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MOTIONS IN LIQUID-VAPOUR INTERFACES
BY USING A CONTINUOUS MECHANICAL MODEL

HENRI GOUIN **

ABSTRACT. By using a limit analysis for the motion equations of viscous fluid endowed
with internal capillarity, we are able to propose a dynamical expression for the surface ten-
sion of moving liquid-vapour interfaces without any phenomenological assumption. The
proposed relation extends the static case, yields the Laplace formula in cases of mass trans-
fer across interfacial layers and allows to take the second coefficient of viscosity of com-
pressible fluids into account. We generalize the Maxwell rule in dynamics and directly
explain the Marangoni effect.

Dedicated to Professor Giuseppe Grioli
on the occasion of his 100th birthday

1. Introduction

Far from the critical point of a fluid, experimental studies and spectrography measure-
ments point out that liquid-vapour interfaces have a thickness of nanometer range and,
in the vicinity of the layer, vapour and liquid are homogeneous [1, 2, 3, 4]. To model
liquid-vapour interfaces, the kinetic theory of gases proposes fluid equations of state as,
for example, van der Waals’ [5, 6]. These equations are correct, more precisely they sat-
isfy the Maxwell rule associated with the isothermal change of phases [7]. Nonetheless,
they present two main defaults:

For fluid densities between vapour and liquid, the pressure can be negative, but simple
experiments reveal the existence of pressures corresponding to traction in the fluid. In the
domain between vapour and liquid, the internal energy cannot be represented as a convex
surface of the density and entropy; this fact seems in contradiction with the existence of
two-phase matter states in stable equilibria [8, 9].

To remove these disadvantages, the thermodynamics usually replaces the non-convex part
of the surface energy by a plane domain; but the fluid is not any more a continuum: the
interfacial domain is represented by a material surface without thickness. Numerous stud-
ies related as well to fluid mechanics as to thermodynamics interpret interfaces as surfaces
of discontinuity between two media: a liquid-vapour interface is usually schematized by a
material surface endowed with a superficial energy. This surface behaves as an autonomous
one [10, 11, 12, 13]. But, this representation is not able to study the dynamical behavior
of the interface more precisely than a surface of discontinuity and forgets its internal struc-
ture.
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In equilibrium case, it is possible to correct the disadvantages by a convenient modifica-
tion of the stress tensor; in the capillary layer its expression is anisotropic; the energy of
the continuous medium must be modified. This internal capillarity model is a dynamical
theory relevant of second gradient theory which came from van der Waals and Korteweg
[14, 15] and was revisited by Cahn and Hilliard [16]. The model is compatible with the
second law of thermodynamics [17]. The representation of the internal energy as a func-
tion of the entropy, density and density gradient allows to identify the isothermal case with
a model deduced from molecular theories [18, 19]. The model is analog to the classical
Landau-Ginzburg theory for second order transition [20]. Far from the critical point the
model is qualitative. Nevertheless, it is a lot more advantageous than the model of New-
tonian viscous fluids which is not able to take account of layers with a strong gradient of
density. Because we do not consider bubbles and droplets of radius of some nanometers,
the mean surface of interface is of large dimension with respect to its interfacial thickness
[21]; it is necessary to take account of the different orders of lengths of our problem: the
interfacial layer is of nanometer range, but the radii of curvature of interfaces are micro-
scopic. The surface tension is obtained thanks to the integration across the capillary layer;
it is not necessary uniform along the interface and depends on the dynamical distributions
of density and temperature. These distributions take account of motion equations with a
Navier-Stokes-like viscosity [22]. At a given temperature, the viscosity coefficients p and
1 depend on the density (u is the dynamic viscosity, and 7 is the second coefficient or shear
coefficient of viscosity). For an incompressible fluid, the term involving 7 drops out from
the equation; obviously it is not the case through fluid interfaces. We do not assume any
special property on the viscosity coefficients which may strongly vary through the interface
but they are bounded. The dissipative function must have a bounded integral through the
capillary layer and the tangential components of the velocity field are continuous through
the layer [23]. When the temperature distribution is non-uniform along the interface, the
surface tension gradients create a motion along the capillary layer: this is the so-called
Maragoni’s effect [12]. Thanks to a limit analysis taking account of the length ranges of
the interface, we are able to model the Marangoni effect along the interfaces. No special
energy of interface is necessary. When the mass flow across interface is non-zero, we get
a dynamical expression of the Laplace formula.

