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ABSTRACT. This paper pr0v1des an asymptotic treatment of the Cauchy problem for the

Rayleigh equation p3 + +ay —y = 0 modelling a harmonic oscillator. The method of
boundary layer functions and our version of the Tikhonov theorem are used. The models
of asymptotic approximations are derived.

1. Mathematical problem

Consider the Cauchy problem y(0) = y°, 9(0) = 2° for the perturbed Rayleigh
nonlinear ordinary differential equation (ode) ugy + %3 +ay —y =0, where a, u € Rare
parameters, ¢ > O is small, and y : R — R y = y(t) is the unknown function [1]. The
dot over the quantities stands the derivative 4 7> Where ¢ is the independent variable (time).
This equation reads, equivalently, in the form

uz = 2—ay—fz

3

where, y,z: R = R, Z = Z(t), y = y(¢) are the new unknown functions.
The initial conditions become

) 2(0) = 2%, y(0) = 4.

Due to the smoothness of the right-hand sides in (1), the solution of (1), (2) exists and is
unique.

The generalized Van der Pal oscillators are governed by the following system of ordi-
nary differential equations (sode)

dz
S = F(zy1),
3) { ha = Eewl
dt - f (Z 'Y, t) )
The Rayleigh equations (1) are particular cases of (3), corresponding to F'(z,y,t) := 2z —
3
ay — %’ f(Z,Z/at) =z
From the asymptotic point of view (1), (2) is a singularly perturbed problem of bound-
ary layer type [2]. The existence, uniqueness and asymptotic representation of its solutions
are stated by the Tikhonov theorem [3], while terms of higher order of asymptotic approx-
imation are shown to satisfy the corresponding models of asymptotic approximation for
(1), (2) given by our improved version.
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The method based of the Tikhonov theorem is referred to as the method of the boundary
layer functions and it yields the uniformly valid asymptotic expansion for the solution in
the form of a composite power series of p. More precisely, it can be easily shown that the
conditions of our theorem are fulfilled.

The existence of the mathematical boundary layer makes necessary to re-scale the time
t by introducing a new time z = L. Then the unknown functions of the concrete Cauchy
problem (1), (2) are looked for in the form of composite series as y — 0

“) 2z =2t ) + Hz(r, 1), y =7t p) +y(r, 1),
where
B ) B B o) . E(j>(0)
Atw) = phE(), wherem(t) = 3 mt), s = gy,
z(r,u) = § ,u,kaZ(T), where I z(7) = § (sz)jfrj,
k=0 j=0
(5) 0o o] . y(j)(())
y(t, p) = kZou’“m(t), where 7, (t) = _Zoykjtjﬁ Yrj = "T,
= j=
My(z,u) = kZ pFTly(T), where Tyy(r) = O(Hky)ﬂ]
=0 =

Writing F' and f in the form
F=F(t,p) +0F(r,p), f=f(tp)+If(r, p)

WheIE IIF = F — F, F(tvﬂ) = F(y(t, ), 2(t, 1), t), ? = [yt p),z(t, p),t), IIf =
f — f are similar composite power series in .

Taking into account (4) in (3) and the equality % g(t,7) = % + i%, we obtain
(6) { N%i(tv M) + qu:-[fz (T, N) = F(j, :u) + HF(T, N)
poe(tmw) + 2 (rop) = plf(tp) + 1Lf (7, p)]-

Introducing the expressions for z,y, F' and f in (6) and (2) and matching the obtained
series, the models of asymptotic approximations are obtained, whence the asymptotic ex-
pansion of the solution.

2. Expansions for F' and f

In the following we deal with the problem (1), (2). For F' and f we have the following
expressions

F(t, ) STzt —a Y k() — é (Z mzxt)) : (Z 1z (t)) : (Z ulZz(t)>
k=0 k=0 i= Jj=0 =0

=0

™ = > P E®) —am 0] - % SOS TR ) - Z5(0) - m ()
k=0 j=01=0

e

<.

