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ABSTRACT. We construct classes of examplegbt-coactions and? —Galois coactions

on the Weyl algebra in characteristic> 0 whereH is the function algebra of the additive
group of dimensiop?. In particular we show that the main result obtained in a preceeding
paper [G. Restuccia and H.-J. SchneideAlgebra261, 229 (2003)] cannot be generalized
to non-commutative algebras.

Introduction

Let k be a field of characteristie > 0, and H a commutative Hopf algebra with under-
lying algebra

H=kXy, . X, ]/(XP . XP" ), n>1,8 > >8,>1

Here, k[ X, ..., X,] denotes the commutative polynomial algebraniindeterminates
X1,...,X,. Forallilet z; be the residue class &f; in H. Then the eIementsﬁ1 R i
for0 <t; <p% —1,1 <i < nareabasis off. Let A be a rightH-comodule algebra
with structure map: A — A® H. Thenfor alla € A,

da)=a®1+ Z D;(r) ® z; + terms of higher order in the|s,
1=1
whereD;: A — A,1 < i < n are derivations ofd.
Let R = A = {qa € A | §(a) = a®1} be the subalgebra df-coinvariant elements.
The extensiork C A is called anH-Galois extensioor A is H-Galois if the Galois map

ARrA— A®H, a®b— ad(b),
is bijective.
The quotient algebrg) = H/(2? | + € H™) is a quotient Hopf algebra aff, and

it represents the first Frobenius kernel of the group schemiél) [1, Chap.ll,§7]. Let
w: H — @ be the quotient map. We identify

Q= kY1,..., Y]/ (Y, ....YP), m(x;) — y; = residue class of;.
Let B = A°Q = {a € A | (id ® 7)(d(a)) = a ® 1} be the algebra of)-coinvariant
elements of the induced coaction
bo: AL A H X2 Ag Q.
1
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Assume thatd is a commutative algebra. Then we proved in [2, Theorem 4.1] a Jacobi
criterion for R C A to be H-Galois which can be formulated in terms of the derivations
D;. In particular we showed in the commutative case fhat A is H-Galoisif B C Ais
Q-Galois.

For arbitrary algebras it is therefore natural to ask

Question 1. Assume thaB C A is Q-Galois. IsR ¢ A H-Galois?

The additive group is given b¥, = H as an algebra and with Hopf algebra structure
defined byA(z;) = 2; ® 1 + 1 ® a4, forall1 < i < n. For H,-actions and arbitrary
algebrasA we showed in [2, Theorem 3.1] th&t C A is H,-Galois andA is faithfully
flat as a (left or right)R-module if and only if there are elements, . . . a,, € A with

5(6%) =q;R1+1@ax;forall <i<n.

Let K = k[HP]. ThenK is a normal Hopf subalgebra &f, H/HK* = @, and¢ defines
by restriction al-comodule algebra structure ghwith R = B°K. Assume thaik C B
is faithfully flat K'-Galois, andB C A is faithfully flat Q-Galois. ThenR C A is faithfully
flat H-Galois by [3, Theorem 4.5.1]. However the argument in [3, Theorem 4.5.1] is not
constructive.

Thus we might ask for actions of the additive group where we assyme: - - > s,,, >
1Lspmy1=...61=1,1<m<n,

Question 2. Let H = H,, and assume that we are given elemeénts..,b,, € B and
c1,...,cp € Awith

o(bj) =bj@l+1@af, foralll <j<m,

dole)) =ci®1+1®y;, foralll <i<n.

Is there a constructive way to find elemeats. . ., a,, € A with

0(a;))=a; @1+ 1@z, forall <i<n?
In the following we consider actions of the additive group with-= 1, s; = 2, that is

H = k[X]/(sz) =~ klx], ) Alz)=z1+1®x,
on the Weyl algebra
Ay = k(u,v | vu = uv + 1).

In this situation we give a negative answer to question 1, and a partial positive answer to
question 2. In particular, we construct classes of examplésobactions and off -Galois
coactions on the Weyl algebré, .

1. The main result

Recall thatd = k[z] with2?” = 0, A(z) = 2®1+1®z, andk-basisz, 0 < i < p*—1.
The first Lemma is well-known. We sketch a proof for completeness.

Lemma 1.1. Let A be an algebra, and : A — A ® k[z] a linear map. For alla € A,
write
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where eachD; : A — Ais a linear map. Then is a comodule algebra structure if and
only if

(1) Di(ab) = Y% _ Dj(a)D;_;(b) forall a,b € A,0 < i < p?.