The proposed method is completely different from the classical calculation founded on
balance equations through a surface of discontinuity where the variation of density appears
only with a jump through the interface and when it is necessary to define physical surface
quantities as mass or entropy per unit of area. Our study is related to interfaces with simple
motions. The calculations are performed in the capillary layer as in a three-dimensional
continuous medium; then, we consider the limit case when the interfacial thickness goes
towards zero and consequently all the bounded expressions have a null integral through the
layer [24]. We assume that the fluid velocity is bounded together with its partial derivatives
with respect to the coordinates tangent to the interface.

The model of internal capillarity allows us to obtain a better understanding of dynami-
cal liquid-vapour interfaces and answer to the question: is the fluid at the interface rigid
or moving [25]? The fluid behavior is different from the classical thermodynamics of
Newtonian fluids: a supplementary term similar to a heat flux one appears in the equation
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of energy [26, 27]. An integral invariant for motions compatible with the interface consists
in a generalization of the Maxwell rule for isothermal liquid-vapour phase transition.

In Section 2, we resume the properties of capillary fluids and we develop the fluid
motions in liquid-vapour interfaces in Sections 3 to 5. A concluding remark focuses on the
second coefficient of viscosity. For the sake of simplicity, all intermediate calculations are
proposed in Appendices as well as some notations.

2. Equations of motions of viscous fluid endowed with internal capillarity

Recall the main results of a fluid with internal capillarity [18, 28]. We introduce only
the specific free energy as a function of the density p, temperature 7" and grad p

e=c(p,T,8) with 3= (gradp)’.
The specific free energy e characterizes together fluid properties of compressibility and
molecular capillarity of liquid-vapour interfaces. In accordance with the gas kinetic the-
ory, A = 2pej(p, B) is assumed to be constant at a given temperature (A= ar?y/(5m?),
where m is the molecular mass of the fluid, a the internal pressure, « the molecular diam-
eter and +y a factor associated with molecular potentials of interaction) [5, 19], and

A
pe=palp) + 5 (grad p)*,

where the term (\/2) (grad p)? is added to the volume free energy p a(p) of a compress-
ible fluid. Specific free energy « enables to continuously connect liquid and vapour bulks
such that the pressure P(p) = p®a/,(p) is similar to van der Waals pressure. Thanks to
experimental data, the A value is A = 1.17 x 107 c.g.s. for water at 20° Celsius [29]. The
equation of motion is

pa=div (o +0,) — pgrad Q, €))
where a is the acceleration vector, {2 the body force potential and o the generalization of
the stress tensor:

o=—-pl—Agrad p ® gradp, 2)
with p = an’p — pdiv (X grad p); the viscous stress tensor is [20]

o, =n(trD)1+2uD,

where D denotes the velocity strain tensor. Equation (1) can be written in the form

pa+grad P+ pgradw — dive, =0, 3)

where w = Q — XA Ap. The equation of motion must be completed by the balance of mass
%)

5 +div(pw) =0, @)

where u is the velocity vector. Let us note that the equation of energy can be written in the
form [26, 27]

—— =0,
at ot

where e = p (2u® + ¢ + Q), q is the heat flux vector and r the heat supply, such that the
model is compatible with the second law of thermodynamics [17].

%+div[(el—a—aﬂ)u] —div ()\Z/t)gradp) +divq—r— o
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3. The dynamical surface tension

Now, for the sake of simplicity, we neglect the body forces.

3.1. Case of a planar interface at equilibrium. The eigenvalues of the stress tensor in
internal capillarity are deduced from Eq. (2):

AM=—-p+A (gradp)2 is the eigenvalue associated with the plane orthogonal to grad p,
Ao = —p is the eigenvalue associated with the direction of grad p.