WEE () 70 - E()

-

¥ [Zk(t) — aBi (1)) —

Il
8
M- M 1

k=0 j=01=0
(o) 1 k—j

= > ouf|E() —agt) - 3 Zr—j—1(t) - Z5(t) - 2 (1) | -
k=0 j=01=0
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Apart from the supplementary use of the double Taylor series expansion, we reduced
the product of three infinite series to a product of an infinite series by two finite series. This

reduction will be performed in the following too.
We can write

M8

F(r,p) = pFlz(r) —a Y pFTlgy(r) — % (Z NiHiZ(T)Zi(T)> -
k=0 k=0 i=0
{ {Z 1% (T) + ZujHjZ(T)} : [Zulzl(‘m) +> Wa(n) | +
j=0 =0 1=0 1=0
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i My=(r) — alley(D] = £ 303 > w7 HMLia(r)
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N

0
Az () + IL2(7)] % [Z1(tR) + z(7)] + [25(tr) + ILi2(7)] - Zi () + Z5(Tw) - Z1(TR) }
Since

(2 (Tp) + T;2(7)] X [z1(Tp) + z(T)] + 2 (7p) + Wz(7)] - Zi(Ta) + 25 () - Z1(TH) =

= {sz(f) + ij(w)m} : {le(r) +> Zln(‘r“)n:| +
n=0

m=0

+ +

> ij(w)m] : [Z m(w)”} =
m=0 n=0

z(r) + Y ij(w)m} : {Z 2in (Tp)"
n=0

m=0

=1ILz(7) - z(7) + Z (ML2(7) - zpn - T ™ + Z 0 2(7) - 2jm - 7T ™+

n=0 m=0

oo o oo
+ Z [HjZ(T) *Zin 7—”} H” + E E Zim * Zin - Tm+ny,m+n+
n=0

m=0n=0

0o o0 0o o0
© + Z Z Zjm * Rln * Tm+n‘um+n + Z Z Zjm * Zin * Tm+n“m+n =

m=0n=0 m=0n=0

oo oo oo
=1II2(7) - Iz(T) + Z pu® 18 21052(7T) - 215 + I 2(T) - 255] + 3 Z Z R S I
s=0

m=0n=0
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we have

(we denote i+j+1:=k)
0o oo oo

MR = 3 b () = ally(r)] — >0 3 S w4 Ma(r) - Ta(r) - iz (r) -
= 1=075=01=0

(we denote i+j+1+s:=k)
0o oo 0o

= IS S W s () X [2Ma(r) 2+ () 2] -

i=0j=01=0 s=0
(W

e denote i+ j+I1+m+n:=k)
oo oo

oo oo oo
(10) - Z Z Z Z pititidmtn TN 2(7) - Zjm " Zin

oo o~ k k—j
1
=Y W) — el ()]~ £ 30 D0 S I (T (r) - Ta(r) -
k=0 k=035=01=0
1 oo k k—jk—j3—1
-3 Z Z ks i - 2(7) X [2I02(7) - 215 + 1 2(T) - 256) —

Feyt) =2 =S i) + 3 i e (r)
k=0

In this way, the Cauchy problem (2) for (6) becomes

n S R + S e () =
oo k—j
=3 pF |z —ay(t) — 5 2 X Zeo(t) - Z() - E() | +
k=0 §=01=0
oo oo k
+ 3 pkz(r) — ally(r)] — 3 > > Z Py 2(T)2(7) - Tz(7)—
k=0 k=035=01=0
1 o~ k k—jk—j—1
I >oophrs Mgy - 2(7) X [2T2(7) - 215 + i 2(7) - 255] —
k=07j=01=0 s=0
(11) oo k k—jk—j—lk—j—l—-m kmn
> > nET Mg j1—m—n2(T) * Zjm * Zin,
k=03j=01=0 m=0 n=0
p > pF () + >0k Y (1) = p(Zo(t) + Toz(r))+
k=0 k=0
+uk21u Z(t) + 2 phTlgz(7),
kf: 1F24(0) + z $F T2 (0) = 20,
=0
Z 7. (0) + Z pFIley(0) = ¢°.

