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ABSTRACT. The formulation of the lemma of Zariski is given for coactions of a class of
Hopf algebras of the additive group on algebras. Known formulations and consequences
of the lemma of Zariski for derivations and differentiations are revised.

Introduction

The first formulation of the so-called lemma of Zariski is given for a derivation of a ring
A containing the field of rational numbers Q. Precisely the existence of an element y of A
such that, if D is a derivation of A, then D(y) = 1 is postulated ([15], [3], [4]). This fact
gives as a consequence information about the submodule AP = {a € A|D(a) = 0} of
the constants of A with respect to the derivation D and about properties of the element v,
such as analytic independence on A”, if A is (y)-adically complete. The generalization to
a finite number of derivations is contained in [9]. In characteristic p > 0 the Zariski lemma
is proved in [5] for a derivation D such that D = (0 under the form:

Let A be a ring of characteristic p and D be a derivation of A with DP = 0. Ify € A
satisfies Dy = 1, then A is a free AP -module with 1,y,y*,...,y"~" as a basis.

This result is significant because such a derivation D is actually an iterative differen-
tiation of A, in the sense of [4], such that it reduces to the derivation 1D on the element
Y.

Moreover a generalization of the lemma of Zariski, in characteristic p > 0, for a finite
number of derivations is contained in [9].

Since in characteristic zero every differentiation is iterative, the previous formulations
of the Zariski lemma are included in the following formulation ([9]):

Let A be aring. Let y € A and suppose that there exists a differentiation D : A —
Al[t]] such that D(y) =y +t and (), _, y" A = (0).

Then y is not a zero divisor of A and, if AL is the subring of invariants of A, AZ =
{a € A|D(a) = a}, then A2 yA = (0).

We ask which is a sufficiently general context where it is possible to state a Zariski
lemma.
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We are able to formulate a Zariski lemma in the context of the finitely generated Hopf al-
gebras on a field k and, precisely, for a special class of Hopf algebras. For such Hopf alge-
bras, a coaction D on a k-algebra A gives, under certain conditions, the previous situations.
Hence the generalization makes sense and becomes a starting point to study some problems
of that sort in the context of the theory of derivations and differentiatons. The class of Hopf
algebras that we consider is given as an algebra by H,, = k[X]/(X?") = k[z], 2" =0,
k field of characteristic p > 0. It depends on the positive integer number n > 1. If A is
a k-algebra, a coaction of H, on A is a k-algebra homomorphism D : A — A ®; H,
such that (1 ®¢)D = land (1 ® A)D = (D ® 1)D, where A and ¢ are respectively the
comultiplication and the counit of the Hopf algebra H,,. Here the action is primitive, that
is A(z) = z® 1+ 1®=. Such a Hopf algebra class has been intensively studied ([13], [8],
[12], [11]). Besides being rather general (to know about its origin and motivation see [11]
and [6]), it gives, for n = 1, the well known case considered in [9], where it is studied the
case of the restricted Lie algebra case, for special actions of H,,. If H,, is cocommutative,
the case of the iterative differentiations contained in [9] is obtained. The formulation of
the Zariski lemma is the following:

Let A be a commutative ring, let H,, = k[X]/(X?"] = k[z], 2?" =0, char k = p > 0 be
the Hopf algebrawith A(z) =z @ 1+ 1®@zand D : A — A ® H,, a coaction of H,
on A. Let y € A be such that:

Dy)=y@l1+1l0a.
Then

AZ((\yA =y AR,

where AL is the subring of invariants of A with respect to D.

In general it should be

Dly)=y@1+Di(y) @+ Y, Di(y)

where D is aderivationand D; : A — A are linear endomorphisms. Hence our coaction
D is very special on the element y.

In the n-dimensional case the corresponding formulation is obtained considering the
Hopf algebra H — ]e[X1,...,)('n]/(XfS1 coXETY m > 1, sy, 8, > 1, with
Alz;)) =291+ 1®x,17=1,...,n and n elements y1,...,y, € A, such that if
D : A — A®y H is acoaction of H on A, then:

Dy1) = nol+loxn

Dy,) = ywl+1l®ez,
If D is such a coaction, one of the most interesting consequences is that the elements
¥, ..., y2"" belong to AZ. This fact is not always true (see [11]). It seems yet that

rather interesting properties follow from the existence of elements of this type and sim-
plifications in the proofs are obtained, without exploiting intrinsec properties of the Hopf
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algebra ([11]).

In Section 1 known formulations of the Zariski lemma are given, in the contexts of deriva-
tions or differentiations, in both cases 1-dimensional and n-dimensional differentiations.
Comments and some new formulations are considered.

In Section 2 the Zariski lemma is proved for Hopf algebras with underlying algebra re-
spectively H,, = k[X]/(X?")or H = k[Xy,..., X, ]/(X0", ... X2 ), n > 1,8 >
-+ > s, > 1, that correspond respectively to 1-dimensional and n-dimensional cases and
coactions of H,, (respectively H) on arbitrary commutative algebra A. The Hopf algebra
is not necessarily cocommutative as in [7], then our coaction of A on A is general, except
on the element y € A.