The classical notations are presented in Appendix 1; in the system of coordinates associated
with the interface, the stress tensor can be written

A0 00
g = 0 /\1 0
0 0 X

The equation of equilibrium of the planar interface is deduced from Eq. (1) and by neglect-
ing the body forces, we get

>\2 :7P07

where P, denotes the common pressure in the vapour and liquid bulks. Per unit of length,
the line force exerted on the edge of the interface is

fL‘L CEL
F :/ Ath, dz, = —Poh—i-/ X (grad p)® h, da,,

where the subscript 3 denotes the normal component to the density surfaces of the capillary
layer, h denotes the interface thickness and [, v indicate the liquid and vapour bulks. In

the limit analysis of thin interfaces, the term P, h is negligible. Let us denotes H =

Il

1 (grad p)2 h,dx,. The line force H exerted per unit of length corresponds to the

v
3

surface tension.

3.2. The dynamical surface tension value. The notations are presented in Appendices 1
and 2. The equation of motion (3) is separated into normal and tangential components. In
the orthogonal coordinate system presented in appendix 1,

paig +grady, P = pAgradg Ap+ grad, (ndivu) + 2div (1 D), , (5)
L ob 1 0Ap | 19(ndiva)
o = pA- — " 4 2div (uD). 6
pas + h, O, p h 0w, " h, o, +2div (u D), ©)

where the subscript tg denotes the tangential component to the density surfaces of the cap-
illary layer. The normal vector e, corresponds to the direction of the increasing densities.
An integration of Eq. (6) across the interface yields

* ¥s QP v 0A
/Spa3h3d$3+ 3—dacg):/gp)\—pdazg
xr T k

or . ox
g :rg 3 g 3

s 9 (ndi v
+/ 3Md%+2/ " div (D), by dx,

v
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The fluid is assumed to cross the capillary layer. Taking account of Eq. (29) and Eq. (33)
proved in Appendix 2, we get,
2 z

1 1 T3 Op - ‘
P—P+Q% (= — =) = XpAp—2\ A d 2u) D, )0 ——— 3
+Q (p pv) pAp /96g & , H(1+ 20) Dy I, o (0.3

where () is the mass flow across the capillary layer, R,, the mean radius of curvature of
the surfaces of equal density oriented following e, and [ | denotes the difference of values
through the interface. Taking account of Eqs. (22,25,26,27), we obtain

x 2
PPU+Q2<11>>\pAp+)\/2 2 1 <8P> h,dz,
pop

v 2y Ry, h2 \ Oz,
A1 fap\2T 11 9p]% 2 .
AN - 2) — — . 3
h32‘ <8$3> ‘| Q (77 " M) hs p2 81‘3 xv R, [77“3]13 ’
zg 3

where v, is the third component of u. The radius of curvature R,, is assumed to be constant
across the capillary layer (see Appendix 1); then,

11 1 ) 2N [T )
P_P 2(Z - =) = XN{pAp— - (erad ikl dp)?h.dz.
» + Q (p pv) {p P 2(gra p) }+Rm /% (grad p)” hydz,

e,.gradp]”s 2 [n]™*s
—Q{[(n+2u)p2 L;JrRm [P]rg}' 7

L

The terms \ {p Ap—3 (gradp)2} and Q { [(n+2u) (e,.grad p) /p?] 2 } are null in the
3

liquid and vapour bulks. Consequently, we get:

1 1 2K
B—a=¢<—)+, ®)
Pu P Rm

where

_ m Ny . _ 3 2
K=H-Q|—-—>* with H=\ (grad p)” h, dx,. )
P Py zy
Equation (8) extends the Laplace formula which is obtained when Q = 0. The term H
can be interpreted as the dynamical surface tension of an interface crossed by a viscous
fluid and K as the viscous dynamical surface tension. The surface tension depends on the
dynamical distribution of the density through the interface and on the volume viscosity 7,
only. For a plane interface,

BR¢(11> (10)
pv pl

Equation (10) expresses the equality of normal stresses on an interface crossed by viscous
fluid and classically obtained in the literature. In the case when H = 0, Relations (8)
and (10) cannot be identified with shock conditions. In a dissipative flow with a domain
with strong gradients of density schematized in perfect fluid by a shock wave, the fluid is
weakly dissipative and the relations of discontinuity are expressed in form of expansion
with respect to the inverse of the Reynolds number [30].
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4. Practical calculus of the surface tension
Let us consider the case when the flux of mass is null across the interface. The capillary

layer is subject to tangential motions.