B
\ |
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3. The models of asymptotic approximation in the generalized Tikhonov approach

Matching the double series in i and ¢ or in p and 7 in (11) we obtain the following
problem of the zeroth asymptotic approximation as 4 — 0, corresponding to the coeffi-
cients of ;°

%(7) = [Eo(t) — a,yo(t) _ %(ZO t))3 +
BT St Tk i
(12) dHOZ( ) 0 3 0 00 0 5o,
20(0) + Mo(0) =
To(0) + Tloy(0)) y

For the coefficients of uk“, k > 0 we obtain the following problem of the k£ + 1 th
asymptotic approximation as p — 0

Lk (1) + TR (1) = [Zpa (1) — af () -
| Rl kA1 B B
3 ZO lZO Ziti—j—1(t) - Z(t) - Zu(t)]+
=0 =
FMe412(7) — allg41y(7)]
| KL kAL
=5 2 X Mengiz(r) - Thiz(r) - Tiz(r)
ijﬂ b1 — kt1—j—1
(13) -1 ' > o 77 Mpg1—j—1—s2(T) X

=0 1=0 s=0
x[2IL2(7) - z1s + M2 (T ) Zjs ]
k+1k+1—75k+1—5—lk+1—5—1—

- > T g1 tmm—n2(T) - Zjm - Zin,
7=0 ¢li=1‘[0 m=0 n=0
dy .
)+ () = (t) + Myz(7),
Zi+1(0) + Mi412(0)) =
Ur11(0) + Mk 419(0))0 =

In these equations we have variables separate in ¢ and 7, whence

o for ;1°
0 = Zo(t) — ag(t) — 3Z0(t),
%(T) = Ioz(r) — allpy(7)] — %(HoZ(T)):s*
—(HoZ(’T))2 - zoo — Hoz(T) - 2%,
(14) So dllgz _
(1) = 0
Zzo + HoZ(O)) = ZO,

To +1oy(0)) = 37,
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1

T0.(1) = [71(1) — agy (1) — > ga_j_mt) =50 =),
M (1) = Ty 2(7) — aTThy(7)]

0

=5 > > Maijrz(r) - Iz(r) - Thz(r) -
j=01=0
1 1—51—5-1 )

—% Z Z T7° -Hlfjflst(T)X

>1
G (1) = Zra () — @i (8)—
i k+1 k+1_'7‘7 _ _
-3 ZO ZZ% Zea1—i—1(t) - 25 (t) - 2 (2),
]: =
TUALE (1) = Mg 2(7) — allky1y(7)
e
S S s () T a(r) - T (r)—
;=0 [=0
i+1 kt1—j kt1—j—1
-3 7% Mpyp1—jo1—s2(T) %
j=0 1=0 s=0
X[2I0;2(7) - z1s + IL2(T) - 255]—

ktlk41l—jkt+l—j—lkt+l—jg—l—m
-2 > > ST g1 mn2(T) X
j=0 1=0

m=0 n=0
7>(ij * Zln,
%(t) =Zk(t),
AL (1) = Tgz(7),
Zk41(0) + Ig412(0) = 0,
Y+1(0) + Ik 41y(0) = 0.

In this way, we extended the results of Tikhonov and made them algorithmic. For
instance, it can be proved that the model S; can be obtained from the Tikhonov’s model in
1O of where only the first term in the power series of Zo(0) is kept. The other part of Z((0)

occurs in other models.

These models are algorithmic, therefore they are more suitable to analytical as well
as numerical computation than the Tikhonov’s models. Their solution will be provided
elsewhere.
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