DOI:10.1478/C1A0501006

Atti dell’Accademia Peloritana dei Pericolanti
Classe di Scienze Fisiche, Matematiche e Naturali

Vol. LXXXIII, CLA0501006 (2005)

Adunanza del 16 maggio 2005

MEASURE FOR FAMILIES OF HYPERPLANES SYSTEMS
IN THE AFFINE SPACE

G. MoLIcA Biscr*
(Nota presentata dal Socio Corrispondente Marius Stoka)

ABSTRACT. We study the problem of the measurability of familiescetiyperplanes hav-
ing a common fixed point and placed A7+, with n > 3. We prove that fok = 2n
or k = 3 and2n = 3t, for somet € N, the family is not measurable.

1. Introduction

Let X,, be ann-dimensional space, for example the affine or the projective space over
the real field and

(1) G,: 7= fi(z1,..,Tp;a1, ..., a), (i=1,..,n),

a Lie group of transformations aX,, with a4, ..., a,. independent set of essential param-
eters forG,.. We assume that the identity of the groGyp. is determined by, = ... =
a, = 0. A function ¢, solution of the system of partial differential equations

) Z%(s;’«(xl,...,xn)sb(m~-,xn>> =0,
i=1 "

where o
T .
=1,..
8aj a:O7 (.7 9 ,’I"),
is an invariant integral function for the gro@p,.. M.Stoka [8] defines measurable a group
G, with a unique invariant integral functiap, up to a constant factor. L&t, be a family
of p-dimensional varieties defined by

62(3?1, ceey mn) =

Fi(zi, ., 2ny00,..0q) =0
V=

Fn—p(xh ceey T ALy ooy O‘q) =0

wherea; € R, s = 1,..., g are essential independent parametersind = 1, ..., (n —p)
are analytic functions on its domains. Following the definitions and the proof in [&], if
is the maximal invariant group 0f, one has an associated group of transformations

H,: o), =enla,..,aqa1,...,a,.), (h=1,...,q),
1
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andG, andH,. are isomorphic.
If we suppose thakt, is measurable of invariant integral functiga, ..., o), the
expressions

ta, (Vq) :/ oo, ...,ag)dog A ... Adag,
F(a)
whereF (o) = {(au, ...,aq) € R?| Fi(x;01,...,aq) =0, k=1,...,n—p}and
|p(aur, ..., ag)|dag A ... A dayg,

are respectively the measure of the familyand the invariant density respect to the group
G, of the family V,. A family of varieties is measurable if there exist a unique measure
¢. If the groupG,. is not measurable this not implies that the family of variefgss not
measurable. We consider in this case, subgroups of the maximal invariant@roufs
subgroup ofH,. is said ofHy-type if it is isomorphic to a subgroup &%, obtained with
the conditions

ap =, = ..o = ), = 0,
for somet. A subgroup ofH, is Hy-measurable if it is oH-type and measurable. Its
measure is saiffly-measure. For other notions see [1]. Recently several authors studied
problems of Integral Geometry in projective spaces, see for instance [9], [3], [4]. In this
paper we take, as ambient space, an affine spate’ over R of dimension2n + 1,
n > 3 and coordinates,, ..., x2,+1. We consider a family of systems bfhyperplanes,
1 < k < 2n + 1, passing for a fixed point that we assume the origin of coordinates. In
terms of equations we have

2n+1
(3) 21+ Y Blaj=0, 1<i<k,
j=2

wheres/ € R.

In [1] the authors showed that the family of systemskdiyperplanes] < k& < 7,
having a common fixed point and placed ii-dimensional affine space, is not measurable
for k # 1,5 and it has a singl&l -measure fok = 1, 5.

In this paper we attack the same problem for an affine space of higher dimension. We
show that fork = 2n andk = 3 with 2n = 3¢, for somet € N, the family of 2n-
hyperplanes, respectivelyhyperplanes is not measurable. For the family-bifyperplanes
we find the uniqudy-measure

p 1

= n+l-
B - BT

For other questions about this argument see the paper [2] or [5].
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2. Preliminaries

The parameters space of the family of systems-bf/perplanes iM2"*1 is of dimen-
sion2nk and coordinates! € Rwith1 < i < kandj = 2,...,2n + 1. The maximal
group of invariance of the family is

2n—+1
(4) Gonyi)2: Tp = Z aix;7 r=12,...2n+1

with af € R.