In Section 3 some applications are given in order to obtain stronger properties of the alge-
bras A and AZ, when we have special elements of A in the direction of the validity of the
Zariski lemma.

1. Preliminaries and known results

Let A be aring.
A (1-dimensional) differentiation D of A is an infinite sequence D = (Dg, D1, D4, .. .)
of additive endomorphisms D; : A — A such that

Dy = identity, Dy (ab) = Y Dj(a)D; ().
i+j=n

It follows that D, is a derivation. Let ¢ be an indeterminate over A and put
Ba)=Y_t"Du(a) € All)]  (a € A).
n=0

Then E is a ring homomorphism from A into A[[¢t]] such that F(a) = amodt. It can be
uniquely extended to an endomorphism of A[[t]] such that E/(¢) = ¢. Then, using

F(a) = amodt, a€ A, E(t) =t, (1)

we can easily see that F is an automorphism of A[[¢]]. Conversely, any automorphism of
A[[#]] satisfying (1) comes from a differentiation. A differentiation D is said to be iterative
if:
DioD; = (Zﬂ) Diy;  forall ;.
2

If the ring A contains @, then every derivation D can be lifted to a unique iterative differ-
entiation, namely (1, D, (1/21)D?, ..., (1/n)D",...).

Some interesting theorems in the classic case prove the existence of analytically inde-
pendent elements of aring A, under the hypothesis that a derivation of A or a differentiation
of A, that satisfy certain conditions, exist.

We have to introduce two subrings of A: A” = subring of constants with respect to
the derivation D and A2 = subring of invariants with respect to the differentiation D. In
general A? C AL In the same way, if £ : A — A[[t]] is the ring homomorphism such
that £ (a) = amodt, then we call FF = {a € A|E(a) = a}, F C A, is the subring of
invariants of A with respect to . In [15] itis proved the following:
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Lemma 1.1. (Zariski, 1965) Let (A, m) be a complete semilocal ring of characteristic zero
(with m denoting the intersection of the maximal ideals of A) and let D be a derivation of
A with values in A. Assume that there exists an element y € m such that Dy is a unit in
A. Then A contains a ring AP of representatives of the complete local ring A/ Ay having
the following properties:

a) D iszero on AP;

b) vy is analytically independent on AP ;

c) A is the power series ring AP [[y]].

It follows that vy is not a zero divisor of A and hence dim AP = dim A — 1.

In [3] a sufficient condition is given for an /-adically complete ring A to be a power
series ring over a subring.

Theorem 1.2. ([3], Theorem 1) Let A be a ring and let I be a proper ideal in A such
that N2, I" = 0 and A is complete with respect to the I-adic topology. Assume that there
exists a differentiation D = {D;}2, of A such that D1(y) = 1 for some y € I. Let
E=Dog—yDi+ -+ (=1)"y"D, +---. If E(y) = 0, then there exists a subring AZ of
A such that A = A2[[y]] and y is analytically independent over A2 (i.e. if} i, a;y’ =0
where a; € A2 then a; = 0 foralli =1,2,...).

Corollary 1.3. ([3], Corollary 1) Let A be a ring containing the field of rational numbers
as a subring. Let I be an ideal in A such that A is a complete Hausdorf{f space with respect
to the I-adic topology. Assume that there exists a derivation D of A such that D(y) = 1
for some y € A. Then there exists a subring AP of A such that

(1) D iszero on AP;

2) A= AP([y]l;

(3) v is analytically independent over AP

Proof E =e¥P =3 (=1)"y" 27, D = {(-1)"y" 27}, AL = AP and y € A is such

n!

that Dy = 1. d
Corollary 1.4. ([3], Corollary 3) Let (A, m) be a complete local ring of characteristic
zero. Let y € mand let D = {D;}52, be a differentiation of A such that D1 (y) is a unit
in A and D;(y) = 0 fori > 1. Then there exists a subring AP of A such that:
i) AP is a complete local ring;

ii) y is analytically independent over AP ;

iii) A = AP[[y]].
Remark 1.5. The previous corollary is important because the differentiation /) acts on the
element y in this way: D(y) = y + ut,u € U(A).
Remark 1.6. The Corollary 1.4 is a first formulation of the Zariski lemma in the form as
in [9].