(2) Di(1) =0forall 1 <i <p? Do =id.

3) D; = 1—201;) ?f,l Jforall 0 < idg,iy < p,i =19+ i1p.
(4) D\D, = D,D;,D} = 0,DE = 0.

Proof. Itis easy to see thatis a comodule algebra structure if and only if (1) and (2) hold,

")Dyys, ifr+s<p?—

1
andD, D, = {< T The Lemma follows from the identities

0, if r + 5> p2.
(*7) = k mod pforall k > 1,and(*') = 1 mod p, forall 0 < k,1 < p. O

For k[z]-coactionss we use the notation of Lemnfal In particular, ifa € A with
D;(a) = 1, then we can write

p—1
D? )
(1.1) fa)=a®l+loz+y [;!(a)@)x”’.

i=1

Lemma 1.2. Let A be an algebra, and : A — A ® k[z] a k[z]-comodule algebra
structure. Leta € A with D;(a) = 1. Then

p—1
Dp(aP) =1+ Y a'Dy(a)a?~"" ",
=0

and ifa? is central in 4, thené(aPQ) =a” ®1.
Proof. We collect all terms of the forfh® 2P,b € A, in

Di )
p‘(a) ® 2P,

(5(a))p:(a®1+1®x+Dp(a)®xp+pz_: ;

The contribution of products gf summands of the form®@ 1 orl ® z is 1 ® z?, since

(a®1+1Qx)P = a?®1+1@2zP. If we take products with at least one factoy(a) ® z?,

all the other factors must liex 1 (or the product is 0). This proves the formula foy (a?).
If a?» commutes withD,,(a), then we computé(a)? by the binomial formula:

P—1 i
D! (a .
(@@l+loz+(d #®x<“1)”)(1®xp))p:ap®1+1®xp.
1.
1=1

Thusé(a?’) = a®” ® 1. O

Remark 1.3. We note some properties of the Weyl algeldra
(1) The general commutation rule
Min(s,t) s
s, t t—i, s—1i tt—1)---(t—1 1).
viu ; VA (z) ( Yoo (t—i+1)
follows by induction ors, ¢.
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(2) In particularp? andu? are central inA;.

(3) SinceA; is an Ore extensiom, is an integral domain, and the elements’, i, j >
0, form ak-basis ofA;.

(4) The only units in4; are the elements ikh. This follows from (1) using (3).

We need the following identity in the Weyl algebra.

PP it =kp—1,k>1

Lemma 1.4. Els’;é v utpP—s—1 — i
0, if £ # —1 mod p.

Proof. By Remarkl1.3(1),

p—1 p—1 s s
syt p—s—1 _ tt—=1)---(t—i 1 t—i, s—1, p—s—1
;Jv u'v Z <z) ( Yoo (t—i+ Du' "0

s=0 ¢=0
p—1p—1 s

= (,)t(t — 1) (t =i+ Dut P
=0 s=1t ¢

The identity

p—1

O (X +1))X = (X +1)P —1= X7

s=0

in the polynomial algebra ovét/(p) implies

p—1 s p—1p—1
ZOZZ% <‘:)X1 = ;Z (j)XZ = X?~! hence

p—1

Z(?) =0mod pforall0<i<p-—2.
7

s=1

Thus
p—1
szutv”*sfl =t(t—1)--(t—(p—1)+ Dul~P"Y
s=0

B =P it =kp—1,k>1
o, if t Z —1 mod p,

-1, ift=—-1modp

. O
0, if ¢t 2 —1 mod p.

sincet(t—1)---(t —p+2) = {

Note thatK = k[H?| = k[z?], and the quotient maff — H/HK* can be identified
with 7 : k[z] — k[y],z — y, wherek[y] = k[Y]/(YP), y the residue class df, and
Aly) =y1+1®y.

Lemma1.5. Letd : A; — A; ® k[z] be ak[x]-comodule algebra structure. Assume that
d(u) =u®1l,andD;(v) = 1. Then
(1) Dy(bv;) = biv'*~t, and D, (bv™) = biv =P D, (vP) for all b € kfu],i > 0.
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(2) Akl = {a € A| Di(a) =0} = k[u,vP].

E[u,vP"], if D,(vP) # 0,
cok[z] _ p
) A B {k[mp}, if D, (v?) = 0.