Acting by G (2,,+1)2 on (3) we obtain

2n+1 .
(5) o+ Y Bley=0, 1<i<k
Jj=2
37 e R, with
. 2n+1 j
’ O[ + z
(6) Hnq1)2 : g == i

a7 + Z%H ﬁé ll,
wherel <i < k;j =2, ..,2n+1andal + 375" gla} #0.
The infinitesimal operatotsre:

y , N . . ,
(7 0=l gh =600l 6l=0 &l =64

with1 <14 <k;s,j,h=2,3,...,2n + 1 and whereg), is the Kronecker’'s symbol.

Theorem 1. The groupH 5, 1)> given by

@® ﬁq:%+2%“@#
' of + Z2n+1 ﬁl v

wherel <i <k,j=2,..,2n+1andal + 74" gla} # 0is not measurable.

Proof: We consider the following Deltheil's system

k 2n-+1 k a(b
©) ZZ@J = —2nk¢, Y — =0, j=2,..2n+1
=1 j=2 66 i=1 86i

2n+1

k
Zﬂj Z zh;g; ——(2n—=2)¢> B, j=2...2n+1
=1 i=1

IFor the notions of Integral Geometry see [8]
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J ; —
Zg a@” = —kp, j=2,...2n+1

15]
Zﬁfaﬁ‘i Gh=2,..2n+ 15 #h

Itis an easy remark that this system admits the unique trivial solution.

It is possible that the family of systems bfhyperplanes is measurable. In fact for
k = 1, we have the following
Theorem 2. The family of systems of 1-hyperplanes having a common fixed paifit it
is measurable witl,-measure given by

QS e ————
2 13 2n+17
GiBy - ... B
up to a constant non-zero factor.

Proof: We consider the subgrou@™) of G z,,11)= given by

Ty = a:x;, r=2,3,..,2n+1

Denoting byH() the correspondent subgroup in the parameters sHagg; 1)2, we
obtain the Deltheil’'s system

2n+1
09 ‘
10 J = —2n¢p, 3 =—¢, 7=2,3,....2n+1
(10) Z Bl % 5] ¢ Plog ==9
The unique (non-trivial) solution of this system is

1
¢ ﬁlﬁl B 2n+1 :

Finally the subgrouf ") is Hy-measurable.

3. Some non measurable family of hyperplanes systems

The main result of this section concern the non-measurability of two families of hyper-
planes of the affine space. They can be described by the following Theorem 3 and Theorem
4,

Theorem 3. The family of systems @fi-hyperplanes having a common fixed point in
A?"*1 is not measurable.
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Proof: Taking the subgrouf® of G (2,112, given by

2n+1
! !
T =air, T = E oayxr,, r=23,..,2n+1.

we denote byH(?) the correspondent subgroup in the parameters sHage, 1)2. We
can consider the following Deltheil’'s system

2n 2n+1

(11) > 52 > Bj = —4n’¢,

=1 j=2

Zﬁﬂ o5 =—2n¢, j=2,...2n+1

0
Zﬂfagi jh=2 . om 4 1A

The solution of the previous system is (up to a constant factor)

1
* = @aonE
where
B2 Baz B2 e e Popg
Bi3 Ba3 B33 Y T
M = Bia B2a B34 oo Pona
ﬂl 2n+1 62 2n+1 ﬁS ,2n+1 ﬂ2n72n+1

Now we consider the subgrou@(®) of G (2n41)2, given by

2n+1

= Z afz,, r=1,2,3,....2n—1,

Ty = ozTa:T, r=2n,2n+ 1.

