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ABSTRACT. This paper provides an asymptotic treatment of the Cauchy problem for the

Rayleigh equation µÿ+ ẏ3

3
+ay− ẏ = 0 modelling a harmonic oscillator. The method of

boundary layer functions and our version of the Tikhonov theorem are used. The models
of asymptotic approximations are derived.

1. Mathematical problem

Consider the Cauchy problem y(0) = y0, ẏ(0) = z0 for the perturbed Rayleigh
nonlinear ordinary differential equation (ode) µÿ + ẏ3

3 + ay − ẏ = 0, where a, µ ∈ R are
parameters, µ > 0 is small, and y : R → R, y = y(t) is the unknown function [1]. The
dot over the quantities stands the derivative d

dt , where t is the independent variable (time).
This equation reads, equivalently, in the form

(1)
{
µż = z − ay − 1

3z
3,

ẏ = z,

where, y, z : R→ R, Z = Z(t), y = y(t) are the new unknown functions.
The initial conditions become

(2) z(0) = z0, y(0) = y0.

Due to the smoothness of the right-hand sides in (1), the solution of (1), (2) exists and is
unique.

The generalized Van der Pal oscillators are governed by the following system of ordi-
nary differential equations (sode)

(3)
{
µdzdt = F (z, y, t),
dy
dt = f(z, y, t),

The Rayleigh equations (1) are particular cases of (3), corresponding to F (z, y, t) := z −
ay − z3

3 , f(z, y, t) := z.
From the asymptotic point of view (1), (2) is a singularly perturbed problem of bound-

ary layer type [2]. The existence, uniqueness and asymptotic representation of its solutions
are stated by the Tikhonov theorem [3], while terms of higher order of asymptotic approx-
imation are shown to satisfy the corresponding models of asymptotic approximation for
(1), (2) given by our improved version.
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The method based of the Tikhonov theorem is referred to as the method of the boundary
layer functions and it yields the uniformly valid asymptotic expansion for the solution in
the form of a composite power series of µ. More precisely, it can be easily shown that the
conditions of our theorem are fulfilled.

The existence of the mathematical boundary layer makes necessary to re-scale the time
t by introducing a new time z = t

µ . Then the unknown functions of the concrete Cauchy
problem (1), (2) are looked for in the form of composite series as µ→ 0

(4) z = z(t, µ) + Πz(τ, µ), y = y(t, µ) + Πy(τ, µ),
where

(5)

8>>>>>>>>>>><>>>>>>>>>>>:

z(t, µ) =
∞P
k=0

µkzk(t), where zk(t) =
∞P
j=0

zkjt
j , zkj =

z
(j)
k

(0)

j!
,

Πz(τ, µ) =
∞P
k=0

µkΠkz(τ), where Πkz(τ) =
∞P
j=0

(Πkz)jτ
j ,

y(t, µ) =
∞P
k=0

µkyk(t), where yk(t) =
∞P
j=0

ykjt
j , ykj =

y
(j)
k

(0)

j!
,

Πy(z, µ) =
∞P
k=0

µkΠky(τ), where Πky(τ) =
∞P
j=0

(Πky)jτ
j .

Writing F and f in the form

F = F (t, µ) + ΠF (τ, µ), f = f(t, µ) + Πf(τ, µ)

where ΠF = F − F , F (t, µ) = F (y(t, µ), z(t, µ), t), f = f(y(t, µ), z(t, µ), t), Πf =
f − f are similar composite power series in µ.

Taking into account (4) in (3) and the equality d
dtg(t, τ) = ∂y

∂t + 1
µ
∂y
∂z , we obtain

(6)
{
µ∂z∂t (t, µ) + ∂Πz

∂τ (τ, µ) = F (t, µ) + ΠF (τ, µ)
µ∂y∂t (t, µ) + ∂Πy

∂τ (τ, µ) = µ[f(t, µ) + Πf(τ, µ)].

Introducing the expressions for z, y, F and f in (6) and (2) and matching the obtained
series, the models of asymptotic approximations are obtained, whence the asymptotic ex-
pansion of the solution.

