc
whose relative form, according to an observer U, is
VAV
(Juc), = (00 + vy - V)ey + 5 Zcy.

The Jaumann derivative, alternatively, is called the ‘corotational time derivative’ be-
cause it is usually stated that the Jaumann derivative is the time derivative with respect to
an observer corotating with the continuum.

The Jaumann derivative, however, is an absolute object, i.e. independent of any ob-
servers, so we have to give a sense to the above statement, if possible.

First of all note, that a rigid observer cannot corotate totally with the continuum because
the angular velocity of a rigid observer depends only on time (is the same for all simulta-
neous world points) whereas the angular velocity of a (non-rigid) continuum depends on
space-time (is different, in general, for simultaneous space-time points).

Choosing a single particle of the continuum, we can define a rigid observer corotat-
ing with the continuum around this particle only, in other words, the space origin of the
observer is that particle and it has angular velocity equalling the angular velocity of the
continuum at that particle. More closely, choosing a single particle of the continuum de-
scribed by the world line function ¢ — 7,(t) := T;_,(4)(0) for a given world point o, we
put

(35) Q,(f) = — VAW (t) “;(ro(t))
and the rigid observer corotating with the continuum around the chosen particle will be
(36) Uo(2) := u(ro(7())) + Qo(7(2)) (& = 1o(7(2)).

_ The rotation of this observer is obtained as the solution of the differential equation
R, = Q,R, with the initial value R(7(0)) = idg.
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Then for a spacelike vector field ¢ we find by (12) that
docy, = ~R,'RoR,'c(P,) + R, H(De)(P) - U(R,) = —(Qc)y, + (Du,c)y,
and (see (34))

VA
37) (Ju€), = (Due)y, + < uc> :
o 0 2
U,
According to our choice, P, (t,0) = r,(t) (see (6)), thus (35) and U, (r,(t)) = u(r,(t))
result in

(38) docy, (£,0) = (Juc),_(t,0):

— the partial time derivative of the U, -relative form
— the U,-relative form of the Jaumann derivative

of a spacelike vector field are equal at the given particle around which the observer coro-
tates with the continuum.

6. Summary and Discussion

In this paper we investigated objective time derivatives of continuum physics in a four-
dimensional setting. Our analysis was based on a reference frame independent nonrela-
tivistic space-time model in which time is absolote but is not embedded into space-time.

Within this space-time model objectivity (frame independence) is formulated by the use
of absolute objects — four-vectors, covectors, tensors, etc. — not referring to any observer.
Of course, observers are defined in this theory, and detailed formulae are given, how space-
time is split into time and space by a rotating observer and how absolute objects are split
into time- and spacelike components.

Considering continuous media, we have defined material time differentiation in an abso-
lute form (not depending on observers). Its correct relative form corresponding to a rotating
observer U is dy + vy - V only for scalars; for spacelike vectors it is 0y + Qy + vy - V.

Notions of differential geometry (as e.g. Lie derivatives or Christoffel symbols) are tools
of formulating the general principles of continuum mechanics [15] and are also important
in modeling the microstructure [16, 17]. In most of the such investigations the geometry
is related only to the three dimensional space, space-time is considered as the Cartesian
product of time and space. Some recent treatments introduce non-relativistic space-time
with geometrical notions, as a simple fibre bundle [18]. The few existing four-dimensional
treatments (e.g. [19, 20]) do not consider the problem of objectivity and objective time
derivatives. Actually, these four-dimensional investigations in nonrelativistic continuum
physics are considered as something exotic that can give aesthetic formulations, but the re-
sults can be understood on other ways, too. Our treatment shows that the four-dimensional
structure is essential, it cannot be avoided with any reference to e.g. ’instantanous trans-
formations’. In a previous paper we have argued that objectivity cannot be formulated
properly in three dimensions because the proper transformation of physical quantities be-
tween time dependent (e.g. rotating) reference frames require the use of four-dimensional
Christoffel symbols [1].
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