Denoting byH(®) the correspondent subgroup in the parameters sHaeg, 12, as
customary we give the Deltheil’s system

2n 2n+1 2n a¢
(12) S L g, 590 0 o2
== o o 0B
2n 2n+1 a¢

Zﬂ]Z o +1¢Zﬁi, j=2,..2n+1
i=1

i=1
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Zﬁj o = =—2n¢, j=2,..2n+1

Zﬁga—ﬁh =0, j=23,..2n—1;h=2,3,...2n+1;j #h
We obtain
¢ o det[Ml] et det[MQn]
det®"[G1] det®"[Gy]
where
- S -0
1 2 3 4 2n
2 2 2 2
G1 =
1 6375—1 ﬁgré—l 637}1—1 %’:L;—l
1 62n ﬂQn /6271 2::
I O N Y
1 2 3 4 2n—1 2n+1
2 2 2 2 2
G2 =
2n—1 2 1
1 ﬂgg—l /63%—1 ﬂéﬁ—l %Z:% %TTLL;::%
1 B2n ﬁ2n 6271 2:;—1 2:;
n—
1 /83 3 3 3
2n—1
1 53%—1 ﬁgg—l 5517}1—1 %:—%
n—
1 ﬂZn ﬁZn ﬁ2n 2n
N B R
roop B B B
M, =
27571 2%71 2171 %ﬁ:%
1 5271 ﬂ2n /BZn 2n

and
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A S

L
M2n —

1 5227;72 ﬁ§n72 53.7;72 222:21

1 ﬁ22n—1 Bgn—l Bgn—l 227711:11

Finally we consider now the case of family of systemg-dfyperplanes.

Theorem 4. The family of systems 8fhyperplanes having a common fixed poinaff+!
with 2n = 3t, for some € N, is not measurable.

Proof: Let us consider the subgro@®®) C G z,,+1)2 given by
T, = a:x;, r=2,3..,,2n

2n—+1
= Z oz, r=12n+1

Let us denote bH® the correspondent subgroup in the parameters Hagce ).
The Deltheil’s system will be

3 2n+1 3 6¢
(13) ZZ 6‘6J__ ne, ;373?:0’ j=2,...2n+1

2n+1 a¢ 3
2[32”“ > B i G Doy Bt

h=2 =1

Zﬁj@ﬂ’ =-3¢, j=2,...2n+1

Zﬂ%“;ﬂi =0, h=23,...2n

Hence, after some calculations the solution is

det4 [Dgn} det4 [D2n+1] det4 [D2n+2]

= 1o (Dy] det’ Dy - .. - det?(Day_y|’
where
1 1 1 1 1 1
Di=| 8 @ @ | D= 8 B B
2n-+1 2n+1 2n+1 2n+1 ﬁ22n+1 6§n+1

1 2 3 1
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1 1 1 1 1 1
Ds:=| i 3 B35 Dy:=| & 33 53
2n+1 2n+1 52n+1 2n+1 I82n+1 ﬁ2n+1
1 2 3 1 2 3
1 1 1
Dap—1 = " S
2n+1 2n+1 62n+1
1 2 3

1 1
Do, := n n
2n ( f +1 ﬁ% +1>

1 1 1 1
Dopy := (ﬁ2n+l 2n+1) Dopyoi= <ﬁ2”+1 2n+1)
1 2 1 3

If G is the subgroup 06 2,12, given by

2n—2
’ !
xlza}x,«x, T, = E oy, r=23,...,2n—2
s=2

2n—1
Ty = Z aixls, r=2n—1,2n,2n+ 1.
s=1
andH®) is the correspondent subgroup in the parameters ddage 1)> we have the
system

3 2n+1 ad)
(14) DD Bl = —6ne
i=1 j=2 ap;

i 0

=1
withj,h=2,..,2n—2, h#j:j,h=2n—1,2n,2n+1, h # j.
Hence the solution is

1

= By et [Ba] .- det®(Bza |

)

where
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2 3 4 5 6 7
L L
By = 2 2 2 By = 2 2 2
52 3 4 5 6 ﬂ7
3 3 3 3 3 35
ﬂ2n74 2n—3 52n72 2n—1 2n 2n+1
% 4 % 3 5 2 % 1 % 12+1
o n— n— n— o n— n n
B%fl =15 2 e Bap = 2 2" B
h 2n—4 2n—3 2n—2 2n—1 on 2n+1
3 3 3 3 3 3

Remark We observe that fon = 3 and1 < k£ < 7 the family of systems ok-
hyperplanes having a common fixed point and placed in a seven dimensional affine space
is not measurable fdr £ 1, 5 and has a singlely-measure fok = 1 or k = 5, as showed
in [1].
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