Definition : A motion is compatible with the capillary layer if the surfaces of density
are material surfaces.
In the capillary layer dp/dt = 0 and consequently, divu = 0. Then, Eq. (3) can be written

pa-+grad P = Apgrad Ap + 2div (uD).

Equation (6) yields
1 oP AO0Ap 2
—_ = — —di D
@+ ph, Ox, h, Ox, * p (1D)s.
and we get
xrs3 3 1 P 223 A wS 2
/ azh,dxs +/ - 4 dz, = / A 92p dxs +/ — div (uD)4 hadxs.
y zv P 6373 z? axs zv P
3 3 3 3
For the limit analysis of thin interfaces, two terms are null and Egs. (31, 36) in Appendix
2 yield
P P, PP
)\Ap:————i—/ — dp. an
P Py Y
Consequently, in the liquid bulk,
“P P P
/ —dp=———. (12)
P Po P

Relation (12) is an integral invariant associated with motions compatible with the capillary

layer. In the special case of isothermal equilibrium, we get Eq. (4-11) from [7]. In the
plane case, we are back to the Maxwell rule of equality of areas. Equation (11) writes

0 PP—-P,
AAp = o (p/ = dp) . 13)
pU

To a constant temperature, p [ p" '(P — P,) /p?dp is the Helmoltz free energy per unit vol-

ume of the fluid. If we assume a regular variation of the temperature in the capillary layer,
(0P/00) (00/0x,) is negligible with respect to (0P/0p) (Op/Ox,). By taking account of
Eq. (22), Eq. (13) yields

L2 A (9N (Lop\ (Lo _ 0 =y
Ry, h, \ Oz, hy Oz, ) \h, 0z, ) 5 Oz, P o, P? Pl

v

An integration across the capillary layer yields

A 2N [T ’P—P,
5 (gradp)® = o / (gradp)® hydx, + p / 5 dp- (14)
m Jxy py P
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All the same,

2 Pp_p,

A 2 A /13 2
— (gradp)” = — gradp)” h,dz +p/ dp.
2 ( ) Rm Té, ( ) ¢ ’ 12} p2

Let us denote by m; the third coordinate of a surface of density p;, (p; = % (Py +P1))-
Due to the fact we assume the radius of curvature of non-molecular size, for x, € [x’;, xi]
the quantity (2\/R.,) [1? (gradp)® h, dxs is negligible with respect to (A\/2) (gradp)’.
3
Then,

A P p—P,
forp € [py. pil, 5 (gradp)” = p/ 7 dp. (15)
All the same,
A P P—P,
for p € [pi, o1l 5 (gradp)® = P/ 7 dp. (16)
Py

Relations (9), (15) and (16) yield

24 PP_P = PP_P
H:Z{/ p(/ 2”dp>h3dx3+/ p(/ 2Udp>h3dx3}.
mé’ Po P rg P 14

Taking dp = h, (gradp)? dz, into account, we get

Pi v p_ P w —
H= \/2)\{/ (u / P 2Pv dp) du—l—/ <u / P 2Pl dp) du}. (17)
o, e, P p; P

Expression (17) allows to calculate the surface tension of a moving capillary layer; pressure
P is a function of p and 6 in each point of the layer.

Let us note that for the limit case when the capillary layer thickness is null, the viscosity of
the fluid does not explicitly appear in Rel. (17). In the isothermal case of a planar interface
at equilibrium, Rel. ( 17) is equivalent to

H=vax [ Vi) do.
P

where f(p) is the free energy per unit volume which is null for p = p, and P, = P, =
P,. The H value of is numerically calculable by using thermodynamical pressure models
through interfaces in the form P = P(p, ).