The following theorem is called Zariski lemma, too. If we consider rings of character-

isticp > 0:

Theorem 1.7. Let A be a ring of characteristic p and D be a derivation of A with DP = (.
Put AP = {a € A|Da = 0}. Ify € A satisfies Dy = 1, then A is a free AP -module with
1,y,y2,...,y"~" as a basis.
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Proof. Cf. [4], Lemma 4. O

We observe that Theorem 1.7 can be reformulated in the same way as the Zariski lemma.
Precisely:

Theorem 1.8. Let A be a ring of characteristic p > 0 and let y € A be such that there
exists an iterative differentiation D of A that satisfies D1(y) = 1, and D;(y) = 0 for
1> 1
Then

i) A= AZ{[y]];

ii) vy is a p-basis of A on AP = AL,
Proof. Since D is iterative and D(y) = y + ¢, then the theorem follows from Theorem
1.7. O

In 1992 Restuccia and Matsumura ([9]) proved:

Theorem 1.9. Let A be a commutative ring and F : A — A[[t]] is a differentiation. Put
F = {a € A|E(a) = a}. Let y € A be such that

E(y) =y+t and ﬂ y* A = (0).
n=1

Then:
i) y is not a zerodivisor;
i) FnN(y) = (0).
Proof. See [9], Theorem 1. O

Remark 1.10. The Theorem 1.9 is true in any characteristic and for a differentiation that
is not necessarily iterative.

An easy extension is:

Theorem 1.11. Let A be a commutative noetherian ring and let yy, . . ., y, be elements of
the Jacobson radical Rad(A) of A. Put I = Ay1 + - - - + Ayn. Suppose either:
(i) A contains Q and there exist D(), ... D") € Der(A) such that det( D) (y;)) =
a unit of A; or '
(ii) there exist differentiations EV), ... E™) © A — A[[t]] such that EW (y;) =
Yi +t(5ij(i,j =1,...,7).
Put F = {a € A|IDW(a) = --- = D™ (a) = 0} in case (i) and F = {a € A|[EW)(a) =
.- = E™)(a) = a} in case (ii). Then
a) Fisasubring of A;
b) Fnl=/(0).

Proof. See [9], Theorem 2. O

Remark 1.12. Theorem 1.11 gives the formulation of hypothesis of the Zariski lemma for
a finite number of elements and a finite number of differentiations.
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The following theorem completes the information given by Theorem 1.11 under strong
hypotheses.

Theorem 1.13. Let (A, m) be a noetherian local ring of dimension n, containing QQ and
letyi,...,yn € m. Put I = (y1,...,yn). Suppose that:

(1) Ais I-adically complete and

(2) there exist Dy, ..., D,, € Der(A) such that [D;, D;] € 5 AD, and det(D;zx;) ¢

m.
Then the subring F = {a € A|D1(a) = -+ = Dy(a) = 0} is a coefficient ring of A mod-
ulo I inthe sense that A = F + I, FN I = (0). Moreover the elements y1, . . ., y, are an-

alytically independent over F and A = F[[zq, ..., z,]]. We have Y AD; =Y A(0/dy;)
where 0 /0y; denotes the partial derivation in F([y, . .., yr]]-

Proof. See [9], Theorem 3. O

Remark 1.14. Theorem 1.13 is said Frobenius integrability theorem because it is the al-
gebraic version of the classical Frobenius integrability theorem ([9]).

We shall call Theorem 1.13 the Lie algebra case of Theorem 1.2. We do not require the
existence of a differentiation £ of A, but we need the hypotheses A local, containing the
rational field Q.

We observe that this is not the exact formulation of the Zariski lemma. In the context
of the n-dimensional differentiations we can substitute a finite number of derivations with
only one n-dimensional differentiation.

Definition 1.15. Let A be a k-algebra, k a ring. A n-dimensional differentiation D of A
is a set of maps {D,, : A — Ala € N"} such that:

Do=idy and  Dy(ab)= > Dala)Ds(b)
at+f=y
foralla,b € Aand a, 8,y € N”.

Let Xq,..., X, be indeterminates over A, put

E(a) = Y Do(a)X” € A[[Xy,..., X)) (a€4),

witha = (ag,...,a,) € N*, X* = X[ ... X¥, Dy = id4. Then E is a ring homo-
morphism from A into A[[X7, ..., X,;]] such that

(1) E(a) = amod(Xy,..., X,)

Conversely, any homomorphism E : A — A[[ X1, ..., X,]] satisfying (1) comes from a
differentiation.

Theorem 1.16. Let A be a commutative noetherian ring and let y1, .. .,y, be elements

of the Jacobson radical Rad(A) of A. Put I = Ay1 + -+ + Ayn. Suppose that A con-
tains Q and there exists a n-dimensional differentiation of A on k such that E : A —»
Al[Xq, ..., X,]] such that E(y;) = y; +t6;;(1,j = 1,...,n). Put F = {a € A|E(a) =
a} Then

i) Fis a subring of A;
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i) FnI=/(0).
Proof. 1t is indeed a reformulation of the Theorem 1.13. O
Theorem 1.17. Let (A, m) be a local noetherian ring and let I = (y1,...,yn) € m.
Suppose that:
vy Xnl]

(1) Ais I-adically complete;
(2) there exists a n-dimensional iterative differentiation £ : A — A[[ X1,

such that E(y;) = y; + tdi;.
Then
i) the subring F = {a € A|E(a) = a} is a coefficient ring of A mod I;
i) A= Flw,...,y]], withy,...,yr analytically independent over F.
Proof. See [9], Theorem 4. O

In all theorems we consider very particular elements or we consider rings of charac-
teristic zero. We want to extend the Zariski lemma in the form of Theorem 1.8 for Hopf

algebras.