2. Expansions for F and f
In the following we deal with the problem (1), (2). ForF and f we have the following

expressions

F (t, µ) =

∞X
k=0

µkzk(t)− a
∞X
k=0

µkyk(t)−
1

3

 ∞X
i=0

µizi(t)

!
·

0@ ∞X
j=0

µjzj(t)

1A · ∞X
l=0

µlzl(t)

!

=

∞X
k=0

µk [zk(t)− ayk(t)]−
1

3

∞X
i=0

∞X
j=0

∞X
l=0

µi+j+lzi(t) · zj(t) · zl(t)(7)

=

∞X
k=0

µk [zk(t)− ayk(t)]−
1

3

∞X
i=0

kX
j=0

k−jX
l=0

µkzk−j−l(t) · zj(t) · zl(t)

=
∞X
k=0

µk

24zk(t)− ayk(t)−
1

3

kX
j=0

k−jX
l=0

zk−j−l(t) · zj(t) · zl(t)

35 .
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Apart from the supplementary use of the double Taylor series expansion, we reduced
the product of three infinite series to a product of an infinite series by two finite series. This
reduction will be performed in the following too.

We can write

ΠF (τ, µ) =

∞X
k=0

µkΠkz(τ)− a
∞X
k=0

µkΠky(τ)−
1

3

 ∞X
i=0

µiΠiz(τ)zi(τ)

!
·

·

8<:
24 ∞X
j=0

µjzj(τµ) +
∞X
j=0

µjΠjz(τ)

35 · " ∞X
l=0

µlzl(τµ) +
∞X
l=0

µjΠlz(τ)

#
+

+

24 ∞X
j=0

µjzj(τµ) +

∞X
j=0

µjΠjz(τ)

35 · " ∞X
l=0

µlzl(τµ)

#
+(8)

+

24 ∞X
j=0

µjzj(τµ)

35 · " ∞X
l=0

µlzl(τµ)

#9=; =

=

∞X
k=0

µk [Πkz(τ)− aΠky(τ)]−
1

3

∞X
i=0

∞X
j=0

∞X
l=0

µi+j+lΠiz(τ) ·

· {[zj(τµ) + Πjz(τ)]× [zl(τµ) + Πlz(τ)] + [zj(τµ) + Πjz(τ)] · zl(τµ) + zj(τµ) · zl(τµ)}

Since

[zj(τµ) + Πjz(τ)]× [zl(τµ) + Πlz(τ)] + [zj(τµ) + Πlz(τ)] · zl(τµ) + zj(τµ) · zl(τµ) =

=

"
Πjz(τ) +

∞X
m=0

zjm(τµ)m

#
·
"

Πlz(τ) +

∞X
n=0

zln(τµ)n

#
+

+

"
Πjz(τ) +

∞X
m=0

zjm(τµ)m

#
·
" ∞X
n=0

zln(τµ)n

#
+

" ∞X
m=0

zjm(τµ)m

#
·
" ∞X
n=0

zln(τµ)n

#
=

= Πjz(τ) ·Πlz(τ) +
∞X
n=0

[Πjz(τ) · zln · τn]µn +
∞X
m=0

[Πlz(τ) · zjm · τm]µm+

+
∞X
n=0

[Πjz(τ) · zln · τn]µn +
∞X
m=0

∞X
n=0

zjm · zln · τm+nµm+n+

(9) +
∞X
m=0

∞X
n=0

zjm · zln · τm+nµm+n +
∞X
m=0

∞X
n=0

zjm · zln · τm+nµm+n =

= Πjz(τ) ·Πlz(τ) +

∞X
s=0

µs · τs [2Πjz(τ) · zls + Πlz(τ) · zjs] + 3

∞X
m=0

∞X
n=0

µm+nτm+n · zjm · zln,
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we have

ΠF (τ, µ) =

∞X
k=0

µk [Πkz(τ)− aΠky(τ)]−

(we denote i+j+l:=k)