5. Marangoni effect for liquid-vapour interfaces

The conditions of our study are the same than in Section 4: the flux of mass across the
interface is null; the surfaces of density are material surfaces. Equation (7) yields

1 2
P—-P, = A{/’AP— B (gradP)Q} + 5 Ho (2,),

m

where
-

Ho(e,) = [ (gradp)® by dos
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A10-8 H. GouIN

All the same,
1 2
P—-P = )\{/)A/)— B (gradp)2} + FHl (z,),
where

ZL’I
3
H(z,) = )\/ (gradp)® h,da,.

3
If we transfer these results into Eq. (5), we obtain for j € {v, 1},

A 2
pagg = 5 grade, (gradp)Q_gradtg (R H;(z )) +grad, (Pj)+2div (uD), g - (18)

2
By integration of Eq. (18) across the capillary layer,

l l i

T3 T3 T3 2
/ paygh,dr, = / %gradtg (gradp)® h,dx, — / grad,, (R H, (x3)> hydx,

$L IL‘l
_ / grad,, (P) hyda, + 2/ " div (uD),, h,dx,. (19)
Equation (14) yields
A 2 PP—P
) (grad p)* = R H, (z,) + P/p 72 = dp,

and by integration,

/ H, (z,) h,dz, +2/3p<
m’g’ »

For x5 € [xs,m ] the quantity (4/R,,) f% H,(x
H, (x,). Taking account of Rel. (15), we get

. P “p - P,
Forz, € [z, 2], Hv(:vs):\/2)\/ \/u/ Mdydu,
Py

P _
/ Wd) hoda,
p U

) h,dz, is negligible with respect to

3

y2

v

where p denotes the density associated with z,. All the same,

, p
Forz, € [z!,2'], H(z,) :\/2/\/

“PO,u) — P
! \/u/ Mdydu.
Y
P PL

2

In the capillary layer, the pressure P is a function of 6 depending on the coordinates =, and
r,; grady,0 is bounded as grad, R,, and grad, H; (z,) where j € {v,l}. In the liquid
and vapour bulks, grad, P, and grad,, P, are bounded. By taking account of Egs. (28, 30,
32) in Appendices 1 and 2, and for the limit analysis of thin interfaces, Eq. (19) yields

1
)\ xT :EI'
5/ ’ grad, (gradp)® h,dx, +2 [uD es]xg =0.

v
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But,
A [ 1 9p\> 2 1 dp
— dig | —=— | hsdx, = A die | —5— | @
[ e (o) ot = 2o (557
P q 8p
= grad )\/ ———dp
te ( p, Ty O,
P 9
= grad, )\/ (gradp)” hydx, | .
Then, grady, H + 2 [/,LDeg]i) =0.

If we additively assume that the viscous stresses are negligible in the vapour bulk, we get
gradg, H + 2 1 D'e, =0. (20)

In the case when we consider the interface as a surface of discontinuity, the Marangoni
condition is generally presented in the form of Eq. (20). The calculation is obtained with-
out any approximation and with coefficients of viscosity non-constant across the capillary
layer.

Let us note that we have obtained the interfacial energy by using a second gradient theory
but without isothermal motions. That is the case when strong flows cross the capillary
layer corresponding to important phase transitions. Moreover, the capillary layer is mobile
and this fact answers to the Birkoff question [25].

6. Concluding remark

Equation (9) gives the value of the viscous dynamical surface tension. We assume that
H-value in dynamics is closely the same that at equilibrium. If we consider the case of
water at 20° Celsius, in c.g.s. units, v; = u;/p; = 0.01 and v, = p,/p, = 0.15. In the
case of Stokes’s hypothesis, n = —(2/3)upand K — H = —0.093 x Q.

For u; = 1 em/s corresponding to a very strong mass flow, the difference between K and
H is not observable far from the critical point.