2. The Zariski lemma for Hopf algebras

Let % be a field of characteristic p > 0.

We recall the following:
Definition 2.1. (Hopf Algebra over a field k) We say that (H, u,n; A ¢; S), where p
multiplication, n = unit map, A= comultiplication, £ = counit map, S : H — H =

n k—H

antipode,
p T H®,H—H
e H—k

A H—-H®H

is a Hopf algebra if
1) p,n are coalgebra maps and A, ¢ are algebra maps;

2) the following diagrams are commutative:

HeorHor H "2 Hew H H A, Hoy H
g @p b LA A® g
o H HowrH 28 HoyHop H

H e H —
H @ H& H 5 H o H
lg®s | ne 4 I S®oly
H o HYS H & H o H
Definition 2.2. Let A be a k-algebra and H an Hopf algebra. A right coaction D of H on
A is a k-algebra homomorphism D : A — A ® H such that
(la®@A)D=(D@1g)D  and (14 ©¢e)D = 14.
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1-dimensional case

Let H, be the Hopf algebra k[X]/(X?"), with counit £(z) = 0, antipode S(z) = —=,
A(z) € k[X,Y]/ (XP",YP") (for details on H,, see [8]). A coaction of H, on a com-
mutative k-algebra A is a higher derivation D = {D; }ien, D; : A — A, of order p”,
satisfying certain conditions on the D;’s which depend on the algebra structure of H,, and
AR = {a€ AlD(a) = a® 1} = {a € AIDi(a) = 0,0< i < p" — 1}

is the subring of invariants of A with respect to D.

If comultiplicationin H,, is given by A(z) = z ® 1 + 1 ® x, then we call H,, the Hopf
algebra of the additive group and we denote itby H,.
The following proposition shows that the formulation of the Zariski Lemma in the classic
form contained in the introduction necessarily involves that H,, is the Hopf algebra of the
additive group. In fact:

Proposition 2.3. Let A be a commutative ring, let H, = k[X]/(X?"] = k[z], 2" =0,
be the Hopf algebraand D : A — A ® H, a coaction of Hp, on A. Let y € A be such
that

Diy)=yol+1oe
Then
H, =H,.

Proof. Tt follows from the special form of the coaction on the element y and from the
equality (14 @ A)D = (D ® 1g)D. In fact the equality

(L@ 1r)D(y) = (14 @ A)D(y)
implies
Alzy=z@1+1@ .
O

The same situation will occur in the n-dimensional case, as we will point out in the next
section. This fact is rather restrictive, hence a weaker formulation of the Zariski Lemma
could be given. In this paper we confine ourselves to the case of the Hopf algebra of the
additive group, that we always call H,.

Proposition 2.4. Let A be a commutative ring, let H, = k[X]/(X?"] = k[z], 2?" =0,
be the Hopf algebra of the additive group and D : A — A ® H, a coaction of H, on A.
Let y € A be such that
D(y)=y@1+10z.
Then
1 AN yA = y" AL,
2) y* =1,y,..., 4" ~" isalinear basis of A on AZ.

Proof. Before we observe that:

D@y") = 27951'<pn Di(yP") @ &t = 29§i<p"'(£)i (") @at)r”
Y @1+ cicpn Dipn (v ) @ 2P
= ¥ ®1.
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Then y?" € AL,
1)Let z € Aand yz € AL N yA. Since yz € AL, we have:

D(yz) =yz®1=D(y)D(z) = (y® 1+ 1@ z) (z@l—f—pz_: Di(Z)@;‘L’i) .

Hence we have

yz®@1 = yz @14 (yDi(2) + 2D1(y)) ®  + (yDa2(z) + D1(2)) ® 24 ...
(yDpr—1(2) + Dpn—2(2)) @ 2P ~1 + Dpn_1(2) @ 2P .
Since ##" = 0 and x,22,..., 2P ~" are linearly independent, we have:
yDl (Z) +z= 0;

yDs(2) + Dy (2) = 0,

yDyn—1(2) + Dyn—s(2) = 0.
z = —yDi(z)

= Ds(z)y?
—Ds(2)y?

= (—1)pn_1Dpn_1(Z)ypn_1.
Then z € y*" ' Aand yz € y?" A, hence AZNyA C y»" AL,
The inverse inclusion is clear.