(4) There areq; € k[vP],i > 0, with Dy, (v) = 3,5 a;u’, and

D,(v’)=1- Zakp,lu(kfl)p.
k>1

Proof. (1) By Lemmal.1(1), D; is a derivation, and the formula fdv,, (bv’?) follows by
induction oni from Lemmal.l

(2) Akl = {a € A| Dy(a) = 0} is clear from the definition, anf € A | D1 (a) =
0} = k[u, v?] follows from (1).

(3) By (2),Ai°k[w] = {a € k[u,v?] | Dy(a) = 0}.Leta = > ,o, a;v™? € k[u,vP],a; €
klu],i > 0. ThenDy(a) = 3,5, a;iv~DPD,(vP) by (2). This implies (3) since; is
an integral domain.

(4) By Lemmal.l, D1 D,(v) = D,D;(v) = D,(1) = 0, hence we can writ®, (v) =
Ysowut,ap € k[vP],t > 0. Since the elements; are central in4,, it follows from
Lemmal.2that

p—1 p—1
Dy(vP) =1+ Z”S(Z agut)oP— " =1 4 Zat szutvp—s_17
s=0

t>0 t>0  s=0

and the claim follows from Lemm&a.4. O

Our main result is

Theorem 1.6. Let A; = k(u,v | vu = uwv + 1), andé : A; — A; ® k[z] a comodule
algebra structure withB = A°*!. Assume thaf(u) = v ® 1, and D1 (v) = 1. Then
B = k[u,vP], Ay is k[y]-Galois, and there are elemenis € k[vP],t > 0, with D,,(v) =

> >0 aru’, and the following are equivalent:

(1) A, isk[z]-Galois.

(2) Thereis an elementc A; withd(a) =a®1+1®x.
(8) 0# Dy(vP) € k.

(4) 1 #ap_1 € k,anday,—1 =0forall k > 2.

(5) B is k[zP]-Galois.

(6) Thereis an elemerbte A; withd(b) =b @1+ 1® «P.

Proof. By Lemmal.5(2), (3), B = k[u,v?] and A°°*[*] are commutative. Hence (&
(2), and (5)< (6) by [2, Theorem 3.1]. Note that in (6),€ B, sinceB = {a € A4, |
D1 (a) = 0}

Ay is k[y]-Galois sincey, (v) =v @ 1 +1®y.

The existence of the elementsis shown in Lemmad..5(4).

(3) & (4) follows from Lemma 1.5) (4).
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(2) = (3): SinceD;(v) = 1, it follows from Lemmal.5 (2) and (1) that there are
bi € kfu],i > 0,witha = v+ 3,5, b, and

(1.2) 0=Dy(v) + > biiv"IPD,(u7).
i>0

By Lemmal.5(4) there arey; € k[vP],¢ > 0, with
(1.3) D,(v) = Z apu’ + (Z app_uFHIP )P

tZ—1 mod p k>1
(1.4) D,(vP)=1- Z app_ruFDP,

E>1

Sincek[uP,vP] C klu,vP] is a free ring extension with[u?, vP]-basisl, u, ..., u?~! we

can finde; € k[uP,v?],j > p — 1, with

p—1
(1.5) Zbiiv(ifl)p = chuj.
j=0

i>0
Hence we obtain from1(2), (1.3), (1.4)and (.5)

p—1
tZ—1 mod p k>1 =0 k>

The coefficient ofu?~! in the k[u?, vP]-basis representation of the expression on the right

hand side is
0= Zakpilu(k—l)p +ep 11— Z akpilu(k—l)p).
k>1 E>1

LetF' =3, 5, arp—1u*"YP andc = ¢,_1. Then0 = F+¢(1—F), hencec = F(c—1),
and0 = F(1+(c—1)(1—F)). Sincek[u?,v?] is a polynomial ring in the variableg’, v?,
it follows that /' = 0 or 1 — F'is a nonzero scalar ih. Thus0 # 1 — F = D, (v,) € k.

(3) = (2): Leta = D,(v?), henced # « € k, by (3). By Lemmal.5(2), D,(v) €
k[u,vP], sinceDy Dy, (v) = D,D1(v) = 0. Hence there arg € k[u],i > 0, with D, (v) =
> >0 Civ™?. By Lemmal.1(4), D2(v) = 0. Thus we get from Lemma.5 (1)

0=DP(v) = chz(z —1)---(i— (p—2))pli=P=pep=1,
i>0

Sinceforali = kp—1,k>1,i(: —1)---(i—(p—2)) = (p—1)! = —1 mod p, and
i—(p—1)=(k—1)p>0,we see that; = 0forall i = —1 mod p.