7. Appendix 1: Orthogonal line coordinates

7.1. Preliminaries [31, 32]. The effective thickness of a liquid-vapour interface is of
nanometer range; the other dimensions are microscopic at least. The surfaces of equal
mass density modeling the interfacial layer can be considered as parallel surfaces. In the
interfacial layer, the surface of equal density and the normal lines are together a triple or-
thogonal system and the intersection of the associated surfaces of the system are the lines
of curvature. The notations are the following: scalars x,,x,,z, denote the curvilinear
coordinates; x = (z,,z,, x3)T, where superscript 7 denotes the transposition. At each
point M of the interface, vectors e, ,e,, e, denote the direct orthonormal vectors which
are tangent to the coordinate lines. Vector e, represents the unit normal vector collinear to
grad p and directed along the increasing density. The elementary displacement of point M
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is such that
dM = h,dx, e, + h,dx, e, + h,dz, e,.
We deduce in classical derivative notations
Oe, h ., h, ,

oz, h, 2 T, ¥
We denote ds, = h,dz,, i€ {1,2,3},
Oe i h, . h, .
851 =7 ,e,+r e, withr ,= . }’;2 and 7, , = I hl

For surfaces ¥, , generated by the two first coordinate lines, r, , and , , are respectively
the geodesic curvature and the normal curvature of the first coordinate line. Moreover,

Oe Oe

2 3
= —r ,e and =—-r .e,.
1,271 1,372

Os, 0s,

In the same way, for i # j and belonging to {1, 2,3}, we denote 7, , = —h, ;/(h,h;). We
get analog relations for the partial derivatives with respect to the two last coordinates. Let
us note that when surfaces X, , are parallel surfaces, then de, /Js, = 0 and consequently
[33],

1

=r,,=0; 1)

moreover, de, /0s, = Oe, /Js, = 0.

In the interfacial layer, e, ,e,, e, are uniquely function of x,,z,. Vectors e,, e, are the
directions of the curvature lines of the surfaces of equal density. For ¢ # j and belonging
to {1,2,3}, r, ; are continuous functions of coordinates z , x,, z,. For the limit analysis of
thin interfaces, h,, h,,e,,e,,e,,r,  canbe assumed to be constant across the interfacial
layer and along the coordinate line z,.

7.2. Calculus of Ap. For all vector fields v and w,

0 0
rot (v x w) = vdivw — Wdivv—i——vw——wv,

ox ox

where 0/0x is the gradient operator. Let us choose v = e, and w = grad p; then,

Oe, 0 (grad p)
ox gradp = ox v

dive, = —2/Ry, where R,, is the mean curvature radius of surfaces ¥, , following the di-
rection e,, orthonormal vector e, is collinear to grad p and el de, /0x = 0; consequently
we get

rot (e, xgradp) = e, Ap — grad p dive, +

2 0 (gradp)
Ap = R egT gradere;F ok
and finally
2 10p 1 /(1 dp
Ap=——"—L 4 - () 22
P = "Rnh,0x, I <h38x3)3 22)

For the limit analysis of thin interfaces, R, is constant across the interfacial layer or along
the coordinate line .
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7.3. Representation of the deformation velocity tensor. Scalars u,, u,, u, denote the
components of the fluid velocity u in the system (x,,z,,x,). The components of the
deformation velocity tensor are

D, = h T iUy T T U,
1
1 /u U
D, = 2(,;2 + +r1,2u1+r2,1u2>7 (23)
2 1
1 /u U
D, = 5 ( hl’3 + ];”1 + 7, U, +r371u3>.
3 1

There exist six other expressions obtained by circular permutation of indices 1,2,3. From
Eq. (21), we get

D,, = =2, 24)

7.4. Kinematics of interfaces. We denote © = u, the fluid velocity with respect to a
surface of iso-density and by () the mass flow through the interface,

Q=pu. (25)

In the capillary layer () is only a function on z,, z,. Let us note that () = 0 is equivalent
to div u = 0. From relations (24) and (25), we get,

T3
s = Qm , (26)
. 1 op 1"
420D = |- 22w @)

When @) = 0, then divu = 0 and D,, = 0. Consequently,

l l
[uDe,l,t = [uD,se, +pDyye,], (28)
8. Appendix 2: Conditions associated with the dissipative function

In the interfacial layer, we also assume that u,, u,,u, and 7, p are bounded and have
partial derivative bounded with respect to z, , ,.

8.1. Property 1: The tangential components of the fluid velocity are continuous through
the interface. Consequently for the limit analysis of thin interfaces, we use the approxima-
tion that u, and u, are constant through the interface.

The proof of this property comes from the dissipative function 1 associated with the vis-
cous stress tensor.