2) The proof can be found in [11], Theorem 3.1. O

Remark 2.5. The linear independence of 4%, y, ..., 4" ~! follows directly from the form

of the coaction. In fact, let ag + a1y + asy® + -+ -+ apn_1y? =+ = 0, a; € AZ. We have:
0 = D(ag+ary+asy’+ -+ apn_1y? ")

= @@l+(@o)(y@1+10z)+ (a2 1)y 1+102)2+...
Hapro1 @ (y@ 1+ 1@ )"

= @®l4+ay®@l+ay’ @1+ - +apmy o1
ta1 @z +az @2’ 4 Fapn_1 @aF !

Since 1 @ 2,1 ® x?,...,1® xP"~! are linearly independent, then the linear independence
of y°,y,...,y*" =" follows.
The special form of the coaction will surely condition the property of 4%, y, ..., y? ~' to

be a system of generators. In fact we are persuaded that the assertion 2) can follow from
the form of the coaction. However we already have the proof of this fact for a more general
coaction, satisfying only the condition D1 (y) € U(A) as in [11], Theorem 3.1.

Remark 2.6. i) Proposition 2.4 is a corollary of Theorem 2.11 that we will prove later,
but we want to prove it separately, to compare it with the previous results of section 1,
regarding the 1-dimensional case. For n = 1 we obtain Theorem 1.7, then the Lie algebra
case of the additive group H,.

The subring AP is contained in the subring of constants AZ, then y is a p-basis of A on
AR[AP] = AR,
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ii) The case of Theorem 1.9 cannot be found starting from the Hopf algebra H,,. We need
to consider complete Hopf algebras, in particular if we reduce to the case of a formal group,
that is a special complete Hopf algebra ([14], 11.8).

Now we consider the n-dimensional case.
Now let H be a commutative Hopf algebra with underlying algebra

n

) H=k[Xy,. . X, ]/(XP" . XP™) > 1

In the following we may suppose, without loss of generality, that s; > --- > s, > 1. Let
A be the set of all multiindices @ = (1, ...,a,) With0 < a; < p**, 1 < i < n.
For 3 = (f1,...,0n),y=(711,..-,7n) € N" we define

B+y=Lr+7, - n+m), and |B] = B1 + -+ Bn.

For all i, we denote the residue class of X; in H by z;. Then

¥ =2 g a €A,
is a k-basis of H. Note that e(x;) = 0 for all 4, where € : H — k is the counit of H, since
H is local with maximal ideal (z1, ..., z,).

Let A be an algebra, D : A — A ® H an algebra map and a right H-comodule algebra
structure on A. Then (A, D) is called a right H-comodule algebra and

A2 = {a€ AlD(a) =a @1}

is the subalgebra of H-coinvariant elements.
We will always write

D(a) =" Da(a) ® 2%, foralla € A.
agh

Thus forall @ € A and a,b € A,

Dafab) = > Ds(a)Dy(b), and Dg, _ q) = id.
Bty=a
Byeh
For all 7, let §; = (d;;)1<j<n € A, where d;; = 1,if j = 4, and J;; = 0, otherwise. We
define D; = Ds,;,1 < ¢ < n. Thus the linear maps D; : A — A are derivations of the
algebra A, and for all « € A we have

3) D@ =a® 1+ Z D;(a) ® ;i + Z Dy(a) ® za.
1<i<n |Q|E>A2

Moreover we want to consider the Lie algebra case of the additive group , because this
case is the classic situation in many theorems of Matsumura, Restuccia, Utano, etc ([9],
[107, [12].
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Remark 2.7. The Hopf algebra H , with underlying algebra

@) H, =KXy, .. X J/(XP7, X2, n> 1 s> > >,

and comultiplication given by

(5) Alz)) =201+ 1® ay, 1<i<m,

where z; is the residue class of X; in H ,, is called the Hopf algebra of the additive group.
Ifs;y =---=s, =1, H, is called the Lie algebra of the additive group and is denoted by
fiatilis case the coactions of H, are given by derivations D1, ..., D, € Der(A, A) with

DiDj = DjDi and Df = 0J 1 S i,j S n,

and N
D 1 Dan
D, =" . 2 a=(a,...,an), 0<;<p, 1<i<n.
aq! ap,!
This follows easily from the fact that e, = 2:1' . f;—’;, a € A, is a k-basis of H, with
Aley) = Z eg @ ey.
B+y=a
B,Y€EA

In the n-dimensional case we have a similar proposition to 2.3. It concerns the strong
formulation of the Zariski Lemma in the n-dimensional case, that forces H to be additive:

Proposition 2.8. Let A be a noetherian commutative ring. Let
H=k[Xy,. . X /(X2 XP Y = ke, a], & == ab =0,

§1 > > s, > 1, be the Hopf algebraand let D : A — A ® H a coaction of H on A.
Let A2 be the subring of coinvariants of D (A2 = {a € A : D(a) = a® 1}).
Lety1,...,Yn € A be such that

Dy1) = nol+lon
(6) :
Q(yn) = ®l+1l®r,
Then
H=H

a-

Proof. Tt follows easily from (6) and the connnection between the coaction D and A.