Then
(1.6) a=1v— Z Gil jip
i1 Q0
1#0 mod p

is the element we want, since by Lemt& (1), D1 (a) = 1, and

Dya) =Y e~ Y Glipli-brg =,

< . (10
i>0 i>1
120 mod p
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henced(a) =a® 1+ 1® x by Lemmal.l
(6) = (3): Letb; € k[u],i > Owithb = >, bjv'?. Then by Lemma.5(1),

1= Dy(b) =Y biiv V2D, (0P).
i>0
Hence0 # D,(vP) € k, since the only invertible elements in the Weyl algelraare

scalars.
(3)= (6): Leta = D, (vP). Then0 # « € k, andb = o~ 1P satisfies (6). O

The implication (6)= (2) also follows from the abstract argumentin [3, Theorem 4.5.1],
since B C A, is a faithfully flat k[y]-Galois extension. In our proof of Theorein6
however, we constructed the elemerexplicitly.

2. Examples

Our first class of examples shows that Question 1 in the introduction has a negative
answer.

Example 2.1. Leta, € k[vP'],t > 0, andb = > isparu’ € k[u,v?’]. Then there is a
k[xz]-comodule algebra structude A; — A; ® k[z] with
f(u)=u®l,iv)=v1l+10zx+ba?,

and

(1) Akl — Rlu, o], i Sy arpau®TIP £ 1

P klue?], i ey akporu TP =1
(2) Ay is k[y]-Galois.
(3) A; isk[z]-Galois if and only ifl # a,_1 € k, anday,—1 = 0 forall k > 2.

Moreover, if A; is k[z]-Galois, and if we writeh = >, c;v?, with ¢; € k[u],i > 0,
then -

Ci—1 ;
6(a)=a®1+1®z, wherea = v — — %P,
(@) ; (1 —ap—1)
120 mod p

Proof. Sinceub = bu, 0 defines an algebra map. It is easy to check dhatcoassociative,
thatis(id @ A)(5(v)) = (6 ®id)(6(v)), sinces(v?”) = v** ® 1 by Lemmal.2, and hence
5(b) = b® 1. (1), (2), and (3) follow from Theorert.6. The formula fora is a special

case of 1.6). O
Example 2.2. Letcy, ..., cp—2 € k[up,vPQ], and define
p—1—1 . .
—1\1 .
=3 (zﬂ. )_Ci+j1v3p,l<i<p—1.
=0 J !

Then there is &[z]-comodule algebra structude A; — A; ® k[z] with
p—1
Su)=u®l,iv)=v@l+lec+ boa®,
i=1
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andA; is k[z]-Galois. Moreover,
p—1 o
5(a) = 1+1 whereq = v — Y Ly,
(a)=a®1+1®u, avizzliv
Proof. Sinceub; = bu forall 1 < i < p — 1, § defines an algebra map. To check
coassociativity, we compute
p—1
(®id)@E@)=relel+lezel+y heas?al
=1
p—1
tlelor+ )y 6b)ea?,
=1
(id®A)(5(v)):v®1®1+1®x®1+1®1®m

_|_Zb ®Z< )m“’@)x(l ip.

Hence(d ® id)(d(v)) = (id ® A)((v)) if and only if

p—1—7 ,. .
(2.1) 5(b;) = (Z ﬂ)biﬂ- @ 2P foralll <i<p—1.
— J
7=0
Sincevb; = v forall1 <i < p— 1, we havej(v?) = v» ® 1 + 1 ® 2P. Hence for all
p—1—1i 7 .
1+7—1\1 J _
5(()1) = ' ( J )CZ+J—1(Z (k 'U(‘j k)p ® ijp)
=0 k=0
PR TS ik E4D\ 0
= 7 k4l Citk+1—1 A (Y
k=0 =0

On the other hand, forall < < p—1,

p—1—1¢
Z +k
(z ) bk ® 2P =
p—1—i ,. p—1—(i+k) .
i+ k i+k+1-1 1
2 ( k ) 2 ( l ) T R G 1P @ 2P

k=0 1=0
This proves 2.1)since

Vlitk+1—=1\(k+1\ _(i+k\[(i+k+1-1) 1
i k+1 E )\ Ek l i+k

Thusd is coassociative, and; is k[z]-Galois by Theoreni.6 sinceD,(v?) = 1. The
formula fora is again a special case df.6).

O
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