1
P = 3 (17 (rD)* + 2 ptr (D2)> .
With the notations of Appendix 1,

(n+2p)
w: 2 (Di +D32 +D§3)+2M(D122 +Df3+D223)+’I7{D11 D22 +D33 (Dll +D22)}‘
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1
The dissipative function must have an integral f;g’ (n (tr D)2 +2putr (D2)> h,dx, bounded
3

in the layer. With the hypothesis of Section 7.3 on the partial derivatives of component ve-
locity, we deduce that D,,, D,,, D,, are bounded across the interface and due to (Eq.
(24)),

’Ul

Il
3 3
/ ,'7 DSS (Dll + D22) hB dx?) = / "7 (Dll + D22) duS

x? vy
3

is bounded. Moreover, Eq. (21) implies

1 /u, Ug
D, = B ( h's + }i +7"1,3u1) .

3 1

Due to i+ > 0 and 7 4 2 o > 0 [20], and the fact that in the integral of D123, the term

1 1
RET ) u “1 U

/ 2 ];3 < him +T1,3u1> h3d.’£3 :/ N( }jl +T1,3u1> dul
a:}s’ 3 1 u”l’ 1

. el uf ! ul L
is bounded, the term fmf U }133 h,dz, must be bounded. But fmg ;33 h,dz, is minimum

v
when u, , is independent of x, that is to say, Uy, = %, where h is the interfacial
thickness. Then,
l 2 1 2
Ty Ul 3 (U — u“)
~h, dx, > ———.
/13 h, h

Additively, ¢ > 0 implies

L 2 l v)2
Ty u (u —Uu )
2u Y3 h.d > 2 Ui —————.
/:L‘/U h3 3 x-’_’) — min h

3

Consequently, for ul1 # u?, the dissipative function goes to infinity when A goes to zero.
The component u, of the velocity is continuous across the interface and it is the same for
component ..

8.2. Property 2: For a motion normal to the interface,

/ (Wa;vu) + 2h, (div (uD))3> dw, = [(n+2p) Dy, — o [us]5 - (29)
z?’f 3 -

T3 O (ndi
We first get, / ’ Md% = [pdivulL? .
mg 81’3 3
Uy, Uy, U u
Moreover, due to Property 1, i;’l , }j L }Z 2 and ; 2 are null across the interface. From
2
Rel. (23), L
u
[77Du]§§ = hLl [U]i:z’ T eUy [n]ii’ —Tis [nus]iz ’
1
u
[nDn]ig’ = };,2 [n]ii’ R [n]iz’ Ty [U%]ig”

2
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and consequently

xr 2 x x
s 3 __ 3 3 1,1 >

When u, = u, =0,

oz 2 s
[77 div u]zz’ = |:77 D, — ]%mnu?,:| o :
3
Moreover,
. 1
(le:u’D)3 = h h.h ((h1h2MD33),3 + (h2h3ﬂD31),1 + (h/Shllu"DSZ)72>
1772773
+uD h1,3 — uD h2,3
/1’ IShh ZShh 11h1h3 22h2h3'
Taking account of Eq. (21), we obtain
3 _ h2h3 KUy 5 KU,
(divpuD), = n h e ((h h, wDyy) 5 { 5 < I, + , +pur , +pu,r, |
h,h, (pu Hu,
{ 9 ( 22+ h23 T RULT, Jr,u'usrs,z)} >
2 3 ,2

u“ul 1 /U‘u2,2
_Mu2rl,2 —,U,’ILST‘M +’r2,3 I —uu3r2’3 _/"LUITZ,I .