1

3

∞X
i=0

∞X
j=0

∞X
l=0

µi+j+lΠiz(τ) ·Πjz(τ) ·Πlz(τ)−

−
1

3

(we denote i+j+l+s:=k)
∞X
i=0

∞X
j=0

∞X
l=0

∞X
s=0

µi+j+l+s τsΠiz(τ)× [2Πjz(τ) · zls + Πlz(τ) · zjs]−

−

(we denote i+j+l+m+n:=k)
∞X
i=0

∞X
j=0

∞X
l=0

∞X
m=0

∞X
n=0

µi+j+l+m+n τm+nΠiz(τ) · zjm · zln(10)

=
∞X
k=0

µk[Πkz(τ)− aΠky(τ)]−
1

3

∞X
k=0

kX
j=0

k−jX
l=0

µkΠk−j−l · z(τ)Πjz(τ) ·Πlz(τ)−

−
1

3

∞X
k=0

kX
j=0

k−jX
l=0

k−j−lX
s=0

µkτs ·Πk−j−l−s · z(τ)× [2Πjz(τ) · zls + Πlz(τ) · zjs]−

−
1

3

∞X
k=0

kX
j=0

k−jX
l=0

k−j−lX
m=0

k−j−l−mX
n=0

µkτm+n ·Πk−j−l−m−n · z(τ) · zjm · zln

In the same way

f(z, y, t) := z =
∞∑
k=0

µkzk(t) +
∞∑
k=0

µkΠkz(τ).

In this way, the Cauchy problem (2) for (6) becomes

(11)

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

µ
∞P
k=0

µk dzk
dt

(t) +
∞P
k=0

µk dΠkz
dτ

(τ) =

=
∞P
k=0

µk

"
zk(t)− ayk(t)− 1

3

kP
j=0

k−jP
l=0

zk−j−l(t) · zj(t) · zl(t)
#

+

+
∞P
k=0

µk[Πkz(τ)− aΠky(τ)]− 1
3

∞P
k=0

kP
j=0

k−jP
l=0

µkΠk−j−lz(τ)Πjz(τ) ·Πlz(τ)−

− 1
3

∞P
k=0

kP
j=0

k−jP
l=0

k−j−lP
s=0

µkτs ·Πk−j−l−s · z(τ)× [2Πjz(τ) · zls + Πlz(τ) · zjs]−

∞P
k=0

kP
j=0

k−jP
l=0

k−j−lP
m=0

k−j−l−mP
n=0

µkτm+n ·Πk−j−l−m−nz(τ) · zjm · zln,

µ
∞P
k=0

µk
dyk
dt

(t) +
∞P
k=0

µk dΠky
dτ

(τ) = µ(z0(t) + Π0z(τ))+

+µ
∞P
k=1

µkz(t) + µ
∞P
k=1

µkΠkz(τ),

∞P
k=0

µkzk(0) +
∞P
k=0

µkΠkz(0) = z0,

∞P
k=0

µkyk(0) +
∞P
k=0

µkΠky(0) = y0.
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3. The models of asymptotic approximation in the generalized Tikhonov approach

Matching the double series in µ and t or in µ and τ in (11) we obtain the following
problem of the zeroth asymptotic approximation as µ → 0, corresponding to the coeffi-
cients of µ0

(12)

8>>>>>><>>>>>>:

dΠ0z
dτ

(τ) =
ˆ
z0(t)− ay0(t) − 1

3
(z0(t))3

˜
+

+[Π0z(τ) − aΠ0y(τ)]− 1
3
(Π0z(τ))3−

− 3
3
(Π0z(τ))2 · z00 − Π0z(τ) · z2

00,
dΠ0z
dτ

(τ) = 0,
z0(0) + Π0z(0)) = z0,
y0(0) + Π0y(0)) = y0.