Proposition 2.9. Let A be a noetherian commutative ring. Let
H,=k[X1, .. X, /(X0 XE" Y= k[2y,. . en],  2b == af" =0,

§1 > - > 8y, > 1, bethe Hopfalgebraandlet D : A — A ® H , a coaction of H , on
A. Let AL be the subring of coinvariants of D.
Letyi,...,yn € A be such that (6) holds. Then

s1 Sn
R



12 G.RESTUCCIA AND R. UTANO

Proof. We have, fori =1,...,n:
D) = D) =wol+l o)’
= #eol+led =4 a1,

S

hence " € AL,i=1,... n
O

Remark 2.10. Throughout the last part of the paper the Hopf algebra H will be the Hopf
algebra H , of the additive group.

Theorem 2.11. (Zariski Lemma) Let A be a noetherian commutative ring. Let
H=k[Xy,. ., Xa)/(XP" . XE Y = k[an,. ], &) == ab =0,
sy > ---> 8, > 1, be the Hopf algebraand let D : A — A ® H a coaction of H on A.

Let AL be the subring of coinvariants of D.
Let y1,...,yn € A be such that
Dy1) = nol+leon
) :
D(yn) = vn®@14+10 2,
Then

i) the elements y* = yi' - - y2", a = (a1,...,an) € A 0 < a; < p*, 1 =
1,...,n, form an A2 basis of A;

11) AQﬂ(Zfl;;yn)A = (yzl)SIa"';yﬁsn)'

Proof. We have the following facts:

1) The elements y;* - -y2», 1 < a; < p** — 1, are a basis of A over AZ, Aisa
AL_free module ([11], Theorem 4.3). Then AZ + Sicien Ayi = A

2) Ifsy =+ = s, = s, theelements if ..., 32" € A2 ([11], Corollary 4.5).

We have only to prove that AZ N T = (yf1 ..., ¥2"). The inclusion (y1171 N A e
AN T is true. By Theorem 4.3, [11], any element a € AR N Z?zl Ay; has the form

5 ()

i=1 \a€h

for some ¢; o, € AL, otherwise a € A\ AZ. Since a € AZand y* are linearly independent
on AZ,
n
i+l n
a:Z Z ciyaylal...yf+ Lyt e AR
i=1 oy=pi—1
Then, by the same argument,
Sq D Si
a = Z ci,(psi—l)oz,yf c Z A—’yf s
0<i<n 0<i<n

;41 = p**, a; = 0 for j # i. The result follows. O
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The next example shows that Theorem 2.11 does not hold without the hypotheses on
D(yi),i=1,...,n.
Example 2.12. We consider the Hopf algebra

2

H=kX,YV]/(XPVP) = k[z,y), 27 =04/ =0

of the additive group and the polynomial algebra A = k[17, T5].
The algebramap D : A — A ® H, defined by

DT = Thiel+1@x

DTy) = Tiol+1@z+1@z
is an H-comodule algebra structure on A. Puty; := T;, ¢« = 1,2. Then the element
b & A2

A little variation of Theorem 2.11 is given now. It involves only one element of the
algebra A, then the result is not in the direction of the Zariski lemma, however it can be
interesting, when we study a coaction of H, that always involves n derivations.

Theorem 2.13. Let A be a noetherian, commutative ring. Let

1

EZle""ﬂXn Xpsa"';Xpsn :k.171,...,$n, l‘p I-~-:l‘p5n:0
1 1 n

n

be the Hopf algebra and let D : A — A ® H a coaction of H on A. Let AZ be the
subring of invariants of A with respect to D.
Let y € A be such that

D(y)=y®1+> Di(y) ®z
i=1
(Di = Dsiy = Dqo,...0,1,....0)) with Di(y) = 1 for somei € {1,...,n}.

RPN O 1S PO

Then AZ\(y) = (y*), s = min {s1,...,5,}.
Proof. Let z € A and yz € A2 N (y). Since yz € AL, we have:

yz®1 = D(yz) = D(y)D(2)
(Y@ 1+ Di(y) @21+ Da(y) @22+ -+ Da(y) @ zn)
(z® 1+ Di(z)@x1 4+ -+ Dp(2) @ 2 + Z|a|22Da(Z)IQ)

Hence we have

yz@1 = yz@ 14 (yDi(2)+2D1(y)) @21+ ...
z) + 2D, (y) @ 2, + (Dl(y)Dl(z) + yD(Z,D,M,O)(Z)) ® i

T(L Ds(2) + Da(y) Di(2) + yDgino. 0)(2)) @ 2129 + . ..
Ey)Dn((Z) + Dn(y)D1(2) + yD(100m01)(Z)) ® z12y
D
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Hence:

kel

; (Di(2)y + Di(y)z) ® i + ; Di)Di(z) 4+ 9D,y o o) | @4

+ Y (DiD;(2) + Di() Di(2) ® i + ...
ij=1i#j
"’Z; Dl(y)D(o,o,,,,, 2 ,o,m,o)(z)_"yD(o,o,m, 3 ,o,,,,,o)(z) ®
+ Z D’(y-)D(o,o, 1,0, .,0)(Z)+D3(y)D(o,o,... 2 ,0,...,0)(2) @iz +...
i,j=1i#] i
Forallz,5 =1,...,n,
D;(z)y + D;(y)z = 0
DZ(y)DZ (Z) + yD(0707 ) 4 707“‘70)(2) = 0,