2

The only non-bounded term across the interface is

1 hyhy puy hyh, pu,,
D 273 s 3771 5 .
h1h2h3 <(hlh2u 33)13 +{ 2 h3 ,1 + 2 hd 2

Consequently,
h2 hl
1h2 (hthH’D:ss),E}+ ?,uuus 1+ ?Muzs - dzs

/S(diqu)3h3 dz, = /

z3 g
e "1 h, h

[uDSS]x§+/x§ i, {( uu13>71+<21uu2,3>72}d$3-

When no tangential motion appears along the interface, u, = v, =0and u, , = u, , = 0.
Consequently, f "3 (divuD), h, dz, = [nD,,];% and we get Rel. (29).
3

8.3. Property 3: Across the interface,

(30)

wew ~

’I:l
/3(diVuD) hydz, =[uD,, e, +pD, et .
x

v
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This relation comes from the following calculations

. 1
(leND)l = m((h'zhsﬂDll),l+(h3h1/U‘D12),2+(h1h2N’D13),3)
+u D Pz +uD P D P P
lu 21hh N’ 31hh p“ 22hh /‘l‘ 33h1h3

= ( Mh h U, r1,3u3>}
1
h U
( h +7ﬂ12u + 7y, U 2>} +{/~thh2'D13.}73>
1 ,2

By U,
=, T )r —( =+ ==t u +r u)?".
1,2 2,1 2 1,2 2 h3 h 1,31 3,173 1,3

1

1

Uy o Ug 5
+ 1% h r2,3u3 - 7n2,1’u‘1 r2,1 + 2 h - 713,1”1 - 713,2“2 r:s,l'
2 3

Taking account of Rel. (21), the non-bounded term across the interface is

(h1h2:uD13)73 _ 7n1,3 u1,3
hoh,h, 79,
Consequently,
ZEL ZL‘l l’l r U
3 3 3
/ (divpuD), h,dz, = / T (hyhouD,y) 5 da, —/ w 1’; ~u, da,
2v zy Thalls zy

z! T Uy
= [MDIB]I% - = / /’[’uldul'
3 2 ”

v

With the hypothesis of the limit analysis of thin interfaces, the term T12’3 uu /L u, du, is

Il
null and from an analogous calculation for [,# (div uD), h, dz, we get Rel. (30).
3

8.4. Property 4: For a null flow across the interface,

/ (dlv//jD)Sh dzx. 31

3

When Q = 0, we get D,, = 0 (see Egs. (23) and (24)); we deduce

l 1
T3 (div D), /wz 1 wh wh
—— = h,dx, = —= —t dx,.
~/;v’3’ P 3 ATy - ph1h2 2 Uy 3 71+ 2 Uy 3 - Ly

For the limit analysis of thin interfaces, across the interface u, , = u,, = 0 and we get
Rel. (31).
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8.5. Property 5: Across the interface,

l

/ ’ P atg hydx, = 0. (32)
3
In fact, Rel. (21) implies
_ a/[’Ll ulul.l u2u1,2 u3u1,3 2
a, = ot h h L —UULT , T U UST + uU,T, ;-

1 2 3

For Ou, /0t bounded, we immediately deduce from the limit analysis of thin interfaces that
1

f;? pa, hydr, = 0 and the same result for a,,.
8.6. Property 6: Through the interface,

2 11
//Jpa?’hSda:S:QQ (p—p). (33)

The only terms non bounded across the interface are: Ju, /0t and w,u, ,/h,. Conse-

quently,
T3 3 Ou, 3 Uy
/ pa3h3dx3=/ p<(;j:—|—ud;jd'3) h,dz,.

But u, = Q/p and du, /0t = (0Q/0t) (1/p) — (Q*/p*) (8p/0t). If we assume that
0Q /0t is bounded and

u3,3 = - (Q/pQ) p,g’ (34)

g W Qop, wQ
/xg pa3hsdm3/wg <p8th3 3p pyg) dz,.

Taking account of Eq. (4), we get

then,

ap p p.
E + h.-h-h {(ulhzh?,),l + (u2h3h1),2 + (ushth),S} + fu3 =0. (35)
1 2°"3 3
(From Eq. (34), the only non bounded term of Eq. (35) is
dp Uss Py Op
ot ", TR T e

Its integral across the interface is null. That is the same for the integral of (Q)/p) (0p/0t). Consequently,

o 1, Q o [T P, S (1 1
pahdx:—/ 3 pd;ﬂ:;:—Q/ 2 dz, =Q ( )
/a:g i : 173’ P ° mg p2 : P Po

8.7. Property 7: For a null flow across the interface,

/ ", hydz, = 0. (36)

All the same, this result is an immediate consequence of the limit analysis of thin interfaces.
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