For the coefficients of µk+1, k ≥ 0 we obtain the following problem of the k + 1 th
asymptotic approximation as µ→ 0

(13)

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

dzk
dt

(t) +
dΠk+1z

dτ
(τ) = [zk+1(t)− ayk+1(t)−

1
3

k+1P
j=0

k+1−jP
l=0

zk+l−j−l(t) · zj(t) · zl(t)]+

+[Πk+1z(τ) − aΠk+1y(τ)]−

− 1
3

k+1P
j=0

k+1−jP
l=0

Πk+l−j−lz(τ) ·Πjz(τ) · Πlz(τ)−

− 1
3

k+1P
j=0

k+1−jP
l=0

k+1−j−lP
s=0

τs ·Πk+1−j−l−sz(τ)×

×[2Πjz(τ) · zls + Πlz(τ) · zjs]−

−
k+1P
j=0

k+1−jP
l=0

k+1−j−lP
m=0

k+1−j−l−mP
n=0

τm+nΠk+1−j−l−m−nz(τ) · zjm · zln,
dyk
dt

(t) +
dΠk+1y

dτ
(τ) = zk(t) + Πkz(τ),

zk+1(0) + Πk+1z(0)) = 0,
yk+1(0) + Πk+1y(0))0 = 0.

In these equations we have variables separate in t and τ , whence

• for µ0

(14) S0

8>>>>>><>>>>>>:

0 = z0(t) − ay0(t)− 1
3
z3

0(t),
dΠ0z
dτ

(τ) = Π0z(τ) − aΠ0y(τ)]− 1
3
(Π0z(τ))3−

−(Π0z(τ))2 · z00 −Π0z(τ) · z2
00,

dΠ0z
dτ

(τ) = 0,
z0 + Π0z(0)) = z0,
y0 + Π0y(0)) = y0,



6 M. N. POPESCU AND G. NISTOR

• for µ1

(15) S1

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

dz0
dt

(t) = [z1(t)− ay1(t)− 1
3

1P
j=0

1−jP
l=0

z1−j−l(t) · zj(t) · zl(t),
dΠ1z
dτ

(τ) = Π1z(τ) − aΠ1y(τ)]−

− 1
3

1P
j=0

1−jP
l=0

Π1−j−lz(τ) · Πjz(τ) · Πlz(τ)−

− 1
3

1P
j=0

1−jP
l=0

1−j−lP
s=0

τs ·Π1−j−l−sz(τ)×

×[2Πjz(τ) · zls + Πlz(τ) · zjs]−

−
1P
j=0

1−jP
l=0

1−j−lP
m=0

1−j−l−mP
n=0

τm+nΠ1−j−l−m−nz(τ) · zjm · zln,
dy0
dt

(t) = z0(t),
dΠ1y
dτ

(τ) = Π0z(τ),
z1(0) + Π1z(0)) = 0,
y1(0) + Π1y(0)) = 0.

• for µk+1, k ≥ 1

(16) Sk+1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

dzk
dt

(t) = zk+1(t)− ayk+1(t)−

− 1
3

k+1P
j=0

k+1−jP
l=0

zk+l−j−l(t) · zj(t) · zl(t),
dΠk+1z

dτ
(τ) = Πk+1z(τ)− aΠk+1y(τ)

− 1
3

k+1P
j=0

k+1−jP
l=0

Πk+1−j−lz(τ) · Πjz(τ) ·Πlz(τ)−

− 1
3

k+1P
j=0

k+1−jP
l=0

k+1−j−lP
s=0

τs · Πk+1−j−l−sz(τ)×

×[2Πjz(τ) · zls + Πlz(τ) · zjs]−

−
k+1P
j=0

k+1−jP
l=0

k+1−j−lP
m=0

k+1−j−l−mP
n=0

τm+nΠk+1−j−l−m−nz(τ)×

×zjm · zln,
dyk
dt

(t) = zk(t),
dΠk+1y

dτ
(τ) = Πkz(τ),

zk+1(0) + Πk+1z(0) = 0,
yk+1(0) + Πk+1y(0) = 0.

In this way, we extended the results of Tikhonov and made them algorithmic. For
instance, it can be proved that the model S0 can be obtained from the Tikhonov’s model in
µ0 of where only the first term in the power series of z0(0) is kept. The other part of z0(0)
occurs in other models.

These models are algorithmic, therefore they are more suitable to analytical as well
as numerical computation than the Tikhonov’s models. Their solution will be provided
elsewhere.
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