Dio)Dos, 2 0,0 B F P00, 5 0.0 =0,
DZ(y)D(07O7 ) 1 707“‘7 1 70770)(2) + D] (y)D(0707 ) “ 707 70)(2) = 0
) 7 g
Let k be such that Dg(y) = 1.
Then: )
2 = —Di(x)y= D(o,o,,,,, 2,0, 70)(z)y
k
_ 3 _
- _D(o,o,m, 3 ,0,,,,,0)(z)y -
= (_1)ps_1D(0,0,m, pT—1 ,o,m,o)(z)yps_l'
k
Then
v (0D g G € ()
k
O

Theorem 2.14. (Lie algebra case of the additive group) Let H, be a commutative Hopf
algebra with underlying algebra H, = k[ X1, ..., X,]/(X},..., XE), n > 1. Let A be
an algebraand D : A — A ® H be a coaction. Define the derivations D1, ..., D, by
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(3) and let A2 be the subalgebra of H -coinvariant elements. Suppose there exist elements
Y1,y Yn € A such that:
D)= @1+ Di(p1)@x1+ -+ Dn(y1) @ xp
®) :
with det (Dz (yj))15i7j5n S U(A). Then, put I = (y1 S yn),
1) There exists a coaction D' : A — A ® H, such that

Dy )=y @1+1@ 2
©) :

2) AR = AL,
3) AZNT=(f,...,08);
4) yirydn, 0 < i < p 1 < i < nformabasis of A on A2,

Proof. Consider the derivations D1, ..., D, defined by (3). They are such that
[D;, D;] = ZADZ- e Dl = ZADZ-.

Consider the matrix (a;;) = the inverse of the matrix (D; (y;)). Then there are derivations
O1,...,0, such that 9;(y;) = d;;, & = 0 ([9], Theorem 3).

Then these derivations come from a coaction D' of the Hopf algebra of the additive group
H, and for this D’ we have

Dy)=p ©1+10 z

D'(y) =y @1+ 1®2,.

By Lemma 3.4 in [11], y7* - --y2", 0 < a; < p— 1,1 < i < n form a basis of A over
AlPvDa} and of € A1 D=} Finally we have the assertion. O

The previous theorem shows thatif H = H, and sy = --- = s, = 1, a coaction of
H of the form (8) can always be reduced to the form (9), that is we always can have the
hypotheses of the Zariski lemma.

3. Some applications

In this section we want to prove some further properties under the hypotheses of the
Zariski lemma. It may be that such properties can be proved for a more general coaction,
that is under the usual hypothesis det(D;(y;)) € U(A), but actually such properties are
not known.

Theorem 3.1. Let k be a perfect field of characteristic p > 0, let

H=k[Xy, . X/ (XP L XE" Y = k[, .. zn],  ab == af" =0

kel
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be the Hopf algebra and A an integral domain. Let us suppose there exist y1,...,yn € A
and a coaction D of H on A, such that:

Dy) = y191+1® 2

D(yn) = wpm@1+10@w,
and such that y{* - -y, 0 < a; < p** — 1 are linearly independent on k'[y’l71 T A

Then the set {y1,...,yn} C A is algebraically independent over k.

Proof. Let us suppose that there exists an algebraic relation among the ¥;’s and let

f(yla"')yn):O

be such a relation in the lowest possible degree. It is possible to suppose that f has the
following form:

1y Yn) = ]17"':nsna
fly n) = 9(y1 vn )

where g(Y1,...,Y,) € k[Y1,...,Y,] has the lowest degree. Put: g; := if_}%’ then g; # 0
for some . By suitable renumbering of the elements 2:; we may assume that g1 # 0. Since
k is a perfect field, we get the relation g(yﬁ’s1 L) =0,

We obtain

0= D(g(#" ")
= g((!h®1+1®z1)p31‘1,...,(yn®1+1®In)p3"—1)
= g(A" ) et (BT ) e T
+9n (yﬁ’sl_l,...,yﬁs"‘l) @ap "1

Since ¢1(Y1,...,Yn) # 0, ¢ (y’fsl_l, . yﬁsn_l) = 0, hence we have a relation of
lower degree than f(Xy, ..., X,), a contradiction. O

Theorem 3.2. Let k be a perfect field of characteristic p > 0, let

H=k[X1,..., Xu)/(XP . XE") = kle, ..y a],  af == al " =0
be the Hopf algebra and A an integral domain. Let us suppose there exist y1, ..., yn € A
and a coaction D of H on A, such that:

Dy1) = yol+1®@x
and such that yi* ---ys~, 0 < a; < p*i — 1 are linearly independent on k[y’f1 T
Then, put z; = yf "€ AL if A2 has a linear basis on (k'[AQ])""S, then the monomials
200227 0 < oy < p* — 1 can belong to a linear basis of A2 on (Aﬂ)p , where s =

max {s1,...,8n}.
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Proof. Claim. Forall i, z; ¢ (k[AL])""
In fact, if we suppose z; € (k[AZ])" "

:y,?lzzthcj, ¢; €k, tjEAQ.
)

Then we have ¢ ' ~! = Z.ﬂ?sj‘lc’., i€k and D(yf 7" = Z.tgsj_lc;- ® 1, that is:

(Bol+lee)P L= th”‘l'

g e lr1eel T =Y 0 e,

hence &% '~ — 0, a contradiction.
Now we prove the linear independence of the z;’s. Let us consider the relation:

Arzft ozl b A2 = 0,
Ai € (k[AQ])p ,0< a5 <p*,i=1,...,s. We consider the p-th root:

bV 011173_1 C1np® Tt )\/ Oéslp_
141

-1
“Yn T}

s—1

X € (k[A2])"

0 = Q (AI] y<1)é11ps_ SN yglnps_l 4+ 4 AI a“p - AN ygslps_l)

M1 @ 1+ 1@ ) ™ o (gy @ 1+ 1@ )0 4
AN @1+ 1@ 21)* P (gn @ L+ L@ )P

s—1 _1

By a suitable choice of a;; we obtain A} ® #{ - .. 22 = 0. Then X} = 0, for
i:1,...,n,hence/\i:0,fori:1,...,n. O

Remark 3.3. Since £ is perfect, k = kP, but the hypothesis & = kP * for which
(KAL) = (AR)"

can be also examined. Moreover the hypothesis: k perfect field can be replaced from some
weaker condition but, at present, we are not interested to this problem.

It is possible now to give a corollary to Theorem 5.1 in [11]. For the sake of complete-
ness, we recall it.

Theorem 3.4. ([11], Theorem 5.1) Let
H=k[X1, .., Xa)/(XP . XET) = k[, ], a2l =..=al " =0,

s1 > > s, > 1 be a Hopf algebra with structure map D : A — A ® H. Define
the derivations D+, ..., D, by (3). Assume that A is a regular local ring of dimension d
with maximal ideal m 4 and there are Yy, ...,Y, € my such that forall 1 < m < n,
(Di(y;))1<i j<m is invertible.
Then A2 s regular local, too.
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(1) Assume moreover that s = - - - = s, or, more generally, that forall1 <1 < n,
yps’ € AL Then there are Zngly ...y 2d € AL such that
® Yi,... Yn,Zn41,. ., 2d IS a regular system of parameters of A, and
S1

ey yﬁsn \Znd1, - Zn is a regular system of parameters of AZ.

(2) Assume in addition to (1) that the regular local ring is complete, and k C A/ma
is a separable field extension. Then there is a subfield k C F C AL of AL such
that

oy

FS5 A2 /map S5 AJmy,
and an algebra isomorphism
FI[Y1, ..., Y, Zng1, . Zd]] = A,
inducing an algebra isomorphism

FIIYP" . YP™ Zaga, ..., Za]] = AR
Corollary 3.5. Let k be a perfect field,

H=k[Xy, . . X /(XP L XET) = k[, an], a2l =..=al" =0,
s§1 > +++ > s, > 1 be a Hopf algebra with structure map D : A — A ® H. Define
the derivations Dy, ..., D, by (3). Assume that A is a local regular complete ring of
dimension d with maximal ideal my, k C A/my and there are yy, . .., Yy, € my such
that:

Dy1) = ni@l+1®x
Then

(1) w1, ..., yn are algebraically independent on k.
(2) The elements z{* - - - 287, z; = yf',i=1,...,n,0 < a; < p* — 1, can belong
to a linear basis of A2 on (AQ)I’S, s=s1 =max{s1,...,Sn}

Proof. Since k is a perfect field and k C A/ma, A/m4 = F is separable on k.

1) By (2) of Theorem 3.4, A = Fl[y1,.-.,Yn, Zn+1,- - -, zd]] 18 a local regular complete
ring, then y1, . . ., y, are algebraically independent on k.

2) Moreover, 4 ' € AZ, for all 4, by Proposition 2.9 and the elements y* = Yt yon

form an A2-basis (Theorem 2.11, i). But A2 = F[[y’l’sl, o Zngt, ..., Za]], then

the elements y® are linarly independent on k [y} o y?""] C AZ. From Theorem 3.2,
it follows that 2z - - - 29", z; = y‘f’, i=1,...,n,can belong to a linear basis of AZ on
(AQ)pR,s:slzmax {s1,...,8n